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Abstract For any non-trivial abelian groupA under addition a graphG is said to beA-magic
if there exists a labelingf : E(G) → A − {0} such that, the vertex labelingf+ defined as
f+(v) =

∑

f(uv) taken over all edgesuv incident atv is a constant. AnA-magicgraphG is
said to beZk-magic graph if the groupA is Zk the group of integers modulok and these graphs
are referred ask-magicgraphs. In this paper we prove that shell graph, generalised jahangir
graph,(Pn + P1)× P2 graph, double wheel graph, mongolian tent graph, flower snark, slanting
ladder, double step grid graph, double arrow graph and semi jahangirgraph arek-magic and
also prove that if the graphG is k-magic with magic constant 0 then the splitting graph ofG is
k-magic.

1 Introduction

Graph labeling is currently an emerging area in the research of graph theory. A graph labeling
is an assignment of integers to vertices or edges or both subject to certainconditions. A detailed
survey was done by Gallian in [6]. If the labels of edges are distinct positive integers and for
each vertexv the sum of the labels of all edges incident withv is the same for every vertexv in
the given graph then the labeling is called a magic labeling. Sedláček [8] introduced the concept
of A-magic graphs. A graph with real-valued edge labeling such that distinct edges have distinct
non-negative labels and the sum of the labels of the edges incident to a particular vertex is same
for all vertices. Low and Lee [7] examined theA-magic property of the resulting graph obtained
from the product of twoA-magic graphs. Shiu, Lam and Sun [9] proved that the product and
composition ofA-magic graphs were alsoA-magic.

For any non-trivial Abelian groupA under addition a graphG is said to beA-magic if
there exists a labelingf : E(G) → A − {0} such that, the vertex labelingf+ defined as
f+(v) =

∑

f(uv) taken over all edgesuv incident atv is a constant. AnA-magicgraphG
is said to beZk-magic graph if the groupA is Zk, the group of integers modulok. TheseZk-
magic graphs are referred to ask-magic graphs. Shiu and Low [10] determined all positive
integersk for which fans and wheels have aZk-magic labeling with a magic constant 0. Moti-
vated by the concept ofA-magic graph in [8] and the results in [7], [9] and [10] Jeyanthi and Jeya
Daisy [1]-[5] proved that the open star of graphs, subdivision graphs, cycle of graphs and some
standard graphs admitZk-magic labeling. In this paper we prove that shell graph, generalised
jahangir graph,(Pn + P1)× P2 graph, double wheel graph, mongolian tent graph, flower snark,
slanting ladder, double step grid graph, double arrow graph and semi jahangir graph arek-magic
and also prove that if the graphG is k-magic with magic constant 0 then the splitting graph ofG

is k-magic. We use the following definitions in the subsequent section.

Definition 1.1.A shellSn is the graph obtained by takingn−3 concurrent chords in a cycleCn.
The vertex at which all the chords are concurrent is called the apex.
Definition 1.2.A generalised Jahangir graphJk,s is a graph onks + 1 vertices consisting of a
cycleCks and one additional vertex that is adjacent tok vertices ofCks at distances to each
other onCks.
Definition 1.3.The Cartesian product(Pn + P1) × P2 is a graph with the vertex setV ((Pn +
P1) × P2) = {u, ui, v, vi : 1 ≤ i ≤ n} and the edge setE((Pn + P1) × P2) = {uui, vvi, uivi :
1 ≤ i ≤ n} ∪ {uiui+1, vivi+1 : 1 ≤ i ≤ n− 1} ∪ {uv}.
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Definition 1.4.A double wheel graphDWn of size n can be composed of 2Cn + K1 that is,
it consists of two cycles of size n, where the vertices of the two cycles are all connected to a
common hub.
Definition 1.5.For each pointv of a graphG take a new vertexv′ and joinv′ to those points
of G adjacent tov. The graph thus obtained is called the splitting graph of G and is denoted as
S′(G).
Definition 1.6.A Mongolian tentM(m,n) is a graph obtained fromPm × Pn by adding one
extra vertex above the grid and joining every other vertex of the top row ofPm × Pn to the new
vertex.
Definition 1.7.A flower snarkJn is a graph on 4n vertices, forn ≥ 5 and odd whose vertices are
labelledVi = {wi, xi, yi, zi} for 1 ≤ i ≤ n and whose edges can be partitioned inton star graphs
and two cycles as we will next describe. Each quadrupleVi of vertices induce a star graphwi

as its centre verticeszi induce an odd cycle(z1, z2, . . . zn, z1) verticesxi andyi induce an even
cycle(x1, x2, . . . xn, y1, y2, . . . yn, x1).
Definition 1.8.The slanting ladderSLn is a graph obtained from two pathsu1, u2, . . . un and
v1, v2, . . . vn by joining eachui with vi+1, 1≤ i ≤ n− 1.
Definition 1.9.TakePn, Pn, Pn−2, Pn−4, . . . P4, P2 paths onn, n, n − 2, n − 4, . . .4,2 vertices
and arrange them centrally horizontal wheren ≡ 0(mod 2), n 6= 2. A graph obtained by joining
vertical vertices of given successive paths is known as a double step grid graph of sizen. It is
denoted byDStn.
Definition 1.10.A double arrow graphAt

n with width t and lengthn is obtained by joining two
verticesv andw with superior vertices ofPm × Pn by m+m new edges from both the ends.
Definition 1.11.A semi Jahangir graph, denoted bySJn is a connected graph with vertex set
V (SJn) = {p, xi, yk : 1 ≤ i ≤ n + 1,1 ≤ k ≤ n} and the edge setE(SJn) = {pxi : 1 ≤ i ≤
n+ 1} ∪ {xiyi : 1 ≤ i ≤ n} ∪ {yixi+1 : 1 ≤ i ≤ n}.

2 Main Results

Theorem 2.1.The shell graphSn is k-magic when (i)n is odd and (ii)n is even andk is even.

Proof. Let the vertex set and the edge set ofSn beV (Sn) = {vi : 1 ≤ i ≤ n} andE(Sn) =
{v1vi+2 : 1 ≤ i ≤ n− 3} ∪ {vivi+1 : 1 ≤ i ≤ n− 1} ∪ {vnv1}.
We consider the following two cases.
Case(i):n is odd.
For any elementa ∈ Zk − {0}.
Define the edge labelingf : E(Sn) → Zk − {0} as follows:
f(v1vi+2) = a for 1 ≤ i ≤ n− 3,

f(vivi+1) =

{

(n−3)a
2 , for i is even,

k − (n−1)a
2 , for i is odd, i 6= 1, n

f(v1v2) = f(v1vn) = k − (n−3)a
2 .

Then the induced vertex labelingf+ : V (Sn) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (G).
Case(ii): n is even andk is even.
Subcase(i):k ≡ 0(mod 4).
Define the edge labelingf : E(Sn) → Zk − {0} as follows:
f(v1vi+2) =

k
2 for 1 ≤ i ≤ n− 3,

f(vivi+1) =
3k
4 for 2 ≤ i ≤ n− 1,

f(v1v2) = f(v1vn) = k − k
4 .

Then the induced vertex labelingf+ : V (Sn) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (G).
Subcase(ii):k ≡ 2(mod 4).
Define the edge labelingf : E(Sn) → Zk − {0} as follows:
f(v1vi+2) =

k
2 for 1 ≤ i ≤ n− 3,

f(vivi+1) =

{

(3k+2)
4 , for i is even,

3k−2
4 , for i is odd, i 6= 1.

f(v1v2) =
k−2

4 , f(v1vn) =
k+2

4 .
Then the induced vertex labelingf+ : V (Sn) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (Sn).
Hencef+ is constant and it is equal to 0(mod k). Since the shell graphSn admitsZk-magic
labeling, then it is ak-magic graph.
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The examples ofZ8-magic labeling ofS9 andS8 are shown in Figure 1.
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Figure 1:Z8-magic labeling ofS9 andS8
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Conjecture 2.2.The shell graphSn is notk-magic whenn is even andk is odd.

Theorem 2.3.The generalised jahangir graphJn,s is k-magic when (i)n is odd ands is odd (ii)
n is even ands is even (iii)n is even,s is odd andk is even.

Proof. Let the vertex set and the edge set ofJn,s beV (Jn,s) = {v, vi : 1 ≤ i ≤ n} ∪ {vji : 1 ≤

i ≤ s− 1,1 ≤ j ≤ n} andE(Jn,s) = {vvi : 1 ≤ i ≤ n} ∪ {vjv
j

1 : 1 ≤ j ≤ n} ∪ {vji v
j

i+1 : 1 ≤

i ≤ s− 1,1 ≤ j ≤ n} ∪ {vjs−1vj+1 : 1 ≤ j ≤ n− 1} ∪ {vns−1v1}.
We consider the following three cases.
Case(i):n is odd ands is odd.
For any elementa such thatk > 2a.
Define the edge labelingf : E(Jn,s) → Zk − {0} as follows:
f(vvi) = a for 2 ≤ i ≤ n,
f(v1vi+2) = a for 1 ≤ i ≤ n− 3,

f(vjv
j

1) =

{

(n−1)a
2 , for j is odd,

k − (n+1)a
2 , for j is even,

For j is odd.

f(vji v
j

i+1) =

{

k − (n−1)a
2 , for i is odd,

(n−1)a
2 , for i is even,

For j is even.

f(vji v
j

i+1) =

{

k − (n+1)a
2 , for i is odd,

(n+1)a
2 , for i is even.

Then the induced vertex labelingf+ : V (Jn,s) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (Jn,s).
Case(ii): n is even ands is even .
Define the edge labelingf : E(Jn,s) → Zk − {0} as follows:

f(vvi) =

{

a, for i is odd,
k − a, for i is even,

f(vjv
j

1) =

{

2a, for j is odd,
k − 2a, for j is even,

For j is odd.

f(vji v
j

i+1) =

{

k − (n−1)a
2 , for i is odd,

(n−1)a
2 , for i is even,

For j is even.

f(vji v
j

i+1) =

{

a, for i is odd,
k − a, for i is even.

Then the induced vertex labelingf+ : V (Jn,s) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (Jn,s).
Case(iii): n is even,s is odd andk is even.
Subcase(i):k ≡ 0(mod 4).
Define the edge labelingf : E(Jn,s) → Zk − {0} as follows:
f(vvi) =

k
2 for 1 ≤ i ≤ n,

f(vjv
j

1) =
k
4 for 1 ≤ i ≤ n,



Some Results onZk-Magic Labeling 403

f(vji v
j

i+1) =

{

3k
4 , for i is odd,
k
4 , for i is even.

Then the induced vertex labelingf+ : V (Jn,s) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (Jn,s).
Subcase(ii):k ≡ 2(mod 4).
Define the edge labelingf : E(Jn,s) → Zk − {0} as follows:
f(vvi) =

k
2 for 1 ≤ i ≤ n,

f(vjv
j

1) =

{

(k−2)
4 , for j is odd,

(k+2)
4 , for j is even,

For j is odd.

f(vji v
j

i+1) =

{

(3k+2)
4 , for i is odd,

(k−2)
4 , for i is even,

For j is even.

f(vji v
j

i+1) =

{

(3k−2)
4 , for i is odd,

(k+2)
4 for i is even.

Then the induced vertex labelingf+ : V (Jn,s) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (Jn,s).
Since the generalised jahangir graphJn,s admitsZk-magic labeling, then it is ak-magic graph.

The examples ofZ10 andZ11-magic labeling ofJ5,3 andJ4,6 are shown in Figure 2.
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Figure 2:Z10 andZ11-magic labeling ofJ5,3 andJ4,6

Conjecture 2.4.The generalised jahangir graphJn,s is notk-magic when (i)n is odd ands is
even (ii)n is even,s is odd andk is odd.

Theorem 2.5.The graph(Pn + P1)× P2 is k-magic whenn is odd.

Proof. Let the vertex set and the edge set of(Pn+P1)×P2 beV ((Pn+P1)×P2) = {u, ui, v, vi :
1 ≤ i ≤ n} andE((Pn + P1)× P2) = {uui, vvi, uivi : 1 ≤ i ≤ n} ∪ {uiui+1, vivi+1 : 1 ≤ i ≤
n− 1} ∪ {uv}.
We consider the following two cases.
Case(i):n = 3.
For any elementa such thatk > 2a.
Define the edge labelingf : E((Pn + P1)× P2) → Zk − {0} as follows:
f(uu1) = f(uu3) = k − a,
f(u1u2) = f(u2u3) = k − a,

f(uu2) = f(u2v2) = a,
f(u1v1) = f(u3v3) = 2a.
Then the induced vertex labelingf+ : V ((Pn + P1) × P2) → Zk is f+(v) ≡ 0(mod k) for all
v ∈ V ((Pn + P1)× P2).
Case(ii): n > 3.
For any elementa such thatk >

(n−1)a
2 .

Define the edge labelingf : E((Pn + P1)× P2) → Zk − {0} as follows:
f(uu1) = k − (n−3)a

2 ,

f(uun) = k − (n−3)a
2 ,

f(uui) = a for 2 ≤ i ≤ n− 1,
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f(vv1) = k − (n−3)a
2 ,

f(vvn) = k − (n−3)a
2 ,

f(vvi) = a for 2 ≤ i ≤ n− 1,
f(u1v1) = f(unvn) =

(n−1)a
2 ,

f(uivi) = a for 2 ≤ i ≤ n− 1,
f(uiui+1) = k − a for 1 ≤ i ≤ n− 1,
f(vivi+1) = k − a for 1 ≤ i ≤ n− 1,
f(uv) = k − a.

Then the induced vertex labelingf+ : V ((Pn + P1) × P2) → Zk is f+(v) ≡ 0(mod k) for all
v ∈ V ((Pn + P1) × P2). Since(Pn + P1) × P2 admitsZk-magic labeling, then it ak-magic
graph.

The examples ofZ6 andZ7-magic labeling of(P7 + P1)× P2 and(P3 + P1)× P2 are shown in
Figure 3.
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Figure 3:Z6 andZ7-magic labeling of(P7 + P1)× P2 and(P3 + P1)× P2

Conjecture 2.6.The graph(Pn + P1)× P2 is notk-magic whenn is even.

Theorem 2.7.The double wheel graphDWn is k-magic.

Proof. Let the vertex set and the edge set ofDWn be
V (DWn) = {v, vi, ui : 1 ≤ i ≤ n} andE(DWn) = {vvi, vui : 1 ≤ i ≤ n} ∪ {vivi+1, uiui+1 :
1 ≤ i ≤ n− 1, } ∪ {vnv1, unu1}
For any elementa such thatk > 2a.
Define the edge labelingf : E(DWn) → Zk − {0} as follows:
f(vvi) = 2a for 1 ≤ i ≤ n,

f(vui) = k − 2a for 1 ≤ i ≤ n,

f(vivi+1) = k − a for 1 ≤ i ≤ n− 1,
f(vnv1) = k − a,

f(uiui+1) = a for 1 ≤ i ≤ n− 1,
f(unu1) = a.

Then the induced vertex labelingf+ : V (DWn) → Zk is f+(v) ≡ 0(mod k) for all v ∈
V (DWn). Since the double wheel graphDWn admitsZk-magic labeling, then it is ak-magic
graph.

An example ofZ9-magic labeling ofDW5 is shown in Figure 4.
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Theorem 2.8.The mongolian tent graphM(m,n) is k-magic whenm is even.

Proof. Let the vertex set and the edge set ofM(m,n) be
V (M(m,n)) = {v, ui,j : 1 ≤ i ≤ n,1 ≤ j ≤ m} andE(M(m,n)) = {ui,jui,j+1 : 1 ≤ i ≤
n,1 ≤ j ≤ m− 1} ∪ {ui,jui+1,j : 1 ≤ i ≤ n− 1,1 ≤ j ≤ m} ∪ {vu1,j : 1 ≤ j ≤ m}.
For any elementa such thatk > ma

2 .

Define the edge labelingf : E(M(m,n)) → Zk − {0} as follows:
f(ui,jui,j+1) = k − a for 1 ≤ i ≤ n− 1,1 ≤ j ≤ m− 1,
f(ui,jui+1,j) = a for 1 ≤ i ≤ n,2 ≤ j ≤ m− 1,

f(un,jun,j+1) =

{

k − ma
2 , for j is odd,

(m−2)a
2 , for j is even,

f(ui,1ui+1,1) =

{

ma
2 , for i is odd,

k − (m−2)a
2 , for i is even,

f(vu1,1) = f(vu1,m) = k − (m−2)a
2 ,

f(vu1,j) = a for 2 ≤ j ≤ m− 1.
Then the induced vertex labelingf+ : V (M(m,n)) → Zk is f+(v) ≡ 0(mod k) for all v ∈
V (M(m,n)). Since the mongolian tent graphM(m,n) admitsZk-magic labeling, then it is a
k-magic graph.

An example ofZ11-magic labeling ofM(6,3) is shown in Figure 5.
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Figure 5:Z11-magic labeling ofM(6,3)

Theorem 2.9.The flower snark graphJn is k-magic.

Proof. Let the vertex set and the edge set ofJn be
V (Jn) = {wi, xi, yi, zi : 1 ≤ i ≤ n} andE(Jn) = {zizi+1, xixi+1, yiyi+1 : 1 ≤ i ≤ n − 1} ∪
{ziwi, wixi, wiyi : 1 ≤ i ≤ n} ∪ {znz1, xnx1, yny1, x1yn}.
For any elementa such thatk > 3a.
Define the edge labelingf : E(Jn) → Zk − {0} as follows:
f(zizi+1) = k − a for 1 ≤ i ≤ n− 1,
f(znz1) = k − a,

f(ziwi) = 2a for 1 ≤ i ≤ n,

f(wixi) = f(wiyi) = k − a for 1 ≤ i ≤ n,
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f(xixi+1) =

{

2a, for i is odd,
k − a, for i is even,

f(yiyi+1) =

{

k − a, for i is odd, i 6= n,

2a, for i is even,
f(xnx1) = 2a,
f(yny1) = 2a,
f(x1yn) = k − 3a.
Then the induced vertex labelingf+ : V (Jn)) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (Jn).
Since the flower snark graphJn admitsZk-magic labeling, then it is ak-magic graph.

An example ofZ13-magic labeling ofJ5 is shown in Figure 6.
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Figure 6:Z13-magic labeling ofJ5
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Theorem 2.10.The slanting ladder graphSLn is k-magic whenn is even.

Proof. Let the vertex set and the edge set ofSLn be
V (SLn) = {vi, ui : 1 ≤ i ≤ n} andE(SLn) = {vivi+1 : 1 ≤ i ≤ n − 1} ∪ {uiui+1 : 1 ≤ i ≤
n− 1} ∪ {viui+1 : 1 ≤ i ≤ n− 1}.
For any elementa such thatk > 2a.
Define the edge labelingf : E(SLn) → Zk − {0} as follows:
f(u1u2) = f(vn−1vn) = a,

f(vivi+1) =

{

k − a, for i is odd, i 6= n− 1,
a, for i is even,

f(uiui+1) =

{

k − 2a, for i is even,
2a, for i is odd, i 6= 1,

f(v1u2) = 2a, f(vn−1un) = k − a,

f(viui+1) = a for 2 ≤ i ≤ n− 2.
Then the induced vertex labelingf+ : V (SLn)) → Zk is f+(v) ≡ a(mod k) for all v ∈ V (SLn).
Since the slanting ladder graphSLn admitsZk-magic labeling, then it is ak-magic graph.

An example ofZ9-magic labeling ofSL6 is shown in Figure 7.
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Figure 7:Z9-magic labeling ofSL6

Theorem 2.11.The double step grid graphDStn is k-magic.

Proof. Let the vertex set and the edge set ofDStn be
V (DStn) = {ui : 1 ≤ i ≤ n} ∪ {vji : 1 ≤ i ≤ r,1 ≤ j ≤ n

2} wherer = n, n − 2, n − 4 . . .4,2
andE(DStn) = {uiui+1 : 1 ≤ i ≤ n− 1} ∪ {uiu

1
i : 1 ≤ i ≤ n} ∪ {uj

iu
j

i+1 : 1 ≤ i ≤ r − 1,1 ≤
j ≤ n

2 − 1}.
For any elementa such thatk > 2a.
Define the edge labelingf : E(DStn) → Zk − {0} as follows:
f(uiui+1) = a for 1 ≤ i ≤ n− 1,
f(u1u

1
1) = f(unu

1
n) = k − a,

f(uiu
1
i ) = k − 2a for 2 ≤ i ≤ n− 1,

f(u1
1u

1
2) = f(u1

n−1u
1
n) = a,

f(u1
iu

1
i+1) =

{

k − a, for i is even, i 6= n,

a, for i is odd, i 6= 1,
For 1≤ i ≤ r − 1.

f(uj

i+1u
j+1
i ) =

{

2a, for i is odd,
k − 2a, for i is even,

For j is even.

f(uj
iu

j

i+1) =

{

k − 2a, for i is odd,
2a, for i is even,

For j is odd,j 6= 1,

f(uj
iu

j

i+1) =

{

2a, for i is odd,
k − 2a, for i is even.

Then the induced vertex labelingf+ : V (DStn) → Zk is f+(v) ≡ 0(mod k) for all v ∈
V (DStn). Since the double step grid graphDStn admitsZk-magic labeling, then it is ak-magic
graph.

An example ofZ5-magic labeling ofDSt10 is shown in Figure 8.
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Figure 8:Z5-magic labeling ofDSt10

Theorem 2.12.The double arrow graphDAt
n is k-magic whent is even.
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Proof. Let the vertex set and the edge set ofDAt
n be

V (DAt
n) = {x, y, vi,j : 1 ≤ i ≤ t, 1 ≤ j ≤ n} andE(DAt

n) = {xvi,1 : 1 ≤ i ≤ t} ∪ {yvi,n :
1 ≤ i ≤ t} ∪ {vi,jvi+1,j : 1 ≤ i ≤ t− 1,1 ≤ j ≤ n} ∪ {vi,jvi,j+1 : 1 ≤ i ≤ t,1 ≤ j ≤ n− 1}.
We consider the following two cases.
Case(i):n is even.
For any elementa such thatk > ta

2 .

Define the edge labelingf : E(DAt
n) → Zk − {0} as follows:

f(xv1,1) = f(yvt,1) = f(yv1,n) = f(yvt,n) = k − (t−2)a
2 ,

f(xvi,1) = f(yvi,n) = a for 2 ≤ i ≤ t− 1,

f(vi,jvi+1,j) =

{

2a, for i is odd, 2 ≤ j ≤ n− 1,
k − 2a, for i is even, 2 ≤ j ≤ n− 1,

f(vi,jvi,j+1) =

{

k − a, for i is even, i 6= n,

a, for i is odd, i 6= 1,

f(vi,1vi+1,1) = f(vi,nvi+1,n) =

{

ta
2 , for i is odd,
k − ta

2 , for i is even,
f(v1,jv1,j+1) = f(vt,jvt,j+1) = k − a for 1 ≤ j ≤ n− 1,
Then the induced vertex labelingf+ : V (DAt

n) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (DAt
n).

Case(ii): n is odd,t > 4.
For any elementa such thatk > ta

2 .

Define the edge labelingf : E(DAt
n) → Zk − {0} as follows:

f(xv1,1) = f(yvt,1) == k − (t−2)a
2 ,

f(yv1,n) = f(yvt,n) =
(t−2)a

2 ,

f(xvi,1) = a for 2 ≤ i ≤ t− 1,
f(yvi,n) = k − a for 2 ≤ i ≤ t− 1,

f(vi,jvi+1,j) =

{

2a, for i is odd, 2 ≤ j ≤ n− 1,
k − 2a, for i is even, 2 ≤ j ≤ n− 1,

f(vi,jvi,j+1) =

{

k − a, for i is even,
a, for i is odd, i 6= 1, n,

f(vi,1vi+1,1) =

{

ta
2 , for i is odd,
k − ta

2 , for i is even,

f(vi,nvi+1,n) =

{

k − (t−4)a
2 , for i is odd,

(t−4)a
2 , for i is even,

f(v1,jv1,j+1) = f(vt,jvt,j+1) = k − a for 1 ≤ j ≤ n− 1.
Then the induced vertex labelingf+ : V (DAt

n) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (DAt
n).

Since the double arrow graphDAt
n admitsZk-magic labeling, then it is ak-magic graph.

An example ofZ10-magic labeling ofDA6
8 is shown in Figure 9.
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Figure 9:Z10-magic labeling ofDA6
8

Theorem 2.13.The semi jahangir graphSJn is k-magic.

Proof. Let the vertex set and the edge set ofSJn be
V (SJn) = {p, xi, yj : 1 ≤ i ≤ n+1,1 ≤ j ≤ n} andE(SJn) = {pxi : 1 ≤ i ≤ n+1}∪ {xiyi :
1 ≤ i ≤ n, } ∪ {yixi+1 : 1 ≤ i ≤ n}
For any elementa such thatk > 2a.
Define the edge labelingf : E(SJn) → Zk − {0} as follows:
f(px1) = k − a ,

f(pxn+1) =

{

a, for n is odd,
k − a, for n is even,

f(pxi) =

{

2a, for i is even, i 6= n+ 1,
k − 2a, for i is odd, i 6= 1,

f(xiyi) =

{

a, for i is odd,
k − a, for i is even,

f(yixi+1) =

{

k − a, for i is odd,
a, for i is even.

Then the induced vertex labelingf+ : V (SJn) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (SJn).
Since the semi jahangir graphSJn admitsZk-magic labeling, then it is ak-magic graph.

An example ofZ7-magic labeling ofSJ5 is shown in Figure 10.
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b

b b b b b

23
45

Figure 10:Z7-magic labeling ofSJ5
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Theorem 2.14.The double wheel graphsDWn1, DWn2 are connected by a pathPm is k-magic
whenn1, n2 are odd.

Proof. Let G be the graph obtained by two double wheel graphs connected by a pathPm. Let
the vertex set and the edge set ofG beV (G) = {x1, x2} ∪ {u1

i , v
1
i : 1 ≤ i ≤ n1} ∪ {u2

i , v
2
i : 1 ≤

i ≤ n2} ∪ {wi : 1 ≤ i ≤ m} wherew1 = u1
1 andwn = u2

1 and
E(G) = {x1v

1
i : 1 ≤ i ≤ n1} ∪ {x2v

2
i : 1 ≤ i ≤ n2} ∪ {x1u

1
i : 1 ≤ i ≤ n1} ∪ {x2u

2
i : 1 ≤ i ≤

n2} ∪ {u1
iu

1
i+1 : 1 ≤ i ≤ n1 − 1} ∪ {u1

n1
u1

1} ∪ {v1
i v

1
i+1 : 1 ≤ i ≤ n1 − 1} ∪ {v1

n1
v1

1} ∪ {u2
iu

2
i+1 :

1 ≤ i ≤ n2 − 1} ∪ {u2
n2
u2

1} ∪ {v2
i v

2
i+1 : 1 ≤ i ≤ n2 − 1} ∪ {v2

n2
v2

1} ∪ {wiwi+1 : 1 ≤ i ≤ m− 1}
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For any elementa such thatk > 4a.
Define the edge labelingf : E(G) → Zk − {0} as follows:
f(x1v

1
i ) = 2a for 1 ≤ i ≤ n1,

f(x1u
1
i ) = k − 2a for 1 ≤ i ≤ n1,

f(v1
i v

1
i+1) = k − a for 1 ≤ i ≤ n1 − 1,

f(v1
n1
v1

1) = k − a,

f(u1
iu

1
i+1) =

{

3a, for i is odd,
k − a, for i is even,

f(wiwi+1) =

{

k − 4a, for i is odd,
4a, for i is even,

f(x2v
2
i ) =

{

k − 2a, for m is odd, 1 ≤ i ≤ n2,

2a, for m is even, 1 ≤ i ≤ n2

f(v2
i v

2
i+1) =

{

a, for m is odd, 1 ≤ i ≤ n2,

k − a, for m is even, 1 ≤ i ≤ n2,

f(v2
n2
v2

1) =

{

a, for m is odd, 1 ≤ i ≤ n2 − 1
k − a, for m is even, 1 ≤ i ≤ n2 − 1

Form is odd.

f(u2
iu

2
i+1) =

{

k − 3a, for i is odd,
a, for i is even,

Form is even.

f(u2
iu

2
i+1) =

{

3a, for i is odd,
k − a, for i is even.

Then the induced vertex labelingf+ : V (G) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (G).
SinceG admitsZk-magic labeling, then it is ak-magic graph.

An example ofZ5-magic labeling ofG is shown in Figure 11.
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Figure 11:Z5-magic labeling ofG

Theorem 2.15.The graphG is obtained by joining two copies of shell graphs by a pathPm is
k-magic.

Proof. Let G be the graph obtained by two shell graphs connected by a pathPm. Let the vertex
set and the edge set ofG beV (G) = {vji : 1 ≤ i ≤ n, j = 1,2} ∪ {wi : 1 ≤ i ≤ m} where
w1 = v1

1 andWn = v2
1 and

E(G) = {vj1v
j

i+2 : 1 ≤ i ≤ n − 3, j = 1,2} ∪ {vji v
j

i+1 : 1 ≤ i ≤ n− 1, j = 1,2} ∪ {vjnv
j

1 : j =
1,2} ∪ {wiwi+1 : 1 ≤ i ≤ m− 1.}
Case(i):m is even.
For any elementa such thatk > 2a(n− 2).
Define the edge labelingf : E(G) → Zk − {0} as follows:
f(vj1v

j

i+2) = 2a for 1 ≤ i ≤ n− 3, j = 1,2,
f(vj1v

j

2) = f(vjnv
j

1) = a for j = 1,2,
f(vji v

j

i+1) = k − a for 2 ≤ i ≤ n− 1, j = 1,2,



Some Results onZk-Magic Labeling 411

f(wiwi+1) =

{

k − 2a(n− 2), for i is odd,
2a(n− 2), for i is even.

Then the induced vertex labelingf+ : V (G) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (G).
Case(ii): m is odd.
For any elementa such thatk > 2a(n− 2).
Define the edge labelingf : E(G) → Zk − {0} as follows:
f(v1

1v
1
i+2) = 2a for 1 ≤ i ≤ n− 3,

f(v1
1v

1
2) = f(v1

nv
1
1) = a ,

f(v1
i v

1
i+1) = k − a for 2 ≤ i ≤ n− 1,

f(v2
1v

2
i+2) = k − 2a for 1 ≤ i ≤ n− 3,

f(v2
1v

2
2) = f(v2

nv
2
1) = k − a ,

f(v2
i v

2
i+1) = a for 2 ≤ i ≤ n− 1,

f(wiwi+1) =

{

k − 2a(n− 2), for i is odd,
2a(n− 2), for i is even.

Then the induced vertex labelingf+ : V (G) → Zk is f+(v) ≡ 0(mod k) for all v ∈ V (G).
SinceG admitsZk-magic labeling, then it is ak-magic graph.

An example ofZ15-magic labeling ofG is shown in Figure 12.
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Figure 12:Z15-magic labeling ofG

Theorem 2.16.If the graphG is k magic with magic constant0 then the splitting graph ofG is
k-magic.

Proof. Let v1, v2, . . . vn be the vertices of graphG. Let v1, v2, . . . vn, v
′

1, v
′

2, . . . v
′

n be the vertices
of graphS′(G). Given a graphG is Zk magic with magic constant 0.
Thereforef+(v) ≡ 0(mod k) for all v ∈ V (G).
Define the edge labelingg : E(S′(G)) → Zk − {0} as follows:
g(ei) = f(ei) for all e ∈ E(G),
g(e′i) = f(N(e) for all e ∈ E(G).
Then the induced vertex labelingg+ : V (S′(G)) → Zk is g+(v) ≡ 0(mod k) for all v ∈
V (S′(G)). SinceS′(G) admitsZk-magic labeling, the graphS′(G) is ak-magic graph.
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