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Abstract. LetG = (V,E) be a graph withp vertices andj edges. A grapl@ is analytic
odd mean if there exist an injective functiéon V — {0,1,3,5...,2q — 1} with an induce edge
labelingf* : E — Z such that for each edgs with f(u) < f(v),

—“VV*(;(“’”’Z}, if f(u)#0

%} if f(W)=0

f*(uv) =

is injective. We say that is an analytic odd mean labeling @f In this paper we prove that fan
Fn, double fanD(F,), double wheeD(W,), closed helnCH,, total graph of cyclel (C,), total
graph of pathr (P,), armed crowrC,0P,, generalized peterson gra@(n, 2) are analytic odd
mean graphs.

1 Introduction

Throughout this paper we consider only finite, simple and undirectqzh@a= (V, E) with p
vertices and) edges and notations not defined here are used in the sense of Hara\gfaph
labeling is an assignment of integers to the vertices or edges or both;tdolijertain conditions.
There are several types of labeling. An excellent survey of grapitepis available in [5]. The
concept of mean labeling was introduced in [6]. A grdphs called a mean graph if there
is an injective functionf : V — {0,1,2,3...,q} with an induce edge labelin§* : E —» Z
given by f*(uv) = [M] is injective. The concept of analytic mean labeling was due to
Tharmaraj and Sarasija in [7]. A graghis analytic mean graph if it admits a bijectidn V —

{0,1,2,..., p— 1} such that the induced edge labelifig: E — Z given by f*(uv) = [Mw

with f(u) > f(v) is injective. Motivated by the results in [7], we introduced a new mearitaipe
called analytic odd mean labeling in [2]. A graghis an analytic odd mean if there exist an
injective functionf : V — {0,1,3,5..., 29— 1} with an induce edge labelinfj : E — Z such

—“V)Z‘(;(“)*ﬂ , if f(uy=0
Lﬂ if f(u)=0
We say thaff is an analytic odd mean labeling @f We proved that patR,, cycleC,, complete
graphK,, complete bipartite grapK,, wheel graph\,, flower graphFl,, ladder graph.,,
comb P, ® Ky, graphL, ® K; and union of two cycles are analytic odd mean graphs in [2].
Further results on analytic odd mean labeling are also obtained in [3] &nd [4

We use the following definitions in the subsequent section to prove the nsaitisie

that for each edgev with f(u) < f(v), f*(uv) = is injective.

Definition 1.1. A fan graphF, is obtained from a patR, by adding a new vertex and joining it
to all the vertices of the path by an edge.

Definition 1.2. A double fanDF, is obtained byP,, + 2Kj.

Definition 1.3. A double wheel grapibW, of size n can be composed o€2+ K; that is, it
consists of two cycles of size n, where the vertices of the cycles areralkected to a common
hub.

Definition 1.4.The closed helnCH, is the graph obtained from a helh, by joining each
pendent vertex to form a cycle.
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Definition 1.5. The total grapiT (G) of the graphG has the vertex s&t(G) U E(G) in which two
vertices are adjacent whenever they are either adjacent or incidént in

Definition 1.6. A generalised Peterson grapfn,m),n > 3,1 < m < n/2 is a 3-regular graph
with 2n verticesuy, Uy, . .., Un, V1, Va, . . ., Vy, @and edgesu(yy), (Uitis1), (Viviem) forall L <i < n,
where the subscripts are taken modulo n.

Definition 1.7. An armed crowrC,®Py, is a cycle attached with paths of equal length at each
vertex of the cycle wherBy, is a path of length m-1.

2 Main Results

In this section we prove that fdfy,, double fanD(F,), double wheeD(W,), closed helnCH,,
total graph of cyclél (C,), total graph of patf (P,), armed crowrC,0Py,, generalized peterson
graphGP(n, 2) are analytic odd mean graphs.

Theorem 2.1.The fan graph F is an analytic odd mean graph.

Proof. Let the vertex set and edge set of fan graph\e,) = {v,vi : 1 < i < n} and
E(Fh) ={vivisr: 1<isn=-1Ju{w;: 1<i<n}

Now |V(Fp)| = n+ 1 andE(F)| = 2n - 1.

We define an injective map: V(F,) — {0,1,3,5,...,4n - 3} by

f(vy) =0andf(vj)) =4i—-3forl<i<n.

The induced edge labelinfj is defined as follows:

f*(vivis) =12 —1forl<i<n-1

andf*(w;) =8i°-12i+5forl1<i<n.

We observe that the edge labels/pi, 1 are increased by 12 aincreases and theftérence of
edge labelsv; are increased by 16 asncreases. Hence the edge labels are distinct and odd .
HenceF, admits an analytic odd mean labeling.

An analytic odd mean labeling & is shown in Figure 1.

1 11 5 23 9 35313 47 17 59 21

Figure 1

Theorem 2.2.The double fan graph DF, is an analytic odd mean graph.

Proof. Let the vertex set and edge set of fan grapiviBF,) = {v,u,v; : 1 <i < n}and
E(DF) ={viviy1: 1<igsn=-LU{wi: 1<i<nfu{uy: 1<i<n} Now|V(DF)|=n+2
andE(DF,)| = 3n- 1.

We define an injective map: V(DF,) — {0,1,3,5,...,6n - 3} by

f(v)=0; f(u) =3

andf(v) =4i—-3forl<i<n.

The induced edge labelinfy is defined as follows:

f*(viviz1) =12 —1forl<i<n-1

f (W) =82-12i +5forl<i<n

andf*(uv) =8i2-12 —3forl<i<n.

We observe that the edge labels/pi, 1 are increased by 12 aincreases and theftirence of
edge labelsv; anduy; are increased by 16 asncreases 2 to. Hence the edge labels are odd
and distinct. Therefor®F, admits an analytic odd mean labeling.

An analytic odd mean labeling &Fg is shown in Figure 2.
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Figure-2

Theorem 2.3.The double wheel graph DW,,, n > 3 isan analytic odd mean graph.

Proof. Let the vertex set and edge set of double wheel grapk(maN,) = {vi : O
1<i

NuU{u : 1<i<nandE(DW,) = {vovi,Voui : 1 < i < n} U {ViViz1, Uiliy1 :
n— 1} U {vav1} U {upu1}. Now [V(DW,)| = 2n + 1 and|E(DW,;)| = 4n.

If n =4, we label the verticeg asf(vi) = 1, f(v2) = 5, f(v3) = 13 andf(v4) = 9. Clearly the
double wheel grapbW, is an analytic odd mean graph.

Forn > 3 andn # 4, we define an injective majp: V(DW,) — {0,1,3,5,...,8n-1} by f(v) =0
f(v)=4i—-3forl<i<n

andf(u)=4n+4i —-3forl<i<n.

The induced edge labelinfj is defined as follows:

f*(vovi) = 8i2- 12 +5for1<i<n

f*(viviy) =12 —1forl<i<n-1

f*(Vavy) = 8n — 12n+ 3

f*(Voui) =4n(2n—3) + 4i(2i —3)+16ni + 5for1<i<n

f*(uus) =12n+ 12— 1forl<i<n-1

and f*(upuy) = 24n° — 32n + 3.

Clearly all the edge labels are odd. We observe that the edge \ghelandu;u;, 1 are increased

by 12 asi increases from 1 to n-1. Also the edge labels®f are increased by 16i-4 and that
of voujare increased by 16116i-4 asi increases from 1 to n-1. Therefore all the edge labels are
distinct. Hence the double wheel graphV,, admits an analytic odd mean labeling.

An analytic odd mean labeling &W; is shown in Figure 3.

INIA
INIA

Figure-3

Theorem 2.4.The closed helm graph CH,,, n > 3 isan analytic odd mean graph.
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Proof. Let V(CH,) = {v,v;,ui : 1 < i < n}andE(CH;) = {w,,viyy : 1 <i < njuU
{ViVis1, Uiliz1 1 < i <n—1}U{vyvy, Upur}. Now [V(CH,)| = 2n + 1 and|E(CHp)| = 4n.

If n =4, we label the verticeg asf(v;) = 1, f(v2) = 5, f(vs) = 13 andf(v4) = 9. Clearly the
closed helm graplEH, is an analytic odd mean graph.

Forn > 3 andn # 4, we define an injective map: V(CH,) — {0,1,3,5,...,8n-1} by f(v) =0
f(v)=4i—-3forl<i<n

f(u)=4n+4i-3forl<i<n.

The induced edge labelinfy is defined as follows:

f*(w) =8i?-12 +5for1<i<n

f*(viviz1) =12 —1forl<i<n-1

f*(vavi) = 8 —12n+ 3

f*(uu;) =12n+ 12— 1forl<i<n-1

f*(unuy) = 240> —32n + 3

andf*(viy)) =4n(2n - 3) + 4i(4n- 1)+ 3for1<i <n.

Clearly all the edge labels are odd and distinct. H&bidg admits an analytic odd mean labeling.
An analytic odd mean labeling &€Hg is shown in Figure 4.

33 107 37

Figure-4
Theorem 2.5.Thetotal graph of cycle T(C,), n > 3 of length n is an analytic odd mean graph.

Proof. Let the vertex set and edge set of total graph of cycl¥ @gC,)) = {vi,ui : 1 <i <n}
andE(T(Cp) = {(Viviz, Uiliz1 : 1 <i<n=-DU{uyvipr: 1<i<sn=-Ufuyy: 1<ic<
N} U {V1Vh, V1Un, U1Un} respectively. NowV (T (Cy))| = 2n and|E(T(Cp))| = 4n.

If n =4, we label the verticeg asf(vy) = 1, f(v2) = 5, f(vs) = 13 andf(v4) = 9. Clearly the
total graph of cyclel (C4) is an analytic odd mean graph.

Forn > 3 andn # 4, we define an injective map : V(T(C,)) — {0,1,3,5,...,8n -1} by
f(v)=4i —3andf(u)=4n+4i —3forl<i<n.

The induced edge labelinfy is defined as follows:

f*(uun) = 24n° — 32n + 3

f5(vivn) = 8 —12n+ 3

f*(viviy) =12 —-1forl<i<n-1

f*(uiviz)) =12n+ 12 -1forl<i<n-1

f*(viln) = 320 — 24n + 3

f*(viu) =4n(2n+4i - 7) - 12 + 17 for2<i <n

and f*(vi, U) =4n(2n—-3)+ 4i@n-5)+3forl<i<n-1.

Clearly all edge labels are odd. We observed that the edge labgls afe increased by 16-4
asi increases from 1 to n and thatgf;,, are increased by 16- 20 asi increases from 1 to n-1.
Also the edge labels afiu;;; andv;vi,1 are increased by 12 @isicreases from 1 to n-1. So all
the edge labels are distinct. Hence the total graph of cy(@®) admits an analytic odd mean
labeling. An analytic odd mean labeling ©{C;) is shown in Figure 5.
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Figure-5

Theorem 2.6.Thetotal graph of path of n vertices T(P;) is an analytic odd mean graph.

Proof.Let the vertex set and edge set of total graph of patvg(P,)) = {vi : 1 <i <
nfufu; : 1 <i <n-1}andE(T(Py)) = {ViViz1, Vili, Vi1l - 1 <i<n-1}JU{uiUi;1 : 1 <i<n-2}.
Now [V(T(Pp))| = 2n— 1 and|E(T(Pp))| = 4n—5.

We define an injective map: V(T(P,)) — {0,1,3,5,...,8n— 11} by

f(vp) =0; f(vy) =4di—-5for2<i<n

andf(u)=4n+4i—7for1<i<n-1 Theinduced edge labeling is defined as follows:
f*(V]_VZ) =5

f*(viu1)) =8n° - 12n+5

f*(viviy) =121 —7for2<i<n-1

f*(uiuiz1) = 12n+ 12 - 13for1l<i<n-2

f*(viu) =4n(2n+4i - 7) - 12 + 17 for2<i<n

and f*(viy u) = 8n(n+ 2i) - 28(n+i)+25forl<i<n-1.

We observe that the edge labels are odd and distinct. HE{i%g admits an analytic odd mean
labeling.

An analytic odd mean labeling df(Pg) is shown in Figure 6.

21, 25 g5 29 g5 33 0. 37
22 30 38 47 55
21 281 34 41 48
5 53
0 3 o7 2, g 19
Figure-6

Theorem 2.7.An armed crown C,0Py,, n > 3and m > 2 isan analytic odd mean graph.

Proof.LetG = C,®Pn,. Letuy, U, Us, . .., U, be the vertices of the cycle. Let, v2, V2, ..., v be
the vertices of the path of length— 1 attached withy;(1 < i < n) with identification ofu; and
v". Now [V(G)| = mnand|E(G)| = mn.

We define an injective map: V(G) — {0,1,3,5,...,2mn - 1} by

f(u) = F(v7)

andf(v)) =2m(i-1)+2j-1forl<i<nand1l<j<m

The induced edge labelinfy is defined as follows:

f*MV*y = 2m(i - 1)+ 2j + 1forl<i<nand 1< j<m-1

frvmvn ) =2m?2i+1)-2m(i+ 1)+ 1forl<i<n-1

and f*(vivl") = 2mn(mn — 1) — 2n¥ + 1.

We observe that the edge Iabels.v{)ii”l are increased by 2 gsincreases from 1 tsm— 1 and

that of ™", are increased byr# — 2masi increases from 1 tn—1. Sincef*(uitp) = f(v5,, ,),
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the edge labels of*(uyuy) is distinct. Similarly f*(ujui,1) are distinct as increases from 1 to
n— 1. So all the edge labels are distinct. Hence an armed c&@y@®,, admits an analytic odd
mean labeling.

An analytic odd mean labeling @;0®Ps is shown in Figure 7.

11 pR1 31
13 23 33|
13 123 33
15 25 35
15 25 35
17 27 37
17 27 37

9 19 29 29 39 39

91 93 95 97 997gs1 131 221 311 s\ l49 47 45 43 41

93 95 97 99 &I 761 71 581 4W9 47 45 43

89 79 69 59
89 79 69 59
87 77 67 57
87 ” 67 57
85 175 165 {55
gs| 75| es| %
83 73 63 53
83 73 63 53
81 71 61 51

N 0w R

©

Figure-7

Theorem 2.8.The generalized Peterson graph GP(n, 2) with n > 5 is an analytic odd mean
graph.

Proof.Let G = GP(n, 2) and let the vertex set and the edge set of generalized Petersbrbgrap
VG) ={viti : 1<i<nandEG) ={Uuiy1: 1<i<n-U{nu}Ufvvio: 1<ic<
nfU{viui : 1 <i<n}. Now|V(G)| = 2nand|E(G)| = 3n.

Case()5<n<9

We define an injective map: V(G) — {0,1,3,5,...,6n -1} by
f(u)=2i—1forl<i<n-2

f(Up-1) =2n-1

f(up) =2n-3

andf(v)=6n-2i+1forl<i<n.

The induced edge labelinfj is defined as follows:

f*(uiviz)) =2 +1forl<i<n-3

f*(Un-2Un-1) = 6N -7

f*(Up_1un) =2n-1

f*(upuy) = 2 —6n + 3

f*(viviz2) =18n—-6i —1forl<i<n-2

f*(Vn_]_V]_) = lOnz -22n-7

f*(Vav2) = 10n° — 26n + 3

f*(Vn_iUn1) = 6N + 12n + 5

f*(Vaup) = 6n° +8n -1

andf*(vi)) =6n(3n-2i) +2(3n—i)+1forl<i<n-2.

We observed that*(vi,_1v1), f*(Vav2) > f*(Viviy2), f*(upur) and f*(uiui,1). Also f*(uyup) <
f*(viviy2) asi increases from 1 ta. Clearly all the edge labels are odd and distinct.
Case(iiy)n> 10

We define an injective map: V(G) — {0,1,3,5,...,6n -1} by

f(uy=2i—1forl<i<n

andf(v)=6n-2i+1forl<i<n.

The induced edge labeliniy is defined as follows:

f*(uuip)) =2 +1forl<i<n-1

f (upuy) =2 —=2n—1

f*(viu) =6n(Bn—-2)+2(3n-i)+1forl<i<n

and f*(viviz2), *(Vh_1va), f*(VhVv2) are in Case (i).

We observed that the edge labelsupf;,; are increased by 2 asncreases from 1 ta— 1 and
that ofvjvi,, is decreased by 6 asncreases from 1 to — 2. Also the edge labels afu; are
decreased by 1P+ 2 asi increases from 1 ta. Here f*(vo_1v1), f*(VaV2) > f*(Vivie2), T*(Unuz)
and f*(ujui;1). Also f*(upup) > f*(vvii2) asi increases from 1 ta — 2. Therefore all the edge
labels are odd and distinct. Hence the generalized Peterson GR(ph2) admits an analytic
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odd mean labeling. An analytic odd mean labelingG#(7,2) andGP(10,2) are shown in
Figures 8 and 9 respectively.

Figure-9
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