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Abstract. Significant results are obtained in the study of integral transform involving the
product of generalized Galue type Struve function(GGTSF) and jacobi polynomial, which are
expressed in terms of Srivastava and Daoust and Kampé de Fériet function. A number of known
and new results are also considered as a special cases of our main results.

1 Introduction

Integral transforms have been extensively used in various problems of mathematical physics and
applied mathematics. Numerous integral transforms(for example Laplace, Fourier, Mellin and
Hankel etc.)involving a variety of special functions have been established by many mathemati-
cians(for example: [2], [3], [4], [9], [12], [13], [14], [15], [16], [17]). Such integral transforms
play an important role in many diverse field of physics and engineering.

In sequel of such type of works, we present a new integral transform involving the product
of GGTSF and Jacobi polynomial, which are expressed in terms of Srivastava and Dauost and
Kampé de Fériet function. Various new transformations(involving GST, SF, Bessel function of
first kind, Galue type generalization of modified Bessel function, Legendre, Gegnbouer polyno-
mial and Chebcheff polynomial of first and second kind) are also obtained as special cases of
our main result.

For the purpose of our present study, we begin by recalling here the definition of GGTSF and
its generalizations. The generalized Galue type struve function(GGTSF) is defined [11, p.3] as:
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where v > 0, § > 0 and 7 is arbitrary parameter.
We have a number of important special functions, which can be expressed in terms of gener-
alized GTSF for different values of the parameters are:
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where H),;, .(z) is generalized Struve function, which is defined by Yagmur and Orhan(see [8]-

[L1]).
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where H,(z) is Struve function of order p [11, p.2].

(5)'T(A+n+1)

11 B
W ion-1112(2) = ) JoA(2), (1.4)

where J! , (2) is Bessel maitland function [17].

1W117—11,2,1,1(Z) = Ju(2), (1.5)
where J,(z) is Bessel function of first kind(see [5]-[7]).
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where ,I,(z) is the Galue type generalization of modified Bessel function [1].
The jacobi polynomial P\***) () is defined by [7, p.340]
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We list below a number of important polynomials which can be expressed in terms of Jacobi
polynomial for different values of the parameters « and /3
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where P, (z) and C%(z) are Legendre and Gegenbauer polynomial respectively [7]

In 1921, the four Appell functions were unified and generalized by Kampé de Fériet, who
defined a general hyper geometric function of two variables. The notation introduce by Kampé de
Fériet for his double hypergeometric function of superior order was subsequently abbreviated by
Burchnall and Chaundy. We recall here the definition of a more general double hypergeometric
function in a slightly modified notation(see [7]):
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where for convergence
Wp+g<li+m+1,p+Ek<i+n+1,|z| < oo,y <ocor
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Srivastava and Daoust defined extremely multi-variable hypergeometric function is as follows:

B (aj o, .0f)ip - (c},r})lﬁql;....;(c§r),rg-r>)17qr;
Ffoms 21,32, ey
(B0 ()t (5
- (.l b )
oo H (aj)n]a!_Jr_ernTa(f) H (Cj>n1rjl. H (Cj )nw'(T)
D —— e = Lo B ()
- l mj My nll’ ..... ’ nr! ’

1,12, =0 Hl(bj)nlﬁilﬁ_'“*nrﬁgr) Hl(dgl‘)mé;---- 11 (dy))nréy)
= .

j= j=1



Certain Integral Transforms Involving GGTSF and Jcobi Polynomial 193

where the multiple hypergeometric series converges absolutely and (), denotes the well known
pochhammer symbol [7].
In our study, we also need to recall the following Oberhittinger integral formula [6]
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provided 0 < R(u) < R(M).

2 Main Results

In this section, we established three generalized integral formulas in terms of Theorems 2.1,
Theorem 2.2 and 2.3, which are expressed in terms of Srivastava and Daoust function [7], while
theorem 2.3 is expressed in terms of Kampé de Fériet function [7].

Theorem 2.1. The following integral formula holds true for R(q) > 0, R(6) > 0, 0 < R(u) <
R(A+p)and x > 0,
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Proof. In order to derive (2.1), we denote the left-hand side of (2.1) by I, expanding
W3 5(2) and piP) (2) in their series form and then using the following Lemma(see [7])
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Now using (1.13) in (2.3) and after simplification we give
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finally summing up the above series(2.4) with the help of (1.12), we arrive at the right hand side
of (2.1). O

(2.4)
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Remark 2.2. On settingp = v — 1,q=c=1,b=2, v = 1,7 =1, = 1 in (2.1), we get the known
result of Khan et al[13, p.343].

Theorem 2.3. The following integral formula holds true for R(q) > 0, R(§) > 0,0 < R(u) <
R(A+p)and x > 0,
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Proof. The proof of the theorem 2.2 is same as the proof of theorem 2.1 under same conver-

gent conditions. Expanding ;W ;(2) and pi*? )(z) in their series form and then using the
Lemma(2.2), we get
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now using (1.13) in (2.6) and after simplification we get
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finally summing up the above series with the help of (1.12), we arrive at the right hand side of
(2.3). 0

Theorem 2.4. The following integral formula holds true for R(q) > 0, R(§) > 0,0 < R(u) <
R(\+p) and z > 0,
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Proof. In order to derive (2.7), we denote the left-hand side of (2.7) by I” and expanding
W,y 5(2) and ples >(z) in their series form and then interchanging order of integration and
summation(which is verified by uniform convergence of the involved series under the given
conditions), we get
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now separating the k—series into its even and odd terms and then using the result (A),, 1, =
(A)m (A + m),,. Finally after a simplification and summing the series with help of (1.11), we
arrive at the right hand side of (2.7). This is the completes proof of Theorem 2.4 O

Remark 2.5. On setting p = v — 1, q=c=1,b=2,y= 1,7 =1, § = 1 in (2.3), we get the known
result of Khan et al [13].

3 Special Cases

In this section, we establish some integral formulas involving the product of Jacobi polynomial
with generalized Struve function H,, ; .(z), Struve function H,(z), Bessel’s function J,(z) and
Galue type generalization of modified Bessel function ,I,(z) and then we derive some other
integrals involving the product of generalized galue type Struve function(GTSF) with Legendre
polynomial P,(z), Gagenbauer polynomial C%(z) as special cases of our main results.

Corollary 3.1. The following integral formula holds true under the same condition of
Theorem I and (1.2), we get

/ ot (z+a+Va? + 2az) " prbvc<
0

Y )P<aﬁ>(1 Y )da:
z4+a+vVaZ+2ax/) " z+a+ VvV 4+ 2ax
perepo1 I T@u)TA+p+2)T(A+p—p+1)

ViTp+ 53 T(A+p+ )I(A+p+p+2)

A+p+2:23), A+p—p+1:23), (1+a+8:1,2),

=@ (o)

x ¥ 0:0
5.0:1
A+p+1:23), A+p+pu+2:2,3), (% 1,1), (p—l——b;z:l,l)7
l+a:1,1):
(Ira:Lh: af  cty?
4a2’ 8ad |~ G-

(I+a+p:1,1): _;(14+a,1)



196 Owais Khan*, M.Kamarujjama and N.U.Khan

Corollary 3.2. The following integral formula holds true under the same condition of
Theorem 2 and (1.2), we get
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Corollary 3.3. The following integral formula holds true under the same condition of
Theorem 1 and (1.3), we get
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Corollary 3.4. The following integral formula holds true under the same condition of
Theorem 2 and (1.3), we get
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Corollary 3.5. The following integral formula holds true under the same condition of
Theorem 2 and (1.5), we get
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vt —pmpr pr—y LR TA+v+ DTN+ v —p)
= W) @) (@) T+ DI+ EA+v+p+1)

A+v+1:23), A+v—p:22), 1+a+p8:1,2),

4: 0: 1
XFs.o. 1

A+v:23), A +v+p+1:2,4), (1:1,1), (w+1:1,1),

I+a:1,1): 5 2u:2
( )i i Cn:2) ‘_yz e

402’ 16a2 (3.5

(I+a+p:1,1): _;(14+a1)

Corollary 3.6. The following integral formula holds true under the same condition of
Theorem I and (1.6), we get
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Corollary 3.7. The following integral formula holds true under the same condition of
Theorem 2 and (1.6), we get
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Corollary 3.8. The following integral formula holds true under the same condition of
Theorem 1 and (1.9), we get
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Corollary 3.9. The following integral formula holds true under the same condition of
Theorem 2 and (1.9), we get
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Corollary 3.10. The following integral formula holds true under the same condition of Theorem
1 and (1.10), we get
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Corollary 3.11. The following integral formula holds true under the same condition of Theorem
2 and (1.10), we get

o txy
" (r+at+va? + 2az) " W, ( Y )C,’;(l— >dx
/o ( ) pr(S z+a+Vz?+2ax 4+ a+Vz?+2ax

— (2)\PF —H=p (g = A—P— FCW)TA+p+2)T(A+p—p+1)
=Wo O lr(n)r(§+ YT +p+1)I(A+p+p+2)

A+p+2:2,3), A+p—pn+1:22), 2v:1,2),
><Fv54::11::11
A+p+1:23), A+p+u+2:2,4), (n:7,7), (5+%2:4,9),
(v+i:1,1): 2u:1), 2u:2) 5

cy- cty
402’ 1642

3
(3.11)



Certain Integral Transforms Involving GGTSF and Jcobi Polynomial 199

References

(1]
(2]

(3]
(4]
(5]
(6]
(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

A.Baricz, Generalized Bessel function of first kind, Lecture Notes in Mathematics, Springer, Berlin (2010).

A.Erdelyi, transformation of hypergeometric function of two variables, Proc.Roy.Soc.Edinburg A,62, 378-
385, (1948).

A Erdelyi, W.Magnus, Tables of integral transforms, McGraw-Hill, New York, I (1954).
A .Erdelyi, W.Magnus, Tables of integral transforms, McGraw-Hill, New York, II (1954).
E.D.Rainville, Special functions, The Macmillan Company, New York (2013).
F.Oberhettinger, Tables of Mellin Transforms, Springer, New York (1974).

H.M.Srivastava and H.L..Manocha, A Treatise on generating functions, Halsted Press (Ellis Horwood Lim-
ited, Chichester), John Wiley and Sons, New York(1984).

H.Orhan and N.Yagmur, Geometric properties of generalized Struve function, Ann Alexandru loan Cuza
Univ-Math, doi:10.2478/aicu-2014-0007.

J.Choi, P.Agarwal, S.Mathur and S.D.Purohit, Certain new integral formulas involving the generalized
Bessel functions, Bull. Korean Math.Soc., 51(4), 995-1003, (2014).

K.N.Bhowmick, Some relations between a generalized Struve function and hypergeometric functions,
Vijnana Parishad Anusandhan Patrika 5, 93-99, (1962).

K.S.Nisar, D.Baleanu and M.M.A.Qurashi, Fractional calculas and application of generalized Struve func-
tion, Springer Plus, doi:10.1186/s40064-016-2560-3, 1-13, (2016).

K.S.Nisar, P.Agarwal and S.R.Monadal, On fractional Integration of generalized Struve functions of first
kind, Adv.Stu.Contemp Math, 63-70, (2016).

N.U.Khan, M.Ghayasuddin and T.Usman, On certain integral formulas involving the product of Bessel
function and jacobi polynomial, Tamkang journal of mathematics, 47(3), 339-349, (2016).

M. Kamarujjama, and O. Khan Computation of new class of integrals involving generalized Galue type
Struve function, J. Comput. Appl. Math. 351, 228-236, (2019).

M. Kamarujjama, N.U. Khan and O. Khan Estimation of certain integrals with extended multiindex Bessel
function, Malaya Journal of Matematik., 7 (2), 206-212, (2019).

N.U.Khan, T.Usman and M.Ghayasuddin, A new class of unified integral formula associated with Whit-
taker functions, New Trends in Mathe.Sci,4(1), 160-167, (2016).

R.S.Pathak Certain convergence theorems and asymptotic properties of a generalization of Lommel and
Maitlaind transformation, Proc.Nat.Acad Sci.India,36(1), 81-86, (1966).

Y.A.Brychkov, Handbook of Special Functions, Derivatives, Integrals, Series and Other Formulas, CRC
Press, Taylor and Francis Group, Boca Raton, London and New York(2008).

Author information

Owais Khan*, M.Kamarujjama and N.U.Khan, Department of Applied Mathematics, Aligarh Muslim
University, Aligarh 202002, INDIA.
E-mail: owkhan05@gmail.com

Received: December 28, 2017.
Accepted: Februery 7, 2018.



	1 Introduction
	2 Main Results
	3 Special Cases

