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Abstract. In this work, the authors investigated the initial Chebyshev polynomial class of
analytic functions based on quasi-subordination. The coefficient estimates including the relevant

connection to the Fekete-Szego inequality of functions belonging to the class gﬁlq, v,t) were
derived. Also, certain results for the associated classes involving subordination and majorization
were presented.

1 Introduction

Let I" denote the class of functions of the form
f(z)zz—i—Zakzk (1.1)
k=2

which is analytic in the unit disk £ = {z : |z| < 1} and normalized by f(0) = f/(0) —1 =0

Recall that S denotes the class of univalent functions. A function is said to be starlike if

Re Zf(ij) > 0 and denoted by S*, while a function is said to be convex if

Re{1+ L5} >0,

For two analytic functions f and g such that f(0) = g(0), we say that f is subordinate to g
in E and write f(z) < g(z), z € E, if there exists a Schwarz function w(z) with w(0) = 0 and
|w(z)| < |z] such that f(z) = g(w(z)). Furthermore, if the function g is univalent in F, then we
have the following equivalence: f(z) < g(z) < f(0) = ¢(0) and f(E) C g(E). (See details in
[4].

A function f is said to be quasi-subordinate to g in E and written as f(z) <, g(z), z € E,

if there exists an analytic function ¢(z) with |p| < 1, (z € FE) such that Z; ((z; is analytic in

E and % < ¢g(2), (z € E), that is, there exists a Schwarz function w(z) such that f(z) =
©(2)g(w(z)), z € E defined by [6].

It is also seen that if p(z) = 1, (= € E), then the quasi-subordination <, becomes the usual
subordination <, and for the Schwarz function w(z) = z, (z € E), the quasi-subordination <,
becomes the majorization ‘<. That is, f(z) <4 9(2) = f(2) = ¢(2)9(z) = f(2) < g(2),
z € E. The concept of majorization was revealed by [3].
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The Saldgean[8] differential operator is defined as follows: Let D" : I' — T, then

Df(z) = f(2)
D'f(z) = 2f'(2)

(1.2)
D f(z) = =(D""'f(2))
Applying (1.2) in (1.1), then we have
D f(z) =2(D"f(2) =2+ Yk arst (1.3)
k=2

Let v > 0 (v is real) such that (1.1) gives

% v
f(z) = (z + Z akzk> (1.4)
k=2

Thus, (1.4) can be rewritten as
f(z)=27(1 + arz + a3z + as2’ +..)7. (1.5)

then, the binomial expansion of (1.5) yields

-1
f(2) =27 +ya27" + <’Y(V2 )ag + 7@3) PAALES

<7(7_16)(7_2)a% +~(y = Dagas + ’704) EAARE (1.6)

Finally applying (1.2) in (1.6), we obtain
-1
D" f(2)Y = 27 + 2 yap ' 43" (Wa% + 'ya3) 2712

2
—1)(yv-2
+4" (Wa% + (v — Dazaz + 7@4) PR (1.7)

Chebyshev polynomial is a normal function used by numerical analyst and it can be categorized
into four kind. The first and second kind 7}, (x) and U, (z) are the most related kind of polyno-
mial found in literature and they have numerous application in different fields.
The usual kind of the Chebyshev polynomials are the first and the second kind. In the case of
real variable x on [—1, 1], the first and second kind are defined by
T, (x) = cosnd
and ( 1o
sin(n +
Unlo) = =g

where the subscript n denotes the polynomial degree and where = cos6 respectively.

m T

Letting t = cosar, « € (—%, 5, one can obtain

1 — sin(k + 1
H(z,t) = T2 1+kzz:l %zk = 142cosaz+(3cos’a—sin*a)z*+...(z € E)

So, we write
H(z,t) =1+ U(t)z + Ua(t)2* + ....(z € U, t € (—1, 1))
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sin(k arccost

Jie ) for k € N, are the second kind of the Chebyshev polynomials.

More so, we know that

where U,,_; =

Upn(t) = 2tU, 1 (t) — Up_a(t) (1.8)
and
Ui(t) = 2t Up(t) = 482 — 1;Us(t) = 82 — 4t Uy(t) = 16t* — 1262 +1,....  (1.9)

The Chebyshev polynomials 7T),(¢);¢ € [—1, 1] of the first kind have generating function of the
form

> 1 -tz
T ()" = — % B 1.1
% 0" =1 on 2 *€ (1.10)

All the same, there is the following relationship between the Chebyshev polynomial of the first
kind T;,(z) and the second kind U, (t)

deLt(t) =nU,_1 ()T (t) = Up(t) — tU,—1 (¢)2T,,(t) = Uy (t) — Up—2(t).

See details in [1].
In this present work, we focus mainly on determining the coefficient estimates including a

Fekete-Szego inequality [2], [5], [7], [9] of functions belonging to the classes gﬁlq, ¥, )y Gn (7, t)
and the class involving majorization. In order to obtain our results, the following lemmas and
definitions shall be required.

Lemma 1.1. [10] If a function p € P is given by
p(z) =14+pz+pm?+.. (z€E), (1.11)

then |pi| < 2, (k € N), where P is the family of all functions analytic in E for which p(0) = 1
and Re p(z) >0, (z € E).

Lemma 1.2. [1]] Let the Schwarz function w(z) be given by
w(z2) = wiz + w2 + w2 + ..., (2 € E) (1.12)

then

lwi| < 1, |wy — tw?| < T+ (|t] — D]wi|* < max{1,]|t|}, (1.13)
where t € C.
Definition 1.3. Let H(z,t) € P be univalent and H(z,¢)(U) symmetrical about the real axis
(H(z,t))'(0) > 0. For t(—1,1),v > 0,n € N and , a function f € T is said to be in the class
Gn(q,7.t) if

Dn+1f(z)fy
— -1 H -1 E. 1.14
( Drf(z) ) =q (H(z,1) ), z€ ( )
and o(z) which is analytic in F is of the form
©(2) = do + dyz + dp2* + ... (1.15)

2 Main Results

Theorem 2.1. Ler f(2)7 € T of the form (1.4) belong to the class G (q,,t), then

2t

| < T
2l = L

Q2.1

and for some p € C,

442 — 1 ot [(3"+l —3")(y(y — 1) + 2¢) — 2y2 (2271 — 22”)]

2t
|a3—ca%| < —————max\< 1,
RIEIED]

2t ,y2(2n+1 _ 2n)2
2.2)
where v > 0, (v is real),t € (—1,1) and n € N. The result is sharp.
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Proof. Let f € T, then for a Schwarz function w(z) given by (1.12) and for an analytic function
©(z) given by (1.15), we have

(D”“f ()"

e R CC R 3

In view of (2.3) we obtain

P(H(w(z),t) = 1) = (do + diz + da2® + ....) (Ui(t)wi1z + (Ua(t)wi + Ui (t)w2) 2 + ...)
= doU; (t)wlz + {do(UQ(t)w]z + U (t)(.Uz) + d1U; (t)w1 } 22 + ... 2.4)
Using the series expansion for
Dn+1f(z)’y 1
D f(z)
gives
n+1 n 2n 2n+1y A2 2 n+l wy (Y =1 5 2
(2 —2)'ya2z—|— (2 -2 )7a2+(3 —3) ?az—i—aw 22+ ... (2.5)

From the expansion (2.4) and (2.5) ,on equating the coefficients of z and 22 in (2.3) find that

(2n+1 - 2”) Yyay = d()U1 (t)wl (26)

—1
(22n _ 22n+1> ,_YZQ% + (3n+1 _ 3n) (WCL% + a3'y> — d()(Uz(t)w% —+ U'1 (t)wz) —+ dlUl (t)W1

2
2.7)
Now (2.6) gives
. doUl (t)wl
a2 = (2n+1 _ 2’n) ol (28)
which in view of (2.7) yields that
wtlany o (222 =22y — (37 —37) (v — 1)) U (i
v (3 3") a3 = 5 +
2,-7/ (2n+1 _ Zn)
do(Up(t)w? 4 Uy (t)w) + d Uy (t)w (2.9)
and therefore
w—  U1®)
3 v (3n+1 _ 3n>

dyw + do {wz + <(2 (22"+1 — 22") - (3"+1 — 3"2) - 1)) ot (t)> + G2(1) } w%}Z.IO)
2y (27 —27)

For some ¢ € C, we obtain from (2.8) and (2.10)

Ui (t)
) 1
a3 —cay; = ~ (3n 1 —3n)

Ua(t) 5\, [ (242 (22 = 227) — (371 = 3%) (3(y — 1) + 20)) U (1)}
Ul(t)w1> + ( 272 (2 20y’ )](2.11)

dywi + do (Wz +

Since ¢(z) given by (1.15) is analytic and bounded in U, therefore on using [4],[p.172], we have
for some y(|y| < 1);
ldo| <1 and dy=(1-dd)y (2.12)
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On putting the value of d; from (2.12) into (2.11), we get

Ui(t)
2 1
asz — cap = y (3n+] _ 3n>

(D) 2\ (=3 -1 +20 27 (2 ) ek Y
Ul(t)w1> ( 292 (201 — 2n)? +y 1) do](z

ywi + do (wz +

If dy = 0in (2.13) then,

Ui(t)
B [ L — 2.14
But if dy # 0, let us then suppose that
Ua(t) »
F(dy) = d -
(do) = ywi1 + do (wz + U, (t)wl
3n+173n —1 2¢) — 2 2 22n+1722n U, (t 2
( ) (=1 +29 ~27° DOt e s
272 (271 —2n)

which is a polynomial in dy and have analytic in |dy| < 1, and maximum of |F'(dp)| is attained
at dy = (0 < 6 < 2m). We find that mazo<g<2.|F(e?®)| = |F(1)| and

Ui ()
2 1
|a3 - CaZ| < ~y (3n+1 _ 3n)

((3n+l _ 3n) (,7(,}/ _ ]) + ZC) _ 272 (22n+] _ 22n)) Uz(t) 5
wr( 297 (21— 2n)? O ) @10
Using lemma 1.2 gives
}a3 — ca%|
U, (t) ((3n+1 _ 3n) (,7(,), _ 1) + 20) _ 272 (22n+1 _ 22n)) Uz(t)
< e {1’ 22 2 D=5 | (F7

and the above inequality together with (2.14) establishes the result in (2.2).
O

Theorem 2.2. Let f(2) € T of the form (1.4) belong to the class G:(q,~,t), then

| <
‘7(2n+1 _ 2n)|
and for some i € C,
| o 2| < Lmax 1 4t2 —1 B t [(3n+l _ 371)(7(7 _ 1) +Zc) _ 272(22n+l _ 22”)]
az—Cay| > n+l _ 23n ’ 2 2(pn+1 _ on)2
|’7(3 3 )\ t v ( )

where v > 0, (v is real),t € (—1,1) and n € N. The result is sharp.

Proof. Let f € g'r(zq, ~,t). Similar to the proof of Theorem 1. If (z) = 1, then (1.15) evidently
implies that dy = 1 and d,, = 0,n € N, hence, in view of (2.8) and (2.10) and Lemma 1.2, we
obtain the desired result of Theorem 2.2. O

Here, the majorization and the result pertaining to it is contained in the following:

Theorem 2.3. If a function f € I of the form (1.4) satisfies

Dn—‘rlf(z)v

D 1 << (H(z,t)—1), z€E. (2.13)
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then
2t

< 2.1
el = ) 219

and for some 1 € C,

laz — ca3| <
2 t 3n+1 _3n -1 2¢) — 2 22n+1 22n
S Y PO L Sd N [( )(y(y — 1) +2¢) — 29%( )] 2.20)
|7(3n+1 _ 3n)‘ 2t 72(2n+1 _ 2n)2
where v > 0, t € (—1,1),(~y is real) and n € N. The result is sharp.
Proof. Following the proof of Theorem 2.1, if w(z) = z in (1.13), so that w; = 1 and w,, =
0,n=2,3,4,5, ... then in view of (2.8) and (2.10), we get
Ui(t)
< — .
|CL2| — ‘,Y(ZnJrl _ 2n)| (2 21)
and
Ui(t)
2 1
937 = BerT —3n)
3n+1 _3n -1 2¢) — 2 2 22n+l _ 22n
ar + g 20 [ ) (b - 1) +20) al ( ) BU ()|, 222
Ui (t) 242 (2nt1 — 2n)

On putting the value of d; from (2.12) in (2.22), we get

Ui(t)
2 1
as — CCL2 - 0% (3n+l _ 371,)

Ua(t) ( (3™ = 3") (v = 1) +20) = 297 (2! - 2] Uh(1) y) d‘%] @23

AT 292 (201 — 2m)?
If dy = 0, we get
az — CGz! (3nU+11()n)| (2249
and if dy # 0, let
G(do) ==y +do 5?8 -
( (7 =3 (0 = ) +20 =27 (24 =2 U0 y) @ (225)
)

which being a polynomial in dy is analytic in |dy| < 1, and maximum of |G (dp)] is attained at
do = €?(0 < 6 < 27). We thus find mazo<g<2-|G(e?)| = |G(1)| and consequently

Ui (1)
‘a3 ca2| Iy (37T —3n)]

(2.26)

(3™ =3") (v(y = 1) +2¢) —29* (2" 22" U(1)  Un(t)
272 (271 — 2n)? Ui(t) |

This completes the proof. O
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