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Abstract. Graph labeling is an important area of graph theory. It is used in coding theory,
x-ray crystallography, radar, astronomy, circuit design, communication network addressing, data
base management. In this paper, we study the total influence number as a graph labeling param-
eter. The total influence number can be viewed as vertex labeling problems concerned with the
sum of the labels. We give a general theorem related to the total influence number, and also show
how to find a maximum total influence set on various basic splitting graphs.

1 Introduction

Let G = (V, E) be a simple undirected graph, where V(G) and E(G) are the sets of vertices and
edges of G, respectively. For notation and terminology not defined here, see [5]. For a vertex
v € V(G), the open neighboorhood N (v) is the set of all vertices adjacent with v. Let S be a
vertex subset, S C V, then S = V — S denotes the complement of S.

The distance d(u,v) between two vertices v and v in G is the minimum length of a path join-
ing them if any; otherwise d(u,v) = oco. The diameter diam(G) of a graph G is the maximum
distance between two vertices of G. For any vertex u, d(u, S) = melgl d(u,v).

A vertex subset S is called an alternating set if and only if S is either (1) the empty set or (2)
a maximal independent set such that Ju € S > Vv € S, d(u,v) = 2k for some k € Z [9].

A graph labeling is an assignment of integers to the vertices or edges, or both, subject to
certain conditions. Graph labelings were first introduced by Alex Rosa in 1967 [1]. Labeled
graphs have applications in many fields. An extensive study on applications of graph labeling
carried out by Bloom and Golomb in 1977 [6]. Further, a detailed survey on graph labeling is
studied by Gallian [7]. A variety of parameters have been proposed to quantify the graph labeling
such as influence and total influence number.

Agabh et al. [8] introduced the concept of influence number. Daugherty et al. [9] introduced
the total influence number as a natural extention of the influence number. These graph parameters
are problems of vertex labeling deal with the sum of the labels. There are many vertex labeling
problems which seek to minimize the sum of all of the labels. But, the influence and total
influence number have the aim of maximizing the sum.

The concept of the influence number comes from the area of social networks that looks at
the level of the influence of a person on another one. For a set of people of S, a person who is
not membership of S, is influenced by the closest person in S. But, people in .S do not influence
themselves. Since the distance between a person in .S and his or her closest person is 1, a person
in S has an influence of % on their friends, an influence of % on their friends’ friends, and so on.

While in the event of the influence number each vertex in S is influenced by the closest vertex
in S, in the total influence number each vertex in S is influenced by every vertex in S. But, both
of them seek to maximize the influence of S to S. When we think about total influence number
in psychology, a person in S is influenced by all people in S.

The influence number of a vertex subset S is n(S) = Z 2w The influence number of a

u€S
graph G is n(G) = max n(S). A set S is called n-set if n(S) = n(G).
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1
The total influence number of a vertex v € S is nr(v) = Z > The total influence

u€eS
number of a vertex subset .S is

nr(S) = ZﬁT(U> = Z Z zd(}w)'
vES yes

veS

The total influence number of a graph G is

nr(G) = maxnr(S).
A set S is called nr—set if n7(S) = nr(G).

The aim of this article is to obtain general bound and efficient formulas for the total influence
number of some graphs.

The rest of this paper is structured as follows. In section 2, known results on total influence
number are given and a general bound is proved. In section 3, definition of the splitting graph is
given and exact values for the total influence number of some splitting graphs are determined.

We first give an important theorem which we need in the proof of theorems in Section 3.

Theorem 1.1. [4] If f is continuous on a closed, bounded set D in R x R, then f attains an
absolute maximum value f(x1,y1) and an absolute minimum value f(x,,1y,) at some points
(xl,yl)and(aq,yz)hill

To find the absolute maximum and minimum values of a continuous function f on a closed,
bounded set D:

1. Find the values of f at the critical points of f in D.
2. Find the extreme values of f on the boundary of D.

3. The largest of the values from steps 1 and 2 is the absolute maximum value; the smallest of
these values is the absolute minimum value.

2 Main Results On The Total Influence Number

2

Theorem 2.1. [10] Let G be a graph of order n. Then, nr(G) < %

Theorem 2.2. [9] For any graph G = (V, E), with vertex partitions Vi and Vo and a set S CV
let S;=ViNS, SH=V»NS, S=V-5 85 =Vi—S1and S, =V, — S>. Then,

nr(S) =nr(S1,S1) + nr(S2,51) + nr(S2, 52) + nr(S1,52).

Theorem 2.3. [9] For a path P, (n > 1), a vertex subset S has maximum total influence if and
only if it is a non-empty alternating set.

Corollary 2.4. [9] The total influence number of a path, P,, is

(102" +6n—10

if nis even,
17(Pa) = < gpn Son_
(Fn) {(8>2 ;6 =10 ifnis odd.

Theorem 2.5. [9] The total influnce number of some graphs is as follows:

@ nr(K,) =

5}

2 o
{’g if nis even,

"81 if nis odd.

n+2)? . .
() nr(Kin) = {( ic if nis even,

7(”“1)(6"”) if nis odd.
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(© nr(DSm) = {liénz—i—gn—i—llémz—i—gm—l—l%nm—i—i if n and m are even,

2,3 1,2, 3 1 11 .
e+ gn+ gm° +gm+ gnm + g otherwise.
o if nz%3,
2 2 .
d) 77 (Knm) = % if n<% meven,
(2n+m+l}(62n+mfl) lf n < %7 m odd.

Theorem 2.6. For a graph G of order n, a set S is an nr—set if and only if |S| and |S| must be
fairly close. Furthermore,

2 2 . .
saramerz < nr(G) < g if n is even

— 27 . .
zdinm‘nﬁgnT(G)gngl if n is odd.

Proof. Let |S| = xand S = {uy,ua,...,uz}, S = {v1,v2, ..., 0n_ }. Thus,

1 1
”T(S):ZZWZZZW' 2.1

uesS veES i=1 j=1
Since 1 < d(u;, v;) < diam(G) for any u;,v; € V(G),

1 1

1
2diam(G) S 2d(ui,vj) S E (22)
By (2.1) and (2.2), we say
1 1
Wm(n —z) < nr(S) < Ea:(n — ).
By definition of the total influence number,
ey — ) < maxnr(S) = nr() < max 2 x(n — 2) 23)
rsngaé 2diam(G)l n—x) < rsné‘)/(n;p =1nr < rbpgaézx n—x). .

We have f(z) = z(n — z). By setting f’(z) = 0 gives 2 = J. Hence, |S| and [S| must be fairly
close.

If n is even, x = 7. If we substitute z = 7 into the inequality (2.3), the proof is completed
for this. In the obtained inequality, the upper bound is equivalent to Theorem 2.1.

If n is odd, we consider x = [5] and x = |%]. But, since these are complements of
each other, we only consider 2 = [%]. By substituting « into the inequality (2.3) the proof is

completed. O

3 Total Influence Number of Some Splitting Graphs

Definition 3.1. [11] For a graph G, the splitting graph S(G) of graph G is obtained by adding a
new vertex corresponding to each vertex v of G such that N(v) = N(v'), where N(v) and N (v')
are the neighborhood sets of v and v’, respectively.

Let G be a graph of order n and V(G) = {vy, v, ..., v, }. For splitting graph of G of order
2n,let V(S(G)) = X UY, where X = {v1, vy, ..., v}, Y = {0}, 0}, ..., 0}, }.

Theorem 3.2. For a splitting graph of complete graph S(K,,) withn > 3, a set S is an np—set if
and only if it contains exactly n vertices which are in X or in'Y. Furthermore,

nr(S(K,)) = 2=

Proof. Foravertex subset S, letz = | XNS|andy = y1+y> = |YNS|and f(x,y1,92) := nr(S),
where y; and y, are the number of vertices corresponding to z vertices and not corresponding
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to = vertices, respectively. This yields the following equation with the bounds 0 < z < n,
Oy <zandO<y, <n—ux:

1 1 1

f(z,y1,12) =52(n —z) + Eyl(n—yl — )+ E(x—yl)(n— 1 -y —)
1

(»"U—?J1)+l

1
4(y1 +yp)(n—y1—yp)+ §y1(n—x)

1
+ampn—1—2)+ p.

Solving the system f, (2, y1,42) = 0, fy, (z,y1,92) = 0, fy,(x,y1,y2) = 0 does not give critical
points. Thus, we search to the maximum of f(z,y,y2) by looking at the boundaries for x, y;
and y, and we do this search by Theorem 1.1.

Case 1. For 2 = 0, we maximize f(0,y1,y,) = % — % — 2 4 3 4 Inws vi_ v by setting
Fu (0,91,92) = 0, f,,(0,91,y2) = 0 and solving it for y; and y,. Then, we do not ﬁnd a solution
and we must look at the boundaries for y; and .

Case 1.1. For y; = 0 (y; = = = 0), we maximize f(0,0,y,) = —%yz(yz —3n + 1). Solving
f,(0,0,1y2) = 0 gives y» = [0, n]. Thus, we look at the boundaries of y, and the function
is maximized at y, = n and f(0,0,n) = 2”%”.

Case 1.2. Fory, = O and y» = n — 2 = n, we maximize f(0,y1,0) = 31 (3n —y + 1)

2
and f(0,y1,n) = —% + 5+ 9+ ”72 — 4, respectively. Since 0 < y; < z and z = 0,
y; takes the unique value y; = 0. Thus, for the first function, we have £(0,0,0) = 0. Since
0 < |S] < 2n, there is not a maximum value of this function. For the second function, we have

f(o 0 ’I’L) 2714—77

2
Case 2. For x = n, we maximize f(n,y,y2) = _%_%_ e v omy L4 ” -z
by setting fy, (n,y1,v2) =0, fy,(n,y1,y2) = 0 and solving for Y1 and 1. Then we do not ﬁnd a

value and we must examine at the boundaries for y; and y».

2
Case 2.1. For y; = 0 and y; = 2 = n, we maximize f(n,0,y,) = —% — "2 - % % — % and
f(n,n,y2) = —3ya(y2 + 3n + 1) by setting f,,(n,0,y) = 0 and f,,(n,n,y) = 0, and solvmg
for 1, respectively. We find y, = ”H and y, = M . But, they are not pozitif integer. Thus,

for this case the function is maximlzed aty, = 0 and f (n,0,0) = 2’5%"
Case 2.2. Fory, = 0 (y» = n—a = 0), we have f(n,y1,0) = —1(y1 —n)(y1 +2n—1). Solving
fur(n,y1,0) = 0 gives y; = 15 ¢ [0,n]. The function is maximized at y; = 0.

2
Case 3. For y; = 0, we maximize f(z,0,y,) = 3’23/2 —f-2—aytne—% - ”’2. Solving the
system f,(z,0,y2) = 0, fy,(z,0,y2) = 0 gives the solution z = 2” Land y, = ”. In this case,
we look at z = [22=-1], 2 = L2”4 n=llandy, = [2], 92 = | 3] to determme the maximum integer

solution. Consequently, the maximum of the function for these values is

{ (2
£

But, we must examine the maximum of the function at the boundaries for = and y,.
Case 3.1. Examining at x = 0 and = n are equivalent to Case 1.1 and Case 2.1, respectively.
Case 3.2. For y, = 0, we maximize f(z,0,0) = —}z(22z — 4n + 1) by setting f,(z,0,0) = 0.

Then, we find z = n — § € [0,n]. Substituting z = [n — 1], z = [n — 1] into the function

gives f([n — 11,0,0) = 2”if_",f([n - 11,0,0) = 2"2%_]. After doing examination at the
boundaries of z, the function is maximized at z = n.

0,7)= -7 if n is even,
1 J27) = f(1220,0,[2]) =22 — 2 4 L ifnis odd.

’I’L2 nx n

Case 3.3. For 3, = n — x, maximizing f(z,0,n —z) = % — % — 4 + & glves x=2¢€][0,n]
Then, the maximum of the function for this value is f(%,0,%) = 71% - for n is even;
f(151,0,n—[%]) = 71% — 2+ & for n is odd. Examining at the boundaries ofx the function

is maximized at x = 0 and x =n.
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2
Case 4. For y; = x, we maximize f(z,z,y2) = 3"23’2 -2 - 3“’2 + 777"” -Z _ 775”2. And
solving fo(z,2,92) = 0, fy,(z,2,10) = 0 gives = 2222 € [0,n], y» = § ¢ Z*. Examining at
the boundaries gives the maximum of the function as f (0 0,n) = 272%”
Case 5. For 3, = 0, we maximize f(z,y1,0) = 4 —  + 37% —zy + nx — %‘ -z Solvmg

fo(2,91,0) =0, fy, (z,y1,0) = 0 gives z = 225 € [0,n] and y; = 252 € [0, z]. We substitute
yi = [%52], y1 = [%5%] and 2 = [2252], 2 = [ 225 | into the function to determine the maxi-
mum integer solution and after examining at the boundaries for « and y;, we find the maximum

value of the function as f(n,0,0) = ZWT—W
From all cases, the total influence number of S(K,,) is

n7(S(Ky)) = £(1,0,0) = £(0,0,n) = “2n=1,

O

Theorem 3.3. For a splitting graph of star graph S(K ,—1), a set S is an np—set if and only if it
contains exactly n vertices such that (n — 1) vertices are in X and one vertex is in Y and center
vertex of K, ,,_1 and its corresponding vertex is not in S or one vertex is in X, (n — 1) vertices
are in'Y and both center vertex of K| ,,—1 and its corresponding vertex are in S. Furthermore,

1r(S(K o)) = 20403,

Proof. For a vertex subset S, let z = |X N S| and y = |Y N S|. For the vertices v; € X and
v; € Y, where i € {1,2,....n}, we consider three cases depending on center vertex (v;) and
corresponding center vertex’s (v{) membership in S or not in S.

Case 1. Let S C X and f(z) := nr(9).

Case 1.1. Let v; € S. Then, the bound is 1 < z < n and we have

1 1 1 1 1
f(z) = (n—x)—ﬁ—z(x—1)(n—x)—|—§(n—1)+f+f a:—l)—l—z(x—l)(n—l).

773l

| —

Solving f/(z) = 0 gives « = n. Thus, f(n) = M
Case 1.2. Let vy ¢ S. Then, the bound is 1 < « n — 1 and we have

1 1 1 1
== —z(n—1- = —xz(n—1).
f(z) 2:5—1-496(71 J;)—f—zx—l—zm(n )
Solving f’(x) = 0 does not give a solution. Thus, we look at the boundaries of x. The function
is maximized at x =n — 1l and f(n — 1) = "22_1.

Case 2. Let S C Y and f(y) := nr(S).
Case 2.1. Let v} € S. Then, the bound is 1 < y < n and we have

1

F) = g =)+ 3= Dln—9)+ 50— Db+ 20— 1)+ 3y~ D(n—1).

oo\»—

Solving f'(y) = 0 givesy =n+ 2. Fory = [n+ 2| = n, we have n + 3 € [1,n]. Hence, the
function is maximized at y = n and f(n) = %

Case 2.2. Let v] ¢ S. Then, the bound is 1 < y < n — 1 and we have

11 11
= —y+-yn—1-— —y+ —y(n—1).
f(y) A 4y(n y) + Y+ 4y(n )

Solving f'(y) = 0 gives y = n + ;. But, it is out of the range [1,n — 1]. Thus, we have the

maximum of f(y) at the boundary of y and f(n — 1) = 222£n=3

Case3.Let SNX #0,5NY # Oand f(z,y) := nr(9).
For the vertices v; and v{, we consider two subcases: firstly v;,v] € S and secondly v; €
S, v] ¢ S. Since the complements of these cases cover each of the four combinations of set
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membership, these two cases are comprehensive.
Case 3.1. Let vy, Ui € S. For this case, we have

Fy) =5 (n =)+ 30 —y) + 3~ (n—2)+ gz~ n—y)
+gn—9)+ 3l— D —y)+ 30— 2) + 3y~ D(n-2)
withthebounds 1 <z <nand1 <y < n.

Solving the system fw (z,y) = 0, fy(x, y) = 0 does not give a solution. Therefore, we must
seek the maximum of f(z,y) at the boundaries for z and y.

Case 3.1.1. Forz = 1, we maximize fly) =20 -2y %2 — 2 by setting f,,(1,y) =0

and solving for y. We find y = n — 2 and look at y = [n 1, y = |n — 3] for integer solution.
By considering the boundaries of y, the function is maximized at y = |n — %J =n— 1 and

2n’+4n—3
f,n—1)= %

Case 3.1.2. For x = n, we maximize f(n,y) = £(n —y)(2n + 2y + 1). Solving f,(n,y) =0

gives y = —1 ¢ Z*. By looking at the boundarles of y, we have f(n, O) 2’ metn

Case 3.1.3. Fory = 1, we maximize f(z,1) = % — 2 + % — %2 — 2 by setting fx(m 1)=0
and solving for xz. We find x = n — 2. Then, the functlon is max1m1zed atz = n—2and
f(n _ 2 1) 2n? §n+5

Case 3.14. For y = n, solving fx(sc n) = 0 gives x = —1 ¢ [1,n|. Then, searching at
boundaries of z gives f(1, n) %

Case 3.2. Letv; € S and v] ¢ S. For this case, the boundsare ] <z <n,1 <y<n-—1and
the function is as follows:

Fle.y) =3 (n =) + 3o = D —2)+ 50— 1-y) + 5+ 3@~ 1)

[

1 11
+tz@ =D —1-y)+ 1yl —1—y)+ gy + yn—2).

Solving the system f,(z,y) = 0, f,(z,y) = 0 does not give a solution. Therefore, we must
search the maximum of f(x,y) at the boundaries for  and y.

We examine along z = 1,2 = n,y = 1,y = n—1 similarly to above and we find f(1,n—2) =
%2 + g as the maximum value of the function.

From all cases, consequently we have

2nt+4n —3

nr(S(Kipn-1)) = f(Lin=1) = f(n—1,1) = g

Theorem 3.4. Total influence number of a splitting graph of path, S(P,,), withn > 4 is

827" t6n=10 | p_1  443l018)-0
nr(S(P,)) = T""T"’W if nis odd,
M*‘%‘F% if n is even.

Proof. Vertex set of S(P,) can be partitioned into vertex set of two paths. Let V(S(P,)) =

V(P pY ) U V(P )) and for a vertex subset S C V(S(P,)), let S} = X NS, S =Y NS,
S1=X-5,,5 =Y —S,. Thus, by Theorem 2.2

nr(S(P,)) = nr(S1,S1) + nr(S1,52) + nr(S2, S1) + nr (52, S2)

and considering P,, and the total influence set of P,, gives

nr(S(Pn)) = 3nr(Py) +17(52,52).
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(1) 2)

Letnbeevenand V (P, ') = {v, v}, v3, 0}, ..., vp_1, 0}, }, V(P,(l ) = {v],v2, V5,04, .00 00}
/ / / / /

By Theorem 2.3, Si = {v1,v3,05, ..., Un—3, Un—1 }, S» = {v], 0§, 0%, ..., v, 5,0}

21

nT(Sz,E):2%+Z(1 PRI +...+;)

23 23 25 27 m—(2i—1)
L B |
+_§;(23+23+25+27+...+W)
_2%’1 111 1 L
=1 =2
TR B,
_n- . 2
_TJFW (27 —1)2°.
=1
Thus, we have
RS Ty
n— ) ;
r(S(Pa)) = 30r(Po) + —g— + 5y D (20— 1)2%. 3.1)
=1
2y

. _ . 20+427(3n—11)
It to see that » ~(2i — 1)2% =
is easy to see tha (2i —1) 9

. By substituting this formula into
i=1
(3.1) and using Corollary 2.4, this case is proved.

LetnbeoddandV(PT(Ll)) = {v1, v}, v3,0, ..., v, |, Un}, V( ) {v],v2, 05,04, .., U1, 0, }

By Theorem 2.3, S| = {v, v3,05, ...y Up—2, Upn }, S2 = {01,1)3,1)5,. vl 5,0}
[3)-1
1 1 1 1 1 1 1
(S =5+ 5+2 Y. (g+m+tstaytt )
i=2

n—1 TV o1
_ . _ = ~2i
=5 t2 Z Yna T 53 T ond > 2

Then, we have

Lz1-1
n—1 1 A2
n—1 44413132 -4)
=3z (P, 2
nr(Pr) + 3 9(2n—1)
By Corollary 2.4, the proof is completed. O

Theorem 3.5. Total influence number of a splitting graph of cycle, S(C.,), withn > 12 is

2|2 +120 .
nr(S(Praz2y) +0r(S(Pas2))) — % + 2 if nis odd,
96| 2 | +128
17 (S(Ch)) = r(S(Pos2)) = "3ty + B+ R ifGisodd
2(S(Pas)) — 9L51+128 @ if n is even.
nr n2 To@lF, T if 5 is even

Proof. Let V(S(C,)) = X UY = (X; UX,) U (Y1 UY2), where X; = {vi,v2,...,v| =},

XZZ{UL%J-&-laUL%J-&-%---avn} and Y; :{’Ull,’Ué,..., WJ} sz—{v +1,1}L j+2""’1};1 .
Vertex set of S(C),) can be partitioned as V(S(C’,L)) =V (S(P,- 2)) U {vl ,Un, V], U, }, where

V(S(Pu-2)) = V(S(PLanzJ)) U V(S(P[n%zw)). For a subset S C V(S(P,-2)), 51,53 C
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V(S(PLanzJ)) and 5,54 C V(S(P(anz])), let S, =X1NS, 85 =XNS, 55 =Y1NnS,

Si=Y2NS, 5 =X1-5,5%=X2-5,5=Y1—-55,S=Y— 54,5 =5, USUS;U Ss.

By Theorem 2.3, if n is even, S} = {vy, v4, ve, ...,vnT_z}, S, = {v%z,vn%zﬂ,v%z“, ey Un—2}s

S3 = {v}, U4, Vg, oy Vs by Sa = {Via, Vnis s Vnia 45 s Ul o} and if mis odd, St = {v2, v4,
2 S 5 1o o / /

V6 0 2 }5 52 = {U2 142, V21445V 2 46 oo Un1}, 53 = {09, 04, Vg, s 02 }5 B4 = {V] 4 1)

Ulny1as ¥ n g 1}
[3]+4 713 ]+6 n—1

Let S’ be a total influence set of S(C,), where S” C V(S(C,,)) (S C S’). We consider three
cases: when n is odd; when n is even and 7 is odd; when n is even and 7 is even. For each cases,
we examine the total influence number of S(C,,) depending on vy, v,, v}, v},’s membership in S’
or notin S’.
For abbreviation, we use d instead of diam(S(Cy,)).
Case 1. Let n be even and 5 be odd.

o Let S = S’. Then,

17(S(Cn)) =2n1(S(Poz2)) + nr(S1,S2) + nr(S1,84) +07(S2,.51) + 17(52, 53)

+ n7(83,52) + n1r(S3, Ss) + nr(S4, S1) + 01 (S4, S3) + nr(ui, S) (3.2)
+77T(un7s) +7’]T(’U1,S) +77T(Un7s)'

By definition of the total inﬂuence number, we find following equalities:

_ 1 1 1 d—1
77T(517S2) 23 +425 +627+ +(d 3)2d 2+W
LF]-1 1
Z 22221+1 1)2d+1'
1 1 1 1 d—13
nT(SQ,Sl)—§+223+4 +6 5+t (d— 3)2d2+W
L%]-1
o1 1
= Zigg t (d— 3)2d+1 2
i=1
— 1 1 1 1 d—3 _
17 (84, 53) = 53+ 255 + 453 +6—+ A (A =3) 57 + S = ar(52,5) - ¢
nr(S1,54) = 11 (53,52) = nr(S3,54) = nr(S1,52).
nr(S2,53) = nr(Ss, S1) = nr(S2, S1)
S B B 1 o
nT(vl,S)—2§+42%+4 +42—7+ +42d2+2ﬁ:4 22%+1+2—d+1
=1
1 1 1 1 1 1 3
nT(Ui»S)—2§+4§+425 +427+ +42d 2+2ﬁ:77T('U17S)_§-
11 2]
nr(vn, 8) = nr(vl, S) = 45 +Haog Hags oo —42222

It is obvious that, diam(S(Cy)) = d = % if n is even. Thus, we have

nT(SI’ 2) = 9(4{%]) (% - I)Z%IH
R A 1 i Y
77T(5'2, l) — 9(4\_74,”4) (5 —3)2%1+1 (3 3)
SR G ST 3 st RO :
77T(54’§) = —amy (5 =3)537 —3
nr(St, Ss) = nr(S3,52) = nr(S3, Sa) = nr(S1,52)
nr(S2,53) = nr(Ss4,51) = nr(S2, S1)
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_ oaldl g
R
UL )
nr(vy, S) = EVEI +
_ ’ _ (4L% -1
TIT(UmS) - UT(UmS) - 3(4L% )

Substituting (3.3) and (3.4) into the equality (3.2), we get

=
~
=
=

+ 1
+

N\:‘ g N\*
ool

(3.4)

S

B 96| %] +200 2n—4 197
nT(S(Cn)) _ZnT(S(P"T—Z)) - 9(4[%J) =+ 2% + W
e Let S’ = {v;} US. Then,

nr(S(Cr)) ZZﬂT(S(PnT—Z)) +n7(S1,52) + nr(S1, Ss) + n7(S2, S1) + 11 (92, 53)

+17(S3,52) + n1r(S3, Ss) +n1(S4, S1) + 11 (S4, S3) + (01, 57)
+ 17 (vn, S) + 07 (01, ) + 11V, 9).
Since
— 1 1 1 1 1
nr(v, §7) = 25 + 22 +422 +424 + +4F
L%]

44151 —1) 5
’+422212TJ)+1’ (3.5)
substituting (3.3), (3.4) and (3.5) into the above equality gives
9|%]4+92 2n—-6 211
) =2 Pn))— —2 - .
« Let S” = {v{} U S. This case is equavilent to Case 2.
e LetS" = {v,} US. Then,

17(S(Cn)) =201 (S(Pu2)) + nr(S1,S2) +nr(S1,84) +17(52,81) + 11 (52, S3)

+ n7(53,52) + n10(S3, S4) + n1r(Ss, S1) + 00 (Ss, S3) + nr(v1, 5)
+ 07 (vn, 87) + (v, S) + nr(vy,, S).

Since

11
7w t2at

| L
4l 4
R T

nT(Um S/) =

1
2
9 +4L% _ a4 J_4)+i+9 (3.6)

22i+1 (4L4J) 2% 4’ .

i=1
substituting (3.3), (3.4) and (3.6) into the above equality gives

- 96|%]+116 2n—2 223

e Let S’ = {v/,} US. Then,

nr(S(Cn)) =207 (S(Paz)) + nr(S1,52) +nr(S1,84) + nr(S2, S1) + 1 (S2, 53)

+ n1(S3,82) +n7(53,54) + 11 (S4, 1) + 11(Ss, S3) + nr(v1, S)
+ 07 (v, 8) + nr(vi, 8) 4+ nr(v),, 57).
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11 1 2 1 1 1
nr(v 7,,5')—22+22+223 -‘1—?-‘1-423 tds+.. +455

2 2d-
3 o bty

204l8) —4) 2 3
§+ﬁ+4; 7 = g TaE 3.7)

Substituting (3.3), (3.4) and (3.7) into the above equality, we get

B 92| +116 2n—2 419
m(S(Cn)) =200 (S(Pag2) = —gh i + oy + g

« Let S’ = {v1,v{} US. Then,

nr(S(Cr)) :ZUT(S(PT%Z)) +n7(S1,52) + n7(S1, S4) + n1(S2,51) + n7(S2, 53)

+n7(83,52) + 11 (S3, S4) + 07 (Ss, St) + 11 (Ss, S3) + nr(ve, S7)
+ 01 (vy, S) +nr(v1, ) + nr(v),, S).

_ n L3)]
nr(vi, ') =1 +4ZZ‘L41J 2; I+ M(TJ)[) (3.8)
=7 4(4tF) 1 )
(0], ) = 3 +4 55 i =1 W
Substituting (3.3), (3.4) and (3.8) into the above equality, we get

- 96|2]+80 2m—8 437
nT(S(Cn)) _277T(S(P"T*2)) - 9(4[%]) 2z + %

e Let S’ = {v;,v,} US. Then,

nr(S(Cy)) :ZWT(S(P%;Z)) +n7(S1,52) + 11 (S1, S4) + n7(S2, S1) + 17(S2, S3)

+ n7(S3,52) + n1r(S3, 54) + 01 (Ss, S1) + 11(Ss, S3) + nr(vi, 57)
+ nT(Un;§) + nT(Uiv S) + nT(U;w S)

2441y 3.9)
Substituting (3.3), (3.4) and (3.9) into the above equality, we get

B 96| %] +200 2n—4 923
m(S(Cn)) =200 (S(Pag2) = =g p— + oy + 5

» Let S’ = {v1,v],} US. Then,

nr(S(Cr)) =201 (S(Pa

;2)) +n1(S1,52) + nr(S1, Ss) + n7(S2, 51) + 11 (92, S3)

+n7(83,52) + 11 (S3, S4) + 07 (Ss, St) + 11 (Sa, S3) + nr(ve, S7)
+ 01 (vn, S) + 01 (01, S) + nr(v;,, 57).

34l

_ L4
nr(vi, S') = 4+4Z 2’_%+u
(v, S = 1+ Z +4x 57 S — 14

T (3.10)

2
27 + kD

Substituting (3.3), (3.4) and (3.10) into the above equality, we get

B 96|2| +200 2n—4 421
m(S(Cn) =20 (S(Pac2)) = =g + Tor + 3
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» Let 8" = {v,,v},} US. Then,

nr(S(Cn)) =207 (S(Paz)) + nr(S1,52) +nr(S1,84) + nr(S2, S1) + 1 (S2, 53)

+ n1(S3,82) +n7(53,54) + 11 (S4, 1) + 11(Ss, S3) + 0 (v1, )
+ 07 (vn, 87) + 11 (01, S) + nr(v;,, 5).

< 1 1
nT(v"’S)_2+2d+4ZL i bl :2+2L%+2(3(4T%J)4) 3.11
(v, §) =3+ a4y L o5 o 2ty (1)
4 2d 2t 4 2% 3(4L%) .

We substitute (3.3), (3.4) and (3.11) into the above equality and we have

9% %]+ 128 2n 229
n)) =2 P - 4771. e o *
M(S(Cu)) =2r(S(Pa)) ~ =t + 57 + g
« Let S" = {v},v},} US. Then,

17(S(Cn)) =2n7(S(Puz2)) +17(S1, 82) + 01 (S1, 8a) + 1 (S2, 1) +17.(S2, 93)

+ UT(S SZ) + nT(S35574) + nT(S4a571) + nT(S4a573) + ’l’]T(’Ul,S)
+ 07 (vn, S) + 07 (01, §) + 0 (vr,, 5).

i L

Jalt)_g (3.12)

Substituting (3.3),(3.4) and (3.12) into the above equality gives

B 962 | +200 2n—4 224
« Let S = {v],v,} US. Then,

nr(S(Cy)) :zﬂT(S(PnT—Z)) +n7(S1,52) + 11 (S1, S4) + n7(S2, S1) + 11 (S2, S3)
+ n7(S3,92) + (S5, Sa) + n1r(Sa, S1) + nr(Ss, S3) + nr (v, S)
+"7T(U7u§> +nT(U{7§) +77T(U;’L7S)'

— 447 g
T]T(U/’S): 8+4Z’L 1 221 :%+ <3(4th )

4 Zd 777

Substituting (3.3), (3.4) and (3.13) into the above equality, we get

B 96[2] + 104  2m—4 443
m(S(Cn)) =200 (S(Pag2) = =gt ip— + 5y + 3o

e Let 8" = {v1,v,,v{} US and S" = {v;,v},v],} US. Then, these cases are equivalent to
being S' = {v;} U S.

» Let S" = {v1, vy, v, } US. Thus, we have
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nr(S(Cn)) =207 (S(Paz)) + nr(S1,92) +nr(St, Ss) + 11 (S2, S1) + 11 (Sa, S3)
+ n1(S3,82) +n7(53,54) + 11 (S4, 1) + 11 (Ss, S3)
+ nT(vlag) + nT(’UTH?) + nT(’Uia S) + nT(’U:q,v?)'

( S) 4+4ZZ 1 221 Z+ 3(4L%J)
-1 L3
(00, S) =S4 2 +ay T =0y I+ % (3.14)
L% J U3, 20 2pttloy
(’U7 /) 4+2d +4Z 2%i+T —1+27%+ 3(4L4J)

Substituting (3.3), (3.4) and (3.14) into the above equality, we get

B 96| %] + 116 2n—4 419
n(S(Cn) =20r(S(Page) =~ + Tar + 36

« Let S' = {v,, v}, v, } US. This case is equivalent to being S = {v,} U S.
« Let S' = {v, vy, v},v),} US. This case is equivalent to being S’ = S.
Analysing all sets gives

96[2] +128 2n 229

Case 2. Let n be even and 5 be even. When we prove similarly to the proof of Case 1, we have
S" = {vp, v} US and

96[2] +128 229

220 forn > 12,
I ST I

nr(S(Cn)) =211 (S(Pez)) —

Case 3. Let n be odd. Examining all cases of .S’ similar to the proof of Case 1 gives S’ = {v; }US
or S’ ={vj}uSorS ={v,}USorS ={v,}US and

72|12+ 120 299

nr(S(Cn)) =nr(S(Pyuz2y)) +nr(S(P a2 ))) - To(alEl) Tor forn > 13.
Consequently, comparing the results gives the theorem as stated. O

Theorem 3.6. For the graph S(K,, ) withn < m andn,m > 4, a set S is an nr-set if and only
if, fork € 7%,

(0,m,0, %) n = 4k, n even
(0,m,0,[22]) or (0,m,0, [2*]) n # 4k, n even ifm > o
(z1,22,91,52) = | (0,m,0,[2]) n=4k+1,n odd -
(OmO[S”) n#4k+1,nodd
,m,0,m)or (n,0,n, otherwise
0,m,0 0,n,0 herwi.
or S is the complement of one of these sets.
Furthermore,
2+25"2—|—mn n =4k
25 | n even
4 g + mn —1¢ n#4k sn
ifm = Z T
nT(S(Kn,m) = 4 + 2 —|—mn 617 n=4k +1
m? | 290 1 n odd
Tt tmn—g nFE4+1
Bmn otherwise.

8

Proof. Let V(S(K,m)) =X UY = (X, UX,)U (Y1 UY>), where X; = {v1,v2,..., 05}, Xo =
{Vn11,Vng2s ooy Unam } @and Yy = {0}, 05, ., v}, Y2 = {v),1,0), 5, , V) . For a vertex
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subset S, let x; = ‘X] ﬂS|, €Ty = |XZOS|,y] = D/] ﬂS|, Y = |YQOS\ and f(l‘],xg,yl,yz) =
nr(S). Then, bounds are 0 < 1 < n, 0 < 2z < mand 0 < y; < n, 0 < gy < m. Using the
definitions of x, z2, y1, y» above, we have

1

1 1 1
(1, 22,91, 42) =571 (m—ax2) + Exz(n — ) + le(n — 1) + sz(m — 1)

1 1 1 1
+ Zfﬁl(n —y1) + §x1(m —y2) + sz(m — ) + Elz(n )

1 1 1 1
+ (n—u1)+ Zyz(m — 1)+ gy (m—) + gyz(n - 1)
T Lilm = 2) + si(n = 21) + 2a(n — @) + 2ya(m — 22)
2y1 m— X2 4y1 n—=I 2yz n—=Ir 4y2 m—x2).
Solving the system fy, (z1,22,y1,92) = 0, fo,(@1,22,y1,42) = 0 and f,, (21, 22,y1,42) = 0,

Ju (@1, 22,91,92) = 0 gives zy = y1 = 5 and 2 = y» = 3. When we examine the maximum
of the function depending on n and m being odd and even, we have

A58 =5+ By neven
ig[g}7z’::g%’23 :%_i_l}irgn_'_%z ’I’LOdd lfmISCVeIL
2020102072
Holela ey (EESEE e
f(Fﬁ 2LW’LJ2’[n2] 2)) if m is odd.
Lz lzh LT _ m? | 1Bmn | n’ 5
=m 4 + 2 + =2 nodd
ﬂ@HWi%WD} P

But, we must look at the boundaries for z;,x;,y; and y, for the maximum of the function
and compare results. Since complements sets are equivalent, we can ignore searching along
x1 = n,xy = m,y; = n and y, = m. Therefore, we do our search along ; = 0,2, =0,y =0
and iy, = 0.

Case 1. For x| = 0, we maximize f(0, 22,91, 1) = Srgy‘ — Yy T Ty SnTy’ — Ty —

2 2 2
% + % + nxy — % - % - % by settlng fatz(oaxbyl,yZ) = O’ fy1(071'27y17y2) = 0 and
fy:(0,22,91,92) = 0 and solving for 3, y1,7,. Then we find 2z = 3 € [0,m], y1 = 5 € [0,n]
and yp =n+ 5. If m > 2n, thenn + % € [0, m].
Substituting these values into the function gives the maximum of the function as follows:

2 2

0,2, 2 n+2) =2 4 Bon g Tn n even
fO, 7, 151,n+%) w2 | B3mn | T2 if m is even,
CENHESEIN i

s 20 L2 2
f(Oa (51, 5,n+ I_m-l) m? mn n?
F0.13) 30+ 13) [T TR T neven
f(o’(’i}’f”q +2LmJ) if m is odd.

R ER N R 2 _m? 13mn n? 1

=5+ +9¢ +3 odd

£, 7] [51n+ 171 } 4 e e T8 "

But, we must look at the boundaries for z, y;, ¥, and then compare the obtained results.

Casg 1.1. For y; = 0, we maximize f(0,22,0,y,) = %52 + 5%’2 — % +nxy —% — %% by
solving f,(0,22,0,y2) = 0 and f,,(0,22,0,y2) = 0. But, this does not give a solution. Thus,

we search the maximum of the function along z, = 0,2, = m,y, = 0 and y, = m.

For x; = 0 and g, = 0, we maximize f(0,0,0,v,) = %Jr&’%er and f(0,2,,0,0) =

M opgy + 2020) and we have yy = m + 32 ¢ [0,m], 22 = m + 2n ¢ [0,m], respec-
tively. After looking at the boundaries of x; and 1, we find the maximum values of two
function as f(0,0,0,m) = mTz + san’ f(0,m,0,0) = mTZ + mmn, respectively. Notice that,
£(0,0,0,m) < f(0,m,0,0). Thus, f(0,m,0,0) is the maximizing choice for these cases.

For z; = m, maximizing f(0,m,0,y,) = 5"% + mn + w gives y, = 2. If
S5n < 4m, then 57" [0,m]. Thus, we compute the function when 5n < 4m depending on n
being odd and even. With the boundaries of y,, we find the maximum value of the function as
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£(0,m,0,m) = 1mn,

For 1, = m, we maximize f(0,z,,0,m) = san + nxy, + %(m + 22)(m — x7) by setting
fz,(0,22,0,m) = 0 and solving for z,. We find z; = 2n. If m > 2n, then 2n € [0,m]. Thus,
£(0,2n,0,m) = mTz +n?+ san For the boundary of z,, we have f(0,m,0,m) = 13% Since
£(0,2n,0,m) < f(0,m,0,m), the function f(0,x,,0,m) is maximized at z, =

.. 2 2
Case 1.2. For y; = n, we maximize f(0,z2,n,3,) = —% + 3’?’2 i S san —

%5 + =72, Solving fi,(0,x2,n,2) = 0, fy,(0,22,n,%2) = 0 does not give a solution. And so,
we examine the maximum of the function at the boundaries for xg and v, as follows:

For 2, = 0, maximizing f(0,0,0,1,) = yz + 3""” + 5240 . 5’”" gives yp = m+ 3 n o
[0, m]. Thus, the function is maximized at y, = m and 7(0, O, 0, m) = T +mn + ”7.

For 2, = m, maximizing f(0,m,0,y,) = §(m — y2 4+ 2n)(2y, 4+ 2m + n) gives y, = 2 €
[0,m]. Boundaries of y, are y» = 0 and y, = m. Then, we substitute these values into the
function and by comparing results for k € Z* gives

f(07m7"7f3”1):m smn_ L n=4k+1 . .
0 3n _ Sn Smn _ T Ak 1 if n is Odd7
f( an J)_ + o4 n;é +
f(O’ m,mn, LTnJ) 25 5 1 if n is even.
Ly o + 28" — 16 4k
FOmyn, ]y [T 6 "7

For y» = 0 and y = m, we maximize f(0,z2,0,0) = % +5m—”———i-””52 and f(0,1,,0,m) =

mTZ + mn + "72 — %% by solving f,,(0,22,0,0) = 0 and f,,(0,x3,0,m) = 0. Then, we have
xy =m € [0,m] and z, = 0 € [0, m], respectively. Summarizing the maximum values for two
functions gives f(0,0,n,m) = mTZ +mn + "72.

» >
Case 1.3. For 2, = 0, we maximize f(0,0,y;,y,) = ¥ — Yo 4 " | mip 4 Sngp B U

and find y; = m + 5 ¢ [0,n] and for m > 2n, i = nS—i— [0 m] Hence we must seek the
maximum of f(0,0,,y>) at the boundaries for y; and yz.

Examining the maximum of the function along y; = 0 and y, = 0 gives the same value of
Case 1.1 (z, = 0) and Case 1.2 (zp = 0), respectively.

For y» = 0 and2 y» = m, maximizing f(0,0,y;,0) = Sngy‘ + M+ Jyi(n — yi) and
2 .
f(0,07y17m) = -4+ 3@% + 54 I S’"T" gives y1 = n + STm,yl. =n+ M respec-
tively. But, they are not in the range [0, n]. Thus, these functions are maximized at the bound-
aries and we compute f(0,0,n,0) = "72 + san, 7(0,0,n,m) = mTZ + mn + %-. Notice that,
£(0,0,n,m) > f(0,0,n,0). Therefore, £(0,0,n,m) is the maximizing choice.

2 2
Case14 For z, = m, wemaximizef(o myy, ) = -4 - e 3wy omn b dne
™ 4 omnandfindy, =2 —m,yp =n+ 2 . Since § — m is outside the range [0, n], we look at

the boundaries for 3, and 2.

Examining the maximum of the function along y; = 0 and y; = n is equivalent to Case 1.1
(zp = m) and Case 1.2 (z; = m), respectively.

For y = 0 and y, = m, we maximize f(0,m,y;,0) = %(yl + 2m)(m — 2y; + 4n) and
F(0,m, 1, m) = 4 — 3y Bun Uy solving £, (0,m,51,0) = 0, f,,(0,m, y1,m) =0
for y;. We find y; = n — STm and y; = n — ST, respectively. But, these values are not in the
range [0, n]. Therefore, these functions are maximized at y; = 0 and comparing the maximum

of the functions gives f(0,m,0,m) = 13%

Case 1.5. For y, = 0, we maximize f(0, x5, y;,0) = —S”?Ty‘ + 8 —moy + T2y — % — ff

Solving the system f, (0, z2,y1,0) = 0 and f,, (0, 22,y1,0) = 0 giveszy = F and y; = n+ .

Since n 4 I} is outside the range [0, n], we search the maximum of the function at boundarles
Maximizing the function along xz; = 0,2, = m and y; = 0,y; = n is equivalent to Case 1.3,

Case 1.4 and Case 1.1, Case 1.2, respectively.

2 2
Case 1.6. For y, = m, we maximize f(0,22,y;,m) = —4 + 37”—3" —xoy1 + B 4w + Y +
nm _ ””2 and find 2, = 3 € [0,m], y1 = n—"3.Ifdn > m, thenn— e o, n] We look at the
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lower and upper bounds for y; and x; depending on m being odd and even. Then, by checking
the values at the boundaries of x, and y;, we find the maximum of the function as follows:

2 2
f(OJ%Ln*[%Lm)zliT + 7 —I—mn—l—é}1 m =4k + 1 m odd
f(O,L%,n—L%Lm)—Bm + +mn—|—é}¥ m # 4k + 1
0,5, n — 2, m) = Bzt 4 o +mn m = 4k if 2 < n,
0.2 p—[m
;E07Vi,z [i}7zi _ 13m + —|—mn % m +# 4k m even
s oo T L
£(0,2n,0,m) = ™ 4 p? 4 Imn ifn <2,
f(oa m, 07 m) = 13% otherwise.

We prove for z; = 0, y; = 0 and y, = O similar to Case 1. Then we find the maximum value
of the function for each of them and have following cases:
Case2.Forx, =0,k c Z*

F(n,0, 7321, m)—25m+ + o m =4k +1
N o4 odd
TL,O, L%J’ )_ 25m + + Sran o é m;«é4k—0—1
f(n,0,%,m) = 25’" +2 +5m” m = 4k if 3 <o,
f(n,0, f%ﬂ ,m) 25 5 1 m even
= m + 5 4+ 20— 1 4k
£(n.0.132],m) 5 7
f(n,0,n,m— |32]) =2+ 2 4 omp — 4 n=4k+1 n odd
f(n,0,n,m—[32]) =2 4 B 4y — L n#4k+1
f(n’O’n7m_STn):72‘+25ézz+mn n = 4k lf%’gm,
f(nvovnam_ [%]) 2 25n2 1 n even
=T 4 =20 + 4k
Fn0nm—3p)) [ 8 T nF
f(n,0,n,0) = 13% otherwise.
Case3.Fory, =0, ke Z
2 2
f(07m70,L57"J):m77+%:+mn—§ n=dk+1
f(O,m,O,SI):’"TZ#g—QZern n = 4k if 31 <,
f(07m707 HT”]) L 2 1 n even
—ml oy B Tz 4k
£(0,m,0,|22) mnw 7
£(0,2n,0,m) = ™ 4 p? 4 Imn ifn <2,
f(n,0,n,0) = 13?" otherwise.
Cased. Fory, =0,k € Z*
m m m2 nZ
{f(n,tzj,fu,O):lz%ﬂﬁmmg m=dk+l
f(n, %, %,0) = B3 + % +mn m = 4k if 2 < n
fn 3, 151,00 | Bod o gy b mgdk
f(n. %, 1%1.0) .
2
f(n,m—2n,n,0) = %= +n? 4 30 ifn <2,
f(0,m,0,m) = 137% otherwise.
Summarizing these results gives the theorem as stated. O
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