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Abstract. Let G be a colored graph with n vertices, m edges, chromatic number x(G) and
d; is the degree of vertex v;. In this paper, we show that some basic properties of Randié color
energy and an upper bound and a lower bound for Randié color energy of a graph in terms of
degree of a vertex v;, number of edges, and determinant of the Randié color matrix.

1 Introduction

Let G be a colored graph if coloring the vertices of a graph such that no two adjacent vertices
have the same color. The minimum number of colors assign to vertex of a graph G is called
chromatic number of G and it is denoted by x(G). The color adjacency matrix [1] Ac(G) are as
follows: If ¢(v;) is the color of v;, then

1
a;j = ¢ —1, ifv; and v; are non-adjacent with c(v;)

)

if v; and v; are adjacent with ¢(v;) # c(v;);
= c(v;);
0, otherwise.

If A\, Az, ..., A, are eigenvalues of A.(G) are real number and their sum is equal to zero. Color
energy [1] of a graph is as the sum of the absolute values of the eigenvalues of A.(G).

ie. E.(G) =Y |\l

For more research papers on color energy of a graph and its bounds, we can refer [1, 2, 12, 14,
15, 16].
Randi¢ matrix [5] R(G) = (r;;) of G is a square symmetric matrix defined by

-, v and v; are adjacent;

d:d;
"ii = 0, i =7
0, v; and v; are not adjacent.
Let p1, p2,...,pn be the eigenvalues of the Randié¢ matrix R(G), these eigenvalues are real

numbers, and their sum is zero, the Randié¢ energy [5] of a graph G as the sum of the
absolute values of the eigenvalues of R(G). Literatures on Randié energy and its bounds and
Randié indices can be found in [3, 4, 5, 7, 8, 9, 10, 11, 12].

1.1 Randié color matrix Arc(G) and Randié color energy Erc(G)

Let G be a simple colored graph with n vertices. The Randi¢ color matrix [13] Arc(G) = (745)
is a square n x n matrix defined by
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if v; and v; are adjacent with ¢(v;) # c(v;);

rij = if v; and v; are non-adjacent with c(v;) = ¢(v;);

0, otherwise.

The characteristic polynomial of Arc(G) is |pI — Arc(G)|. Let p1, pa, - .., pn, be eigenvalues
of Randi¢ color matrix Agc(G). Since Arc(G) is real and symmetric matrix, so its eigenvalues

are real numbers and that their sum is zero. If the eigenvalues of Arc(G) are py, pa, . . ., pn, With

their multiplicities are my, ma, ..., m, then spectrum of Arc(G) is denoted by Specrc(G) =

<p1 P P p") . The Randié color energy [13] Erc(G) of a colored graph G is
my M2 ... Mp_1 My

defined as
Erc(G) =31 Ipil-

2 Bounds for Randié Color Energy of a Graph

Lemma 2.1. Let G be a colored graph and let py, pa, . .., pn be the eigenvalues of Randié color
matrix Arc(G). Then

Z;L:l pi =0
and
n 2 _ 2 m (me)’
B =2y * (aey |
where m is number of edges in G, m' is the number of pairs of non-adjacent vertices having the

same color in G, d;, d; are degree of adjacent vertices of different color and d, d;- are degree of
non-adjacent vertices of same color in G.

Proof. The sum of the eigenvalues of Arc(G) is the diagonal elements of Arc(G) is

S pi =i i =0
2

Consider, the sum of squares of the eigenvalues of Arc(G) is trace of [Arc(G)]?,

n n n
2 _
Pi = Tij Tji
i=1

i=1 j=1

= Z(M)Z D i T

i—1 i
= > (ra)*+2) (ry)
i—1 i<j

n 12
Sib = 2|2t (me)
i=1

aa) " ( fad)

Theorem 2.2. Let G| and G, be two colored graphs with n vertices and mj;, my are
number of edges in G and G, respectively. Let py,pa,...,p, are eigenvalues of Arc(G)
and p\, ph, ..., pl, are eigenvalues of Arc(G2). Then

PP <2 [ e ] [ m } .
= ( didi) (Vdidj)2 (Vdidﬁ')2 (Vdidv‘)z
Proof. By the Cauchy-Schwartz inequality [17], we have

(X0, aibi)’ < (>, a?) (320, b2) , for any real numbers a;, b;.

i=1"1
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If a; = p;, by = pl; we get

n 2
G GG
n 2 m (m1)! [ m (ma)’
(;pm) < 4 ( didj)2+<W>2 _(\/W)ZJF( i 5| [by Lemma 2.1]
n » my (my)?, - my (ma)!
é;pm, < 2 ( didj)2+<\/fd;_)2_ ( didj)z—i_(M)z

3 Bounds for Randi¢ color energy

McClelland [11] gave upper and lower bounds for ordinary energy of a graph. Similar bounds
for Randié color energy Erc(G) are given in the following theorem.

Theorem 3.1. (Upper Bound) Let G be a graph with n vertices and m edges. Then

m (mc)’
<
Frel@) = ¢ o [( ay " (Vaa)

Proof. Cauchy-Schwartz inequality, we have

(0 abi)® < (X0 a?) (S0, 87).

Ifa; =1and b, = |pi‘, then
(0 1oil)® < (20, 12) (0 1ei)

”(ﬁ)}

Enc(@)F <n2 |

Erc(G) < ¢ on |y + oy

Theorem 3.2. (Lower Bound) Let G be a graph with n vertices and m edges. Then

Erc(G) > \/2 [( Z’d/)z + (\(/%)2] +n(n —1)D=, where D = [T, pil -

Proof. Consider

[Erc(G)? = [Z il 1 Z o>+ loil |y 3.0)

7]

By arithmetic mean and geometric mean inequality, we have

V

T
levl\p; > (Hml ijl)

2#3 i#]

Y E)
> 1pil lpl n(n—1) (lllm“ ]>
i#£]

Y%
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n 2/n
doloillpsl = nn—1) <H|Pz‘> ~ (3.2)
i=1

i#]
Using (3.2) in (3.1), we have

n n 2/n
[Erc(G)2 = 30, pil? +n(n — 1) [T, ol

[Ere (@) 22 {w%) * O%)} +n(n= 1D

Fre@)] 2 \/2 | e ot

4 Bounds for Randié color spectral radius and Randié color energy

The graph G eigenvalues are labeled in a non-increasing manner, i.e., p; > p, > -+ > p,. If G
connected, p; > |p;|,i = 2,3,...,n, then eigenvalue p; is called spectral radius [17] of G.

Proposition 4.1. Let G be a (n,m) colored graph and p\(G) = max1<;<n{|pi|} be the Randié
color spectral radius of G. Then

\/5 T ] <)< \/2 T )

Proof. Consider,

2 = mazi<i< , - 12— m (me)
n(G) = <i<n {Ipll}ég\ml 2 (\/m)2+(\/d7l9>2
p(G) < |2 4 (me) 3
RN
Next,
np(G) > En:pz:Z AC— (mc)/z
P (Vaa)? " ( faz)
2 2 m (me)'
pl(G) > o ( dldj)z_l_(\/ﬂ)z
pl(G) > % m (mC)/

. 2 m (me)’ < < m (me)’
| \/ T | <)< \/2 sy
Proposition 4.2. Let G be a (n,m)-colored graph and py,pa,...,pn be the Randié color

eigenvalues of G. If n <2 [ m__ 4 (m/“): 2] and py > % { m__ 4+ (mf): } then
(\/didﬂ')2 (V&d;) ’ (\/didi)2 (Vi)'
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2 m (me)’
Ere(G) < = [(\/m)z + (\/WY] i

J(n_ !V {2 ) Gl <P)D}

Proof. We know that,

- m me)’
Y =2 R0 4.1)

=10 | WA (Ja)

By Cauchy-Schwarz inequality, we have

(22 Ipi>2

(Z |Pz'> < (n-1) Z lpil?

A
3
M-
)
s

and hence

4.2)

n
Z lpi] <
i=2

using (4.1) in (4.2), we get

m (m.) )

Ero(G) — < |(n-1)¢2 + o

o (Vdid;) (\/ﬁ) ’
Ere(@) < m+ -1z |2y S

Consider the function,

Then,

F(z) is decreasing in

(\/2 T Q%)]\/Z T (&%D
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we have,

I

2 m (me)’ 2 m (me)’ < < m (me)’
] <l ) <o s \/ 2|+

by Proposition 4.1, we obtain
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