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Abstract. In this paper we give explicit sum formulas for consecutive Lucas-balancing num-
bers, consecutive even/odd Lucas-balancing numbers, squares of consecutive Lucas-balancing
numbers, squares of consecutive even/odd Lucas-balancing numbers and pronic product of Lucas-
balancing numbers. Sums of these numbers with alternative signs are also considered. When in-
dices of Lucas-balancing sequence are in arthritic progression, ratios of sum/differences follow
certain interesting patterns.

1 Introduction

As defined by Behera and second author of this paper in [1], balancing numbers and balancers
are solutions of the diophantine equation

1424+ 4+n—-1)=m+1)+n+2)+ -+ (n+7).

It is customary to denote the n'"* balancing number by B,, and the corresponding balancer by
R,,. Further, C,, = 1/8B2 + 1 is called the nt" Lucas-balancing number [9]. The Binet forms of
B, C,, and R,, are respectively

B a2n _ an a2n + an

2

O42n—1 _ ﬁZn—l 1
B, = , Cp = and R, = —~  — ~
42 42 2

where & = 1 + v/2 and 8 = 1 — +/2. For basic details of balancing, Lucas-balancing numbers
and balancers the readers are advised to refer to [10].

The objective of this paper is to develop certain interesting sum formulas involving Lucas-
balancing numbers in terms of balancing and Lucas-balancing numbers. Certain similar sum for-
mulas involving Fibonacci, Lucas and Pell-Lucas numbers were studied by cerin [2, 3, 4, 5, 6],
while sum formulas involving balancing numbers were developed by the authors in [8] and Ray
[12]. Davala [7], Ray and Sahu in [12] independently developed some binomial and convolution
sums involving balancing and Lucas-balancing numbers using the Binet forms and generating
functions.

The following known results will be helpful in the subsequent sections. We will be frequently
using these results with/without further reference. For details of the proofs from (a) to (d) the
readers are advised to refer to [10].

For any non-negative integer m, n and x
@) Cpin = BmChny1 — Bm—1Cn
b) Crian =C,,C,, £ 8B, B,

(©) Bpa1 =3B, £Cy,

(d) Bm =3Bpmt1 — Cmi

(e) 2R, =C, — 2B, — 1

® Cn = Bn+1Cpin — BnCingnyi
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(2 Crn+ n+l)z = = 2Cm+4naCs Cm+(n )z

The proofs of (e) and (f) are as follows:
Bn+lcm+n - BnCernJrl :(3Bn + Cn)cm+n - Bn(3cm+n - 8Bm+n)
:C’ernOrL - SBnL+7LBn = Cma

from which (e) follows. Further ( f) follows from

ZCermch - Om+(n—1);v :2Cm+mccx - (Bx+]c7rn+'rlac - Ba:Cm+nz+1)
:Cernz (Zcx - Bm+l) + Bme+nm+1

= m+ntac—l + Bxcvn+'nx+l = Cm+(n+1)x'

2 Sum formulas involving Lucas-balancing numbers

In this section, we obtain certain sum formulas involving linear and nonlinear combinations of
Lucas-balancing numbers.

Theorem 2.1. For natural numbers k and m

(a) Z Ci = %[Bm—&-l + By + 1],
=0

(b) i (—1)iC; = R,o1+ 1if miseven,
i=0 —Rpi1 if mis odd.

(¢) > Cri2i = CrymBmi
i=0

(d) i”: (=1)iChins = L[(=1)™Crrams1 + Ci_1]

Proof. The proof of (a) follows from induction. We use the Binet form of Lucas-balancing
numbers to prove (b), (¢) and (d).
Proof of (b) :

> (- (~1)a® + 5 = 5 [Z<—a2>i+z<—52>i]

N —
Ms

=0 =0 =0 =0
_ l |: m 2m+2+1 N (71)mﬂ2m+2+ 1:|
) a?+1 pr+1
_ 1 |: m 2m+2+1 (_1)mﬂ2m+2+1:|
2 2v28
_ 4[ [( l)m 2m+1 ﬁ _ (_l)mBZerl + Oé]

1

_ m[(_l) ( 2m—+1 /62m+l) _,_2[]

) Ry + 1if mis even,
| =Ry if mis odd.
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Proof of (c) :
- 1 & 4 ,
Z Chrsni = 3 Z a2V 4 g2k
=0 i=0
[ S LN
=3 [ X @Y W]
L i=0 i=0
L[ [ aRktamd g2k . [f2hHamtd _ g2k
1 ‘<a2k+4m+4 _ a2k) - (62k+4m+4 _ szﬂ
2 4202 4232
1 _ - B
=575 [o2bHam+2 _ o2k=2 _ glktdme2 | g2k=2]
1
= E[BkJerJrl — By_1]
= Ck+mBm+l-
Proof of (d) :

Z (_l)icmzi = %Z (_1)i[a2k+4i + ﬁzk+4i]

1 k - i k - i
=5 [0 (oY) + 52 ; (B“)]

L =0
r (_l)ma2k+4m+4+a2k) N ((_1)m62k+4m+4+52k):|
ot 1 B
(_ l)ma2k+4m+4 + a2k: N (_ 1)m62k+4m+4 + BZI«:
602 6,32

— [(_1)ma2k+4m+2 +a2k—2 =+ (_1)mﬂ2k+4m+2 +ﬁ2k_2]

(
(

1
1 m
= 8[(_1) Cr+om+1 + Cr—1].
|

The proof of following theorem is similar to that of Theorem 2.1. As a further reference, the
readers are advised to go through [7].

Theorem 2.2. For natural numbers k and m
m

(a) Z C/%_H' = %[Cm+2kBm+l +m+ 1]’
i=0

m

(b) ;) (=1)'C%.; = S[(=1)™Comasakst + Cop—t + 3(1+ (=1)™)],

m

() 3 Cligi = le[czm+2k32m+2 +6(m+1)],
=0

(d) i (—1)iC},,, = é[(—l)mcmmzmz + Cop—a + 17(1 + (—=1)™)].

(€) 3 CiyiCriivt = 3[Crmsops1 Brst +3(m + 1)),
i=0

?

(f) i (=)' CtiCriis1 = 5[(=1)"Comaania + Cox +9(1 + (=1)™)],
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m

(8) 3 Cri2iCrizit = 55[Comioks1Bamsn + 18(m + 1)),
i=0

(h) > (=1)/Chi2iChizitt = ggl(=1)™ Camyanss + Cop—1 + 511+ (=1)™)].
=0

In the following theorem we present few sum formulas involving balancing and Lucas-
balancing numbers. We give the proofs of (a) and (f) only, while the proofs of (b), (c), (d)
and (e) can be proved by induction or by the use of Binet formulas for balancing and Lucas-
balancing numbers.

Theorem 2.3. Forn € N

(d) Z BkJrniCkJrni = ﬁ32k+nt(m+l)n
i=0

(b) Z% (=1)"BriniCrini = 76~ [(=1)™ Bagsn2m+1) — Bak—n]

m

(C) Z Bk+nick+ni+l = ﬁBkaanJrlenJrn - %(m + 1)
=0

(d) %(*1)i3k+nick+ni+l = ﬁ[(*l)mBzmn(zmH)H + Bag—nt1 — Cn(1 + (—=1)™)]

m

(e) Z Bk+i0k+i+n = %B2k+nz+le+l - %(m + I)Bn
=0

() 3 (—1)'BysiCrsivn = 5[(—1)™Baksamint1 + Bogsn—1 — Bo (1 + (=1)™)]
i=0

Proof. The proof of (a) is based on induction on m. Form = 1,

1

1
Z Bk:+ni0k+ni - Bkck + Bk+nck+n = BZkJrnCn - §B2k+nB2n
i=0 n

and hence the statement is true for m = 1. Let us assume that the statement be true for m = [.
Consider, m =1+ 1,

I+1

1
Z BiniCrini = 35 BaktmBieiyn + Biin(141) Cranis1)
i=0 "

1 1
Esz}-'rnlB(l-ﬁ-l)n + EBZk+2n(l+1)

1
35 [BaktniBs1yn — Bakson+1)B-n]

1
= EB2k+n(l+l)B(l+2)n7

the statement is true for m = [+ 1, hence the proof of (c) follows, the proof of ( f) follows from,

m m ;

i (=1 Ak+4i+2 Ak+4i+2 2 2
Z(_l)sz+iCk+i+n:Z o - T — o+ ]
i=0 i=0 8v2

1 — i 1 — i
=5 Z (—1)'Bogy2i4n + 5 Z (=1)'B,
i=0 i=0
(from Throem 2.1 (d) of [8])
1

= ﬁ[(_l)mBZkJerJrnH + Botin—1 — Bu(1 4+ (=1)")]
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In the following theorem, we obtain a higher order recurrence relation for Lucas-balancing
numbers and a sum formula involving weighted sum of consecutive Lucas-balancing numbers.

Theorem 2.4. Forn € N
(a) Cn+2 = SCn+l + 42211 Cz +2

(b) nC1+ (n—1)Co+ - +2C,—_1 + Cp, = 1 [Cri1 — (20 + 3)]

Proof. The proof of (a) follows from the recurrence relation for Lucas-balancing numbers. We
use induction to prove (b). Let us define an integer sequence {Z,,} as

Zn=nC1 4+ (n—1)Cy 4+ - +2C,_1 + Cp.

We will prove that 7Z,, = % [Crt1— (2n+3)]. Itis easy to see that the assertion is true forn = 1.
Assume that the assertion is true for n = k. To complete the proof, we need to show that the
assertion is true forn = k£ + 1.
n+1
For each natural number n, Z, 1 — Z, = >, C;. Hence,
i=1

k+1
Zyy1 = Z + Z C;

1
Z[Ck+3 —5C42 — 2]

[Ch+3 — 5Ck42 + Chp1 — (2k +5)]

= [Ck-H (2k +3)] +

-lk\r—*-lkb—ﬂ-lk

[Chi2 — (2k +5)].

Thus, the assertion is true for n = k + 1. O
The following theorem provides a binomial sum involving Lucas-balancing numbers.

Theorem 2.5. For n,r € N, Z (D)(=6)"Crgr = (—=1)"Canpr.

Proof. To prove this assertion we use the Binet formula of Lucas-balancing numbers.

2”: ( ) Yy =3 (Z) (~6)" [W}

k=0
2r n 62T n ok
() (i) o
k=0
_O[T' B2r 1
= S-[1—6a%)" + —[1 - 637]

aZr . ﬁZr .
—a]" 4+ =[5

a4n+27‘ + B4n+2r:|

= (|
= (~1)"Cansr
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3 Formulas involving ratio of linear combinations

In this section, we present some quotients involving sum or differences of Lucas-balancing num-
bers that simplify to linear expressions of balancing numbers or Lucas-balancing numbers. In
some cases, the subscripts of Lucas-balancing numbers involved in the ratio are in arithmetic
progression.

The following index reduction formulas for sequences B,, and C,, will play a crucial role in
the balancing and Lucas-balancing numbers, were developed by Ray [11].

Theorem 3.1. (Index reduction formulas): If x,y, z,w and r are integers and x +y = z +w then
(a) ByyrCyir — B Cyyr = B,Cy — B.C,,

(b) CorrCyir — CopypCpip = CpCy — C1C,.

(¢) ByyrByir — B.1+Byyr = ByBy — B.By,.

Cm+2n+1 =+ Cm

Theorem 3.2.If m and n are natural numbers then each of c C
m+n+1 m-+n

_miIn T UM e independent of m . Also the following identities hold.
Cm+2n + C’m+n

and

. Cm+2n+l - Cm Cm+3n - Cm
i = B,1+1 + By, i) ——MmM =2C, + 1,
( ) Cm+n+] - Gm+n o ( ) Om+2n - Om+'n
Cimtan Cnm . Crmtan +Cnm
(i) i Lo _p B, (iv) T om o0, 1.

Cm,+n+l + Hm+n an+2n + Om+n

Proof. Using Theorem 3.1 (a), we have
(Crmns1 — Crngn) (Bny1 + By)
= (Cm+n+an+l - Ceran) + (BnCernJrl - Bn+lcm+n)

= Um+2n+1 — Cm

from which (¢) follows. Further (iv) follows from

(Cmian + Crin) (2Cn — 1)

— 2C,119nCr 4 2CmsnCo = Consan — Conin
= 2C1120Chn + ConinCro — 8By Bimin — Crin
=2Chn4+20Chn + Cpy, — Crin,

= Cm+3n + O

Theorem 3.3. For natural numbers m,n and k,

Crmtant2k —Cm Bntk  Bmioniok — Bm

Cm+n+2k - Om+n Bk Bm+n+2k - Bm+n '
Proof. From Theorem 3.1 (a), we have
Bni1xCrim — BrCpy = ByCrimik = Bk Cnima2k — BrCriamaak,

rearrangement giVGS
Cm+2n+2k - Cvm _ Bn+k:

Crtn+2k — Cintn By
The proof of
Bnik  Bmioni2k — Bm

Bk Bm+n+2k - Bm+n
is from Theorem 3.2 [7]. O
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