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Abstract. Let G be an abelian group, R be a G-graded commutative ring and I be a graded
ideal of (R, G ). In this paper, we introduce the concepts of G- n-adjoint, not G -n-primary and
uniformly not G -n-primary sets for I, for any positive integer n. We show that G- n-adjoint sets
of I are not necessarily graded ideals. Thus we define a graded ideal to be graded n-primaly if
G- n-adjoint set of I is graded ideal. We also introduce the concept of n-graded radical of I and
study the relation between graded ideal I, G- n-adjoint sets of I, n-graded radical of I and graded
radical of I. Also we investigate the relation between graded prime ideal or graded primary ideal
on one hand and graded n-primaly ideals on the other hand, and study all the previous concepts
in details illustrated by several examples.

1 Introduction

Let G be an abelian group with identity 1 and R be a commutative ring.. Then R is called a G-
graded ring ( or simply graded ring) and is denote by (R,G) if there exist additive subgroups R, of
R indexed by the elements g € G such that R = @ g and Ry Ry, C Ry forall g, h € G.the
elements of R, are called homogenous of degree g. If a € R, then a can be written uniquely
as )_ . ag, Where a is the component of a in R,. Also the elements of h(R) = U, Ry are
called the homogenous elements of R, (see [3]).

Graded rings have been studied since 1955,(see for instance [1, 2]), then various researchers in-
terested in these rings and made several important studies in them and construct a new branch in
ring theory.This interest in studying graded rings was because there is a wide variety of applica-
tions of these rings in geometry and physics, see [3],[4],[5] .

We first introduce the known definitions that we will use throughout the research, see [6] and [7]
.A graded ideal I of (R,G) is an ideal I of R in which I = (I Ry).

The proper graded ideal I is graded prime ideal of (R,G) and denoted by G-prime , if whenever
ab € I,wehavea € [ orb € I, where a,b € h(R). The proper graded ideal I is graded primary
ideal of (R,G) and denoted by G-primary , if whenevera,b € h(R) with ab € I , then a € I or
b € Gr(I) where Gr(]) is the set of all z € R such that for each g € G there exists n, > 0 with
x4° € I, Gr(I) is called The graded radical of L.

Let n be a positive integer. Let I be a graded ideal of (R,G), in Section 2, we introduce the con-
cept of Graded n-primary element to the ideal I, which we denoted by G- n-primary element to
I . Thus for a positive integer n, we say that an element a = > geG 49 € R of a graded ring R
is G- n-primary to I if at least one component a, of a satisfies the condition that if agr € I with
r € h(R) implies that r™ € R for some positive integer m. Based on this concept, we present
sets that are not G-n-primary to I and sets that are uniformly not G-n-primary to I. Then we study
the relation between these two sets and find the conditions that make these two sets equivalent.
We also introduce the concept of n-graded radical of I and illustrate these concepts by several
examples.

The set of all elements that are not G-n-primary to I is called the G-n-adjoint set for I and is
denoted by G-n-adj(I).

Section 3 deals with G-n-adjoint set for the graded ideal I. We study the relation between G-n-
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adjoint set for the graded ideal I, for different n’s, we give several examples based on these G-n-
adjoint sets. We also study the relation between these sets, the set G(I) = {a = gec g € R
for all g € G, there exists r € h(R) — I such that a,r € I} and the sets of n-graded radical of I.
Finally, in Section 4 we clarify that the G-n-adjoint sets of a graded ideal I are not necessarily
graded ideals. However, if they are graded ideals, then we call the graded ideal I to be graded
n-primaly ideals. We present some properties of graded n-primaly ideals and study the condi-
tions that make a graded proper ideal a graded n-primaly. We also study the the relation between
graded primary ideal and graded n-primaly ideals and prove that every graded prime ideal graded
n-primaly.

Throughout this research, all graded rings are assumed to be commutative with non zero
identity 1.
2 Graded n-primary elements to an ideal

We start this section by the following definition

Definition 2.1. Let n be a positive integer. Let I be a graded ideal of (R,G). Let

5= ZSQER.Defines_”I:{a: Zak € R:sgay €1, forall g,k € G}
geqG keG

Remark 2.2. Let n be a positive integer. Let I be a graded ideal of (R,G).
«Ifseh(R),thens "I ={a=3,.car € R:s"ar €1, forall k € G}.

« If ris a homogenous element in (R,G), then
r € s "Iifandonlyif forallg € G,syr € I.

Remark 2.3. Let ] be a graded ideal of (R, G). Lets =
5731 C ... .But the equality does not holds in general.

gecSg € RThen T C sTlrC s I C

Proof. The inclusion is clear and can noticed directly from the definition since I is a graded
ideal of (R,G). However, the equality does not hold in general because if we take G = Z,, Ry =
Z,Ry =1iZ ,then R = Z[i] = Ry ® R, is a graded ring and T = 8R is a graded ideal of R, with
(2+42i)"'T=4R,(2+2i) 2T =2Rand 2 +2i)*] = R.O

Definition 2.4. Let n be a positive integer. Let I be a graded ideal of (R,G).

(i) An element a € h(R) is called g-n-primary to I if a™r € I with » € h(R) implies that
r™ € R for some positive integer m.

(ii) Anelementa =3
is g-n-primary to L.

geG 09 € Ris called G-n-primary to I if at least one component a, of a

Remark 2.5. Let I be a graded ideal of (R,G). We can notice directly from the definition that an
elementa =} _;a, € Ris not G-n-primary to Lif for all g € G , there exists by € h(R) with
agby € I, butby} ¢ I for any positive integer m.

Example 2.6. Let G = Z,, Ry = Z, Ry = iZ , then R = Z[i] = Ry @ R, is a graded ring and
I = 6R is a graded ideal of R. Note that for any positive integer n ,

2™(3) € I and (3i)" € I, 2,3 € h(R), but neither 3™ € I nor 2™ € I for any positive Integer
m. Thus 2 and 3¢ are not g-n-primary to I, where g = 0, 1, respectively. Therefore, 2 4 34 is not
G-n-primary to I for any positive integer n.

Example 2.7. Let G = Z,, Ry = Z, Ry = iZ , then R = Z[i] = Ry & R, is a graded ring and
I = 4R is a graded ideal of R. Since 2 is 0-1-primary to I, because if 2r € 4R with r € h(R)
, then either r € Ry = Z and this implies that r € 2Z , or r € R; = 47 and this implies that
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r € i27Z . Sor? € 4R . Thus x = 2 + ib is G-1-primary to I ,for all b € Z . But 2 + 2i is not
G-2-primary to I, since 2 is not 0-2-primary to I, note that 2%(1) € 4R ,however 1™ =1 ¢ I for
any positive integer m.

Also 2i is not 1-2-primary to I since (2i)(1) , however 1™ = 1 ¢ I for any positive integer m.

The following result is trivial, since it follows immediately from definitions.

Remark 2.8. If s € h(R) , then s is g- n-primary to I if and only if s™I C Gr([I), note that if
r € h(R) , then r € Gr(I) if and only if " € T for some positive integer n.

Example 2.9. Let G = Z,, Ry = Z, Ry = iZ , then R = Z[i] = Ry ® R, is a graded ring and
I =4Ris a graded ideal of R. Gr(I) =2R27'I=2Rand 2721 = R.
Thus, by Remark 2.8, 2 is O-1-primary to I, but 2 is not 0-2-primary to L.

Definition 2.10. Let n be a positive integer. Let I be a graded ideal of (R,G).

(i) A subset A of R is not G-n-primary to I if for every element a € A, a is not G-n-primary to
I.

(ii) A subset A of h(R) is not G-n-primary to I if for every element a = a4, € A, for some
g € G, aisnot g-n-primary to I .

Definition 2.11. Let n be a positive integer. Let I be a graded ideal of (R,G). A subset A of R
is uniformly not G-n-primary to I if there exists b € R — Gr(I) such that the set {a}b, for all

a=7) ,cqay €A C L

Example 2.12. Let n be a positive integer. Let I be a graded ideal of (R,G), where R is a ring
with identity 1 = 3~, . 1r .Then the set {ag 1z = ay foralla =3 sa, € I} C I.
Thus I is uniformly not G-n-primary to itself.

Proposition 2.13. Let n be a positive integer. Let I be a graded ideal of (R,G). If A is uniformly
not G-n-primary to I, then A is not G-n-primary to 1.

Proof. Let A be uniformly not G-n-primary to I . Then there exists b = _,_ b; such that
{agb, foralla = > sa, € A} C I. Thusforalla =37 sas € A, forall g € G,agh =
ag Y e be € Ibuth ¢ Gr(I). Thus there exists an element b; ¢ Gr(I) for some ¢ € G. Since I
is graded ideal of (R,G), ayb; € I with b, € h(R) but b* ¢ I for every positive integer m. Hence
a4 is not g-n-primary to I. So for all @ € A, a is not G-n-primary to I. Thus A is not G-n-primary
to I.O

Remark 2.14. The converse of Proposition 2.13 is not true in general. Let G = Z,, Ry =
Z,Ry = iZ then R = Z[i] = Ry @ R, is a graded ring and I = 6R is a graded ideal of R,
Note that A = 2, 3i is not G-n-primary to I for any positive integer n, as shown in Example 2.6.
However, A is not uniformly not G-n-primary to I, since if 2"b, (3¢)"b € I,then b must be in
Gr(I).

The following theorem treats the case in which the converse of Proposition 2.13 is true.

Theorem 2.15. Let n be a positive integer. Let Gr(I) be a G-prime ideal of (R,G), where G is
finite. If A is finite subset of R, then A is uniformly not G-n-primary to 1 if and only if A is not
G-n-primary to L.

Proof. The necessity is by Proposition 2.13. To prove the sufficiency, suppose that A =
{ai,az, ..., am} is not G-n-primary to I. Then for all a; = dec a;g, for all ¢ € G, there
exists by, € h(R) — Gr(I) such that af, b, € I, where g’ € G. Let b; = [] ¢ big/, for all
i€ {1,2,..,m}. Thenb; € R — Gr(I), since Gr(I) be G-prime ideal. Let b = [[.",b; ,
then b € R — Gr(I) with {afb, for all a; = 3 _,ai, € A} C I. Hence A is uniformly not
G-n-primary to I .0

geG

Since for every G-primary ideal I of (R,G), Gr(I) is G-prime ideal of (R,G),see [7] then we
can conclude the following result.



On graded n-primaly ideals 25

Corollary 2.16. Let n be a positive integer. Let I be a G-primary ideal of (R,G), Gr(I) is G-prime
ideal of (R,G) where G is finite. If A is finite subset of R, then A is uniformly not G-n-primary to
I if and only if A is not G-n-primary to 1.

Now, consider the following definition.

Definition 2.17. Let n be a positive integer. Let I be a graded ideal of (R,G). The n-graded radical
of I, denoted by Gr,,(I) , where

Grp,(I) ={z = Zzg €R: forallge G,zy €1}
geG

The following result is trivial, since it follows immediately from definitions.

Remark 2.18. Let n be a positive integer. Let I be a graded ideal of (R,G). Then
° Gm (I) =1.
« I CGr,(I) CGr(I).

Example 2.19. Let G = Z,, Ry = Z, Ry = iZ, then R = Z[i]| = Ry ® R is a graded ring with
Gra(4R) = Gr(4R) = 2R, Gr»(8R) = 4R, and Gr3(8R) = Gr(8R) = 2R.

Proposition 2.20. Let n be a positive integer. Let I be a proper graded ideal of (R,G). Then
Gry(I) is uniformly not G-n-primary to I.

Proof. Let A = Gr,,(I) and b = 1g, then b € R — Gr,,(I) with {a,b, for alla = €

A} C I. Hence A is uniformly not G-n-primary to 1.0

geG ag

3 G-n-adjoint sets for an ideal

Definition 3.1. Let n be a positive integer. Let I be a graded ideal of (R,G). The set of all elements
that are not G-n-primary to I is called the G-n-adjoint set for I and is denoted by G-n-adj(I). That
isG-n—adj(I)={a=3 c5ay: forallge G,3by € h(R)— Gr(I) with agby € I}.

Remark 3.2. If  is a graded ideal of (R,G), then G — n — adj(I) # R, for every positive integer
n.

Proof. If G — n — adj(I) = R, then 1 € G —n — adj(I). Thus there exists b € h(R) — Gr(I),
such that b = 1(b) € I, which is a contradiction.O

Example 3.3. Let G = Z,, Ry = Z, Ry =iZ, and R = Z[i] = Ry ® Ry , then R is a graded ring
with G — 1 — adj(4R) = 4R
G —n —adj(4R) = 2R, for every positive integer n > 2.

G —n —adj(6R) = 2R U 3R for every positive integer n.
G—1—adj(8R) = 8R.

G —2—adj(8R) =4R.

G—n—adj(8R) = ZR for every positive integer n > 3.
G—1-adj(9R) =

G—n—adj(9R) = 3R for every positive integer n > 2.
G—-1-adj(12R) =4RU3R.

G —n —adj(12R) = 2R U 3R, for every positive integer n > 2.

Remark 3.4. Let n be a positive integer. Let I be a graded ideal of (R,G), then

(i) G —n — adj(I) is not necessarily a graded ideal of (R,G), since in Example 3.3 G — n —
adj(6R) = 2R U 3R is a subset of R, which is not an ideal of (R,G).
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(ii)) We can show, directly from the definition, that for a proper graded ideal I of (R,G), I C
G-1—adj(I)CG—-2—adj(I) CG—-3—adj(I) C....

(iii) The equality in (ii) does not hold in general, since as in Example 3.3, G — 1 — adj(8R) =
8R,G—2—adj(8R) =4Rand G — 3 — adj(8R) = 2R.

The following result follows directly from the previous remark.

Proposition 3.5. If I is a graded proper ideal of (R,G), where R is a Noetherian ring and G —
n — adj(I) are ideals of R for every positive integer n, then there exists a positive integer m such
that | ), G —n —adj(I) = G —m — adj(I).

Example 3.6. Let G = Z,, Ry = Z, Ry = iZ,and R = Z[i] = Ry ® R;. Since R is a Noetherian
graded ring, then

JG—n—adj(4R) = G -2 — adj(4R).

n=1

U G—n—adi(8R) = G -3 —adj(8R).

n=1

U G—n—adj(OR) = G -2 — adj(9R).

n=1
Now, remember the following definition , see [§]

Definition 3.7. Let I be a graded ideal of (R,G). Define the following two sets g(I) = {a € R :
aisnot g-primeto I} = {a € h(R) : ar € I for some r € h(R) — I}, and
G(I)={a=3,c5a, € R: forall g€ G,a,isnotg-prime to I}

={a=),cqay € R: forall g € G, there exists r € h(R) — I such thata,r € I}.

Proposition 3.8. For any graded ideal I of (R,G), G — 1 — adj(I) C G(I).

Proof. Leta € G — 1 —adj(I). Thena =3 _,a, € Randforall g € G, there existsr = by €
h(R) — I such that ayr € I . Since I C Gr(I)(see [2]) , then by € h(R) — I with a,r € I, so
a€Gr(l).0

Remark 3.9. Since in the graded ring R = Z[i] = Ry ® Ry , where G = Z,, Ry = Z, Ry = iZ,
G — 1 —adj(4R) = 4R and G(4R) = 2R, then the equality in Proposition 3.8 does not hold in
general.

Theorem 3.10. If I is a G-prime ideal of (R,G), then G — 1 — adj(I) = G(I).

Proof. Leta € G(I),thena =} _;ay € Rand forall g € G, there exists 7 € h(R) — I such
that a,r € I. Since I is G-prime, then r € h(R) — Gr(I) withagyr € I. Thus a € G — 1 —adj(I).
By Proposition 3.8, the equality holds.O

The following result follows immediately from the previous theorem and Remark 3.4

Corollary 3.11. If I is a G-prime ideal of (R,G), then G(I) = G—1—adj(I) C G—2—adj(I) C
G—-3—adj(I) C ..., thatis,
G(I) € G —n — adj(I), for every positive integer n.

Proposition 3.12. Let n be a positive integer. Let I be a graded proper ideal of (R,G). I C
Grn,(I) CG —n—adj(I).
Proof. It is clear as noted in Remark 2.18 that I C Gr,(I). Now, letz = }° x4 € Gry(I),

then z € R and for all g € G,z € I. Thus zj(1) € I. Since 1 € R — Gr(I), then
re€G—n—adj(l).0
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Proposition 3.13. Let n be a positive integer. Let I be a G-prime ideal of (R,G). Then
ICGr,(I)CGr(I) CG—n—adi(I).

Proof. By Remark 2.18, I C Gr,,(I) C Gr(I). Now, leta = 3° ., a, € Gr(I), then for all

g € G, there exists a positive integer n, such that ag? € I. forall g € G, let myg be the smallest
such positive integer, then

(i) If my = n, then ay" (1) = a2(1) € I,1 € R— Gr(I).
(i) If my < n, then ay'? € I implies a} (1) = ay” "“ay? € I,1 € R — Gr(I).

(iii) If my > n, then ag" € Iaga;n”_n € I'withay” " € R— Iimpliesay? " € R— Gr(I)
because I is G-prime ideal of (R,G). Let b = ay"* ", then b € R — Gr(I) with a}b € I.

Therefore, a € G —n — adj(1).0

4 Graded n-primaly ideals

We noticed in the previous section that the G-n-adjoint sets of a graded ideal I of (R,G) are not
necessarily graded ideals of (R,G). However, in some cases they will be graded ideals of (R,G).
In this section, we will study the graded ideal in which G-n-adjoint sets of it are graded ideals.
We call these kinds of graded ideals a graded n-primaly ideals as in the following definition.

Definition 4.1. Let n be a positive integer. A graded ideal I of (R,G) is a graded n-primaly ideal
of R,G) if G — n — adj(I) is a graded ideal of (R,G).

Example 4.2.Let G = Z,, Ry = Z,R, = iZ, and R = Z[i] = Ry ® R;. By Example 3.3
we notice that 4R, 8R and 9R are graded n-primaly ideals of (R,G), while 6 R and 12R are not
graded n-primaly ideals of (R,G), for every positive integer n.

Proposition 4.3. Let n be a positive integer. Let I be a graded ideal of (R,G). If G —n — adj(I)
is uniformly not G-1-primary to I with the property that for all r € R and for all a € G —n —
adj(I),ra € G —n — adj(I), then I is graded n-primaly ideal of (R,G).

Proof. We have to show that G-n-adj(I) is a graded ideal of (R,G). That is
(i) G —n —adj(I) is an ideal of R, and
(i) G—n—adji(I) C D,cq(G—n—adi(I) N Ry)

Note that (ii) is satisfied by the definition of G — n — adj(I). Now, since G — n — adj(I) sat-
isfies the property that for all » € R and forall « € G — n — adj(I),ra € G —n — adj(I),
it is enough to show that G — n — adj([) is closed under addition. Let A = G — n — adj(I).

Leta = 30 cqag.b=>,5b; € A Since A is uniformly not G-1-primary to I, then 3d €
R — Gr(I) such that {cyd : ¢ = 37 5cg € A} C I. Thus for all g € G,ap'(d)by(d) € I,
for every positive integer m. Thus for all g € G(ay + by)"(d) = Y__gal~*bk(d) € I with
d € R—Gr(I). Since d € R, then for all g € G(ay + by)"(d) = (ag + bg)™(d) Y e dn € 1.
But d ¢ Gr(I). Thus there exists an element d;, ¢ Gr(I) for some h € G. Since I is graded
ideal of (R, G), (ag + by)"hq with by, € h(R) — Gr(h). Hence a + b € A.O

Proposition 4.4. Let [ be a graded proper ideal of (R,G). If G—1—adj(I) C I, for every positive
integer n, then I is G-primary ideal of (R,G).

Proof. Note first that by Remark 2.5.8, G — 1 — adj(I) = I. Let a,b € h(R) such that ab € I
andb ¢ Gr(I),thena € G — 1 — adj(I) = I. Thus I is G-primary ideal of (R,G).0
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Example 4.5. By Proposition 4.4 and Example 3.3, 4R,8R and 9R are G-primary ideals of
(Z[i], Zs).

Proposition 4.6. Let n be a positive integer. Let I be a G-primary ideal of (R,G). Then Gr,,(I) =
G —n—adj(I).

Proof. By Proposition 3.13, it is enough to show that Gr,,(I) O G —n — adj(I). Let a =
> gec g € G —n — adj(I), then, forall g € G, there exists 7 = by € h(R) — Gr(I) such
that ayr € I. Since I is G-primary ideal of (R,G) with r ¢ Gr(I), then ay € I. Therefore,
a€ Gr,(I).0

Proposition 4.7. Let n be a positive integer. Let I be a G-primary ideal of (R,G) with the property
that Gr(I) C Gr,(I), then I is a graded n-primaly ideal of (R,G) .

Proof. First note that by Remark 2.18, Gr(I) 2 Gr,(I). Now, we have Gr(I) = Gr,(I). Since
I is G-primary ideal of (R,G), then by Proposition 4.6, Gr(I) = Gr,(I) = G —n — adj(I).
Since Gr(I) is a graded ideal of (R,G) (see [2]), then G — n — adj(I) is a graded ideal of (R,G).
Therefore, I is a graded n-primaly ideal of (R,G).O

Theorem 4.8. Let I be a graded proper ideal of (R,G). If I is a G-prime ideal of (R,G), then
G —n—adj(I) = Gr,(I) = Gr(I) = I, for every positive integer n.

Proof. Let I be a G-prime ideal of (R,G). By Proposition 3.13, it is enough to show that G —
n—adji(I) C I. Leta =3 ;a, € G —n — adj(I), then, for all g € G, there exists
7= by € h(R) — Gr(I) such that ayr € I. Since I is G-primary ideal of (R,G) with r ¢ Gr([).
Since I C Gr(I) (see [6]), then r ¢ I. But I is a G-prime ideal of (R,G), soay € I. Therefore,
ag € I. Since g is an arbitrary elementin G thena = 3 ;a4 € I. O

Now, the following two corollaries follow immediately from Theorem 4.8.

Corollary 4.9. If I is a G-prime ideal of (R,G), then G — n — adj(I) is a G-prime ideal of (R,G),
for every positive integer n.

Corollary 4.10. If I is a G-prime ideal of (R,G), then I is a graded n-primaly ideal of (R,G) for
every positive integer n

Remark 4.11. The converse of Corollary 4.10 is not satisfied in general , since as noted in
Example 4.2, 4R is a graded n-primaly ideal of (R,G) for every positive integer n, however it is
not G-prime ideal of (R,G).
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