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Abstract. In this paper, we examined convergence of the Mellin-Fourier series of recurrent
functions by using Deferred Norlund means (D8 N, p) and Deferred Riesz means (D8 R, p). Also
some important results were obtained.

1 Introduction

The Fourier analysis and Fourier series has been studied for over the century. Many alterna-
tives of the Fourier series have been set for the different type of functions. Mellin-Fourier series
is one of them to handle with recurrent functions [3,4,5,7,8,9,10,11,12]. The theory of recur-
rent functions with a counterpart of the Fourier series in Mellin setting has been investigated in
[4,5,6].

Let f: R, — C. If f(e*™2) = f(z), Vo € R, then f is called recurrent function. If, for
c € Rand Vr € R, e>™f(e*™2) = f(x) then f is called c-recurrent function. As examples,
every polynomial in 2, v—1 = i, namely f(z) := >"__, a;2", a; € C, is a recurrent function
and g(z) := 2~ ¢ f(z) is a c-recurrent function. Y, function spaces was defined as follows

e™

Y. = {f eLl(Ry):f is c—recurrent;||f|ly. ::/ | f () |u du < oo}7 ceR.

The fundamental interval of c-recurrent functions can be taken as [e~™, ™| or, more genarally,
as [A\e™™, Ae”| for any A > 0; it is the counterpart of the interval [—m, 7| or [-7 + «, 7 + o] for
any o € R in the 27-periodic case. Observe that the space Y., ¢ € R is a Banach space with the
norm ||.[ly,. Also, f(z) :=>"__, a;z%, a; € Cbelongs to Yy and g(x) := 2~ f(x) belongs to

the Y,. Mellin-Fourier series of f € Y, is defined as

1 = ,
f@)~ 5o Y0 MAfik)a™ %,z eR., (1.1)

k=—oc0

where M€(f; k) is the finite Mellin transform of f at k € Z defined by

Me(f:k) = /7 Fu)u™ = du.

As to the fundamental orthogonal system in the Mellin frame, the counterpart of the system
{e?**} .7 in the periodic case, we have the functions ¢, ;. (z) 1= z~(¢*%*) forx € Ry, k € Z and
¢ € R for which {¢. 1 }rez € Ye and M¢(pc ;3 k) = 270 ., j, k € Z, where ¢; ;. is Kronecker’s
symbol. Moreover, {g i }rez for ¢ = 0 is orthogonal with

™

€ du
| eonturon; % =250,

Let S5(f;x) denote the partial sums of Mellin-Fourier series of f. Then

- > M(fik)a . (1.2)

Sulfiz) = 5

k=—n
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Using Mellin-Dirichlet kernel D¢ (x) which is given by

T e~ .
r) = o kz ™% zeRy,
=—n

we can write S (f; ) as finite Mellin convolution of f and D¢, i.e.,

S (fra) = / DE (u d“ (1.3)

Using = = ¢!, the relation 2cos§ = ¢* + ¢~

we can obtain D¢ (z) as

and properties of trigonometric cosine series,

2n+1 — 1.
D;(J)) = { xz_f ’sin(n+1/2)lna: o 1’
21 ( sin(lnz/2) ) » T 7& :

Therefore S¢(f;x) can also be written as

. B ume sin((n+ Dlnw) |, 2y du
Sulfiz) = /6_7r 2 sin(lnu/2) / (E) u (1.4)
1 < sin((n+ Dinw) . ,, . du

T 2 e—n  sin(lnu/2) Tirulf; m)?,
where 7 /,, being the Mellin translation operator defined by
Ti(fi2) = hf(ha),h € Ry.
The arithmetic means of the Mellin-Fourier series of f € Y., denoted by ¢&(f; x), are given

by
ol (fiz) = +1ZS n=0,1,2,.. (1.5)

which are knows as the Cesdro means of order one, which are also referred as (C, 1) means.
Leta = {a,} and b = {b,, } be sequences of nonnegative integers with conditions

an <b,, m=1,23.. and Ilimb, = co. (1.6)

n—oo

The Deferred Cesdaro mean is defined as follow

by
D . Sap+itSa, 2t ts, 1 3
( a,bas)n c— b —a - b —a Sk
n n n n k=an,+1

where {s;} is a sequence of real or complex numbers. This method is regular under condition

(1.6) ([2D.

2 Known Results

Lemma 2.1. ([6]) Let a function g : [—7, 7] — R be defined by
sin(n+1/2)t .
gty =4 _smtm o PEO
2n + 1, t=0.
Then

/ " ()t = 2r.

—1T

Lemma 2.2. ([5]) ForO <6 <

T LG Vi vy
n—oo Js sin(t/2)

Theorem 2.3. ([4]) If f € Y, for ¢ € R, then
dim Jloy(f;2) = flly. =0, z e Ry
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3 Main Results

Let {p,} be a sequence of non-negative real numbers and

bp—a,—1 by

by —an—1 __ br,

RS SIFIPTRTN
k=0 k=an+1

Then, Deferred Norlund and Deferred Riesz means of {x} are defined as follows

bn

1
DNy (x) = W Z Dby —kTk
k=an+1
and
1 =
DZRn(x) Pb Z PrZk,
an+l k= an+1
respectively. Let f € Y.. Then, Deferred Norlund and Deferred Riesz means of the series (1.1)
are defined by
b
1 - .
DZNn(ﬁf) = W Z Do, —kSk(fiz)
0 k=an,+1
and
bn
oFn(f12) 1= — > oeSi(fia),
an+1 k=a,+1
respectively.

Lemma 3.1. Let a = {a,} and b = {b,,} be sequences of nonnegative integers with conditions
an < by, by — 00, n — oo and {p,} be a non-increasing (non-decreasing) sequence of non-

negative real numbers. Then fort € (0, 7]

Z ksm k+1/2))>0 (i Sm k—|—1/2))20>

sin(t/2) ‘ sin(t/2)

and

k= k

sin((k + 1/2)t) sm ((k+1/2)t)
Z sin(t/2) 20 <Z sin(t/2) - O) .

Proof. t € (0, 7], (%) is a sequence of real numbers. Let

i ((k+ 1/2)t)
—  sin (t/2)
Then we have

sin(t/2) 4+ sin(3t/2) + ... + sin(b, + 1/2)t sint/2

Sb,, =

sint/2 “sint/2
_ (cos0 — cost) 4 (cost — cos2t) + ... 4+ (cos(by)t — cos(by, + 1)t)
2sin?(t/2)
1 —cos(b, + 1)t
2sin?(t/2)
_ 2sin®((bn + 1)t/2)
2s51n2(t/2)

(et
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By Abel’s sum and hypothesis we get

b i by —1
- sm((k + 1/2)15) n

Z T (1) -Db,, + E — > 0.

prd szn(t/Z) Sb,, -Pb, = Sk (pk pk+l> 0

sin((k+1/2)t)

In similar way we can show that 33" pr = w755

> 0. This is completed the proof. O

. . P
Theorem 3.2. Let {py. } be a non-decreasing sequence of non-negative real numbers, (anfan_,)
0

bn
and (Pb"‘“”) are bounded. If f € Y, for c € R, then

Pobn a1
lim | DoNa(f32) = fllv. =0, z€R;.
n—00

Proof. From Lemma 2.1 we have,

1 bn
DiNG(f32) — fz) = Pha—an—T Z P,k Sk (f32) — f(=)
0 k=an+1
B " we sin((k 4 1/2)Inu) , sz du
a pb —“n—l i ;ﬂpb _k/ 2 sin(lnu/2) ! (ﬂ) u

R
an a,—1

k=an,+1

_ 1 i - /e" u=¢ sin((ﬁ+ 1/2)lnu)f (f) du

ppran! ot e—n 2w sin(lnu/2) u/ u
_ ;ﬁanlanlk Zzn+1pb - /:: sini(iiz;;l{fz)inu)?f(f)
— g 3 e [ (o () )

Now, we get

IDEN.(fi0) = F@)ly. = [ IDIN (i)l da

™

by,

B 1 1 " sin((k +1/2)nu) , du| .
= [ | X e [y it s o
™ ks b .
1 [ ¢ 1 - sin((k + 1/2)inu) ‘ 1, du
< = N - c B o1, A
o ™ -/e—" /e_.,r pon—an—1 k:;Jrlpbn k Sm(lnu/Z) Tl/uf(x) f(l') T £ ”
™ b, . -
1 e 1 J sin((k + 1/2)nu) / ‘ L du
e _ - _ c . c d at
27 Jer Pgnianil k:;Hpbn * sin(lnu/2) e T]/uf(x) f@)e * U

™

_ L/e
2T Jon

1 i sin((k+ 1/2)lnu)

P(;)n_an_l Pon—k sin(lnu/2)

. du
174 f — f||YCZ

k=a,+1
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Let Bs:={xcle ™ e : |t —1]<6},0<d<1l—e"and CEs = [e ", e"] — Es. Then,
IDeN(f12) = f(2)]ly.

T {/ /C'Eg}

Since }llinﬂiﬂrﬁf — flly, = 0, so for a given e > 0, 36(0 < § < 1 — e~ ™) such that Vu € Es,
—
175/ f = Fllv. < 5. Also |7, f = fllv. < 2[[fllv.. So,

szn ((k+1/2)lnu)
Pb —(17,—1 Z

c du
Sm(lnu/2) ”Tl/uf - f”YC;

an+1

b ‘
1 1 - sin((k 4 1/2)inu) | € du
DYN,(f;z) — = — [ |— _ ca
IDeVe(fi2) = (@)l 21 Jp, | Pirmen ! k:§+l bk sin(Inu)2) 2 u
4 Hf”YC/ 1 on o ksin((k—l— 1/2)inu) | du
™ Jeg, | P! "t sin(lnu/2) u
s 0 k=a,+1
™ b .
1 [¢ 1 - sin((k+ 1/2)lnu)| € du
< — L - €du
= 2 /ﬂ pon—an=l kzgﬂp T sin(inu/2) |2 w
b
1f1y. / 1 - sin((k+ 1/2)lnu) | du
+ Sbn—an—1 Po,,—k - —
T Jegs | By lk:aZH sin(lnu/2) u
e [¢ sm ((k +1/2)inu) | du
< =
T 4w Pb ’“"’1 Z szn(lnu/Z) u
e [ sm ((k +1/2)inu) | du
- 47T/ Pb _a"_l Z Po sm(lnu/Z) u
1f1y. / sm ((k +1/2)inu) | du
i T JCEs b 7“"71 Z sm(lnu/Z) u
1 fly. / sm ((k+1/2)Inu) | du
- ™ CE;s b _a"_l Z Pon sm(lnu/Z) u
By Lemma 3.1 and hypothesis, we obtain
e™ b,
b € Py szn ((k +1/2)inu) du
C < £
”DaNn(f’m) f<x)”Yc N 4W/e Pb _“"_l Pb” Z Pon sin lnu/Z) u

e [ Pzi,_an 1 Z szn ((k+1/2)lnu) d
Pb,,—

_|_ -
4r Je-n PEn—anl Plf’ Bt szn(lnu/Z) u
Pb sin((k 4+ 1/2)inu du
o b g ba,lebn 2ina)
™ Jog, ByrT T By sm(lnu/2) u
n ||f||YC/ B, 1 Z sm ((k + 1/2)Inu) du
T Jog, Pt phn Po sin(lnu/2) u

bp—an k=0
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szn ((k +1/2)inu) du
<
- 47r/e - Py Z Pon sm(lnu/Z) u
€ - sm ((k +1/2)inu) du
Yo P;Lan kz(:) bn sin(lnu/2) u
I1ly. / Sm ((k + 1/2)Inu) du
* T JcEs Pb Z Po sin(lnu/2) u
T ILflly. / 1 i sin((k + 1/2)lnu) du
T e, Pr_, =0T sin(lnu/2)

So, we get from Lemma 2.2,

IN

. . ((k+1/2)Inu) du
I DUN, (f:2) — l w/ sm =
i |DEN(Fiw) = @)y, < e+ lim 40 C&PbEI T

L lim ||f||Yc/ Z - sm ((k + 1/2)Inu) du
crs B

n—sco T sin(lnu/2) u

_ Iflly. 1 o . sin((k 4+ 1/2)Iinu) du
- pbn Zpb”_k#—@o CEs sin(lnu/2) U
Iflly. 1 & , sin((k + 1/2)Inu) du
C _ l -
+ T Fy" ;Opb" koo CEs sin(lnu/2) U
_ e Wb,

Thus

lim [ DEN, (f:2) = £(a) |y, =0

This completes the proof.

. . . Pan
Theorem 3.3. Let {p;} be a non-increasing sequence of non-negative real numbers, < : >
P+
bn
P()

and (an ) are bounded. If f € Y, for ¢ € R, then

an+1

lim | D Ru(fi2) = flly, =0, = €R..
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Proof. From Lemma 2.1 we have,

by,

Ralfi) = J@) = —— > mSilfia) — S(@)
an+1 k=a,+1

_ ¢ sin((k+1/2)inu) , rz\ du
B Pb” Z pk/ = 27 sin(lnu/2) f(u)?

an+l k=a,+1

bn

- Pbl Z prf(x)

an+l1 k=a,+1

_ pk/e W ¢ sin k+1/2)lnu)f(x)dl

an+1 Mt 2w sin(lnu/2) u/ u

B an Z pk*/ sin((k + 1/2)inu) duf(x)

e sin(lnu/2) u

bn

_ 11 Z . /:’ sin((ﬁ+ 1/2)Inu) (u’cf (%) —f(:z:)) du

2 Pé’"H Rt = sin(lnu/2)

= sin((k+1/2)lnu) , . du
B 27r P; 11k ;-s-l / sin(lnu/2) (Tl/uf(x) - f(x))?

Now, we get

IDYRo(f:2) — F(@)lly. = / DY R (3 2) |2 da

- / S / Sl”szitnljfgj”“)w/uf(x)—f<x>>dj v
a +1 k=an+1 e

LetEs :={zecle™e™|:|lr—1]<6},0<d<1—e"and CEs; = [e"™,e"] — Es. Then

IDGRa(f32)—f(@)lly. = {/E /CE}

Since }leiHTﬁf — flly., = 0, so for a given e > 0, 36(0 < § < 1 — e~ ™) such that Vu € Es,
—

"" sin((k + 1/2)Inu)

sin(lnu/2) iyt =

a+1ka+l
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175/ f = Flly. < 5. Also ||, f = fllv. < 2| flly.. So

b
1 1 = sin((k 4+ 1/2)inu) | € du
Db 5 — = -
|| aR’ﬂ(f’x) f(x)”YL 27T P(f o az+1pk gzn(lnu/Z) 2 "
1£ly. 1 sin((k+1/2)inu) | du
+ == > e : au
T Jog, | P o a1 sin(lnu/2) u
11 & sin((k+1/2)nw) | e du
< 7 b Pk - =
T e | PY Ly S0 sin(lnu/2) 2 u
1/l 1o sin((k+ 1/2)inw) | du
+ b Z i w
T Jors | Pyl wlai sin(lnu/2) u
sin((k + 1/2)lnu) | du
< 4 Z Dk /2)lnu)
T an+1 — sin(lnu/2) u
e (] 1 & sin((k+1/2)inuw)| du
T Pf i % P sin(inu/2) u
+ /1]y / Z ksm ((k +1/2)inu) | du
T Jeps | P +1 — sin(lnu/2) u
[ fllye / < sin((k 4+ 1/2)Inu) | du
+ - - —
T Jog, Pf:H %pk sin(lnu/2) u
From Lemma 3.1 and hypothesis, we obtain
< ((k +1/2)Inu) du
Db ) < € sm
IDeRn(fs2) = fo)llve < 4r e Pb Pb Z Pk sin(lnu/2) U
Lo S i sin((k + 1/2)lnu) du
4 f = Pf" Py — sin(lnu/2) u
Y. By sin((k + 1/2)lnu) du
" @ Pb Pb” Z sin(lnu/2) u
CEs Lg, 41 k=0
, Pyr 1 I~ sin((k+1/2)lnu) du
oWl [ B LSS sl /2m) de
™ Jees P B0 i sin(lnu/2) u
sin((k + 1/2)lnu) du
<
- 47r/e - P Z P in (Inu/2) u
L £ | az sin((k + 1/2)lnu) du

P - sin(lnu/2) u

k=0

||fHYL/ sin((k +1/2)lnu) du
+ T Jogs Pb Z sin(lnu/2) u

I[flly. / 1 <& sin((k+1/2)inu) du
T Jogs Py p Opk sin(lnu/2) u
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So, we get from Lemma 2.2,

sin((k+ 1/2)lnu) d
Z /2)lnu) du

n—oo T sin(lnu/2) u

lim |DYR,(f;2) — f(2)lly. < e+ lim Hflly/ :
" ces By

o gl [ LSS s Y2 d
nooo o Jop, Byt i sin(lnu/2) u
B 1 Z ' sm((k‘ + 1/2)Inu) du
N T Pb" kT, sin(lnu/2) u
1 & , sin((k + 1/2)Inu) du
l
+ 7r Pa" Zp b o /CE sin(lnu/2) u
= | Ye (0+0)

Thus
Lim ||Dg Ry (fr2) = f()]

y, =0.

This completes the proof. O

In case py = 1 for all k, the methods D2 N,,(f;z) and D2R,, (f;x) give us classically well-
known Deferred Cesdro means.

Corollary 3.4. Let ( “"“ ) and ( by +1 ) are bounded. Then, if f € Y. for ¢ € R we have
lim [|Dg(fi2) = flly. =0, = €Ry.

The proof is similar to that of Theorem 3.2 and Theorem 3.3. So, we omit details.
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