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Abstract. The concept of an edge pair sum labeling was introduced in [3]. In this paper we
prove that the graphs (K> + mK}), Sy, . closed helm graph C H,,, two copies of Petersen graph
by a path Py, k > 5, two copies of fan graph F} ,, by a path Py, k > 5 and K4 | K4 admit edge
pair sum labeling.

1 Introduction

Through out this paper we consider finite, simple and undirected graph G = (V(G), E(G))
with p vertices and ¢ edges. G is also called a (p, q) graph. We follow the basic notations and
terminology of graph theory as in [2]. A graph labeling is an assignment of integers to the ver-
tices or edges or both, subject to certain conditions. There are several types of labeling and
for a dynamic survey of various graph labeling problems with extensive bibliography one can
refer to Gallian [1]. Ponraj [12] introduced the concept of pair sum labeling. An injective map
f:V(G) = {£1,£2,...,+p} is said to be a pair sum labeling of a graph G(p, q) if the in-
duced edge function f. : E(G) — Z — {0} defined by f.(uv) = f(u) + f(v) is one-one and
fe(E(Q)) is either of the form {:l:k],:l:kz, cey :l:k%}} or {j:kl,:lzkz, cey :l:qu—l} Utkaen

2
according as ¢ is even or odd. Analogous to pair sum labeling we defined a new labeling called
edge pair sum labeling in [3] and further studied in [4-11]. Let G (p, ¢) be a graph. An injec-
tive map f : F(G) — {£1,42, -+, +q}is said to be an edge pair sum labeling if the induced

vertex function f* : V(G) — Z — {0} defined by f*(v) = >_ f(e) is one- one where E,
eek,

denotes the set of edges in G that are incident with a vertex v and f*(V(Q)) is either of the form
{j:kl,ﬁ:kg, e ,:l:k:g} or{ﬁ:kl,:l:kz, e ,:l:ka—l} U{ikaH} according as p is even or odd. A
graph with an edge pair sum labeling is called an edge pair sum graph.

We use the following definitions in the subsequent sequel.

Definition 1.1. If G| and G, are subgraphs of a graph G then union of GG; and G is denoted by
G |J G» which is the graph consisting of all those vertices which are either in G or in G, (or in
both) and with edge set consisting of all those edges which are either in G or in G (or in both).

Definition 1.2. A closed helm CH,, is the graph obtained by taking a helm H,, and by adding
the edges between the pendant vertices.

Definition 1.3. Generalized Petersen graph, P(n, k) is a graph with n > 5 and 1 < k < n which
has vertex set {ag, a1, ..., @n—1, bo, b1, ..., by—1 } and edge set {a;a;+1 11 =0,1,...,n— 1} J{a;b; :
i=0,1,....0n— 1} U{bibisx : 1 =0,1,...,n — 1}, where all subscripts are taken modulo n. The
standard Petersen graph is P(5,2).

2 Main results

In this section we prove that the graphs (K> +mK}), Sy, . closed helm graph C'H,,, two copies
of Petersen graph by a path Py, k£ > 5, two copies of fan graph Fi , by a path P, £k > 5 and
K, K4 admit edge pair sum labeling.

Theorem 2.1. The graph (K, + mK) is an edge pair sum graph for m is odd.
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Proof. Let V((Kz + mK;)) = {u,v,u; : 1 <i<m}and E((K;+mK;)) = {e/l = uv,ey_1 =
uug, €3, = vu; : 1 <4 < m} are the vertices and edges of the graph (K, + mK}).

Define an edge labeling f : E((K, +mK;)) — {£1,£2,4£3,...,£2m + 1)}.

Define f(e;) = —1,for 1 <i < =L fexi 1) = (2i +3), flem) =2, f(emt1) = =3,

forl <i< mT—l f(ezi) = (m +2+ 21) = _f(em+l+2i> and f(em+2i) = —(22 + 3)

The induced vertex labeling are as follows:

Fu) = 1= —f (). £*(0) = —4,

for 1 <i< ™l f*(u;) = (m+5+4i) = —f*(umTHH).

Then we get f*(V((K2 + mK,))) = {xl,£(m + 9),£(m + 13),£(m + 17),...,£3m +
3)} U{—4}. Hence f is an edge pair sum labeling.

An example for the edge pair sum graph labeling of (K, + 7K) is shown in Figure 1. O

16 20 24 -1 -16 -20 -24

Figure 1

Theorem 2.2. The graph S,, ,, is an edge pair sum graph.

Proof. Let V(S,,,) = {v,u{;l < i <mn,1 <j < m} be the vertices of the graph S, ,,.
E(Smn) ={e! =vul : 1 <i<mel™ =wlul™:1<i<n1<j<(m-—1)}be the edges
of the graph Sy, .

Define an edge labeling f : E(S,,,) — {£1,£2,+3,..,£mn} by considering the following
two cases.

Case(i). niseven. ‘ .
Define f(e!) =2, f(el) = —1,for 1 <j < (m—1) f(e]™) = —(2j +1) = —f(e3"7) and
forl <i< 232 1<j<mfle,) = @mit2i—1)=-f(e)y

i)

The induced vertex labeling are as follows:
frw)=1=—=f(w), f*(r) =2, f* (") = —=(2m — 1) = —f*(u3"),
for1 <i<(m—2)f*(u;™) = —(4+4i) = —f*(uy™),
for1 <i<22 1<j<m—1f"(u),,)=@m+4j+ (i—1)d4m)=—f*(,
for 1 <i <232 f*(uyt,) = 2mi+2m — 1) = —f*(ull, ).

2
Therefore we get f*(V(Smn)) = {£1,£(2m — 1),48,+12,£16,...,£(4m — 4),
1),£(6m — 1), £8m — 1),...,£(mn — 1), for 1 < i < 2321 < j < (m—1)
45 + (i — 1)4m]} | J{2}. Hence f is an edge pair sum labeling.
An example for the edge pair sum graph labeling of S(6,4) is shown in Figure 2.
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Figure 2

Case(ii). n isodd.

Subcase (i). m = 2.

Define f(el) = —2 f(e3)=1and

for1 <i< 25l 1<5<2f(el,,)=1[2+1+(i—1)2m] = —f(.,

T+i)'

The induced vertex labeling are as follows:

frv) = =2, f*(u)) = =1 = —f*(u3),

for1<z'<”*1 *(uf,,;) =8i= f(,m+)

for1 <i<2:l fr(u,) =[5+ (i—1)2m] =—f*(u nﬂﬂ)
Therefore we get F*(V(Smon)) = {£1,£8,£16,+24, ..., +(4n — 4),£5,+(2m + 5), £(4m +
5), ..., £(mn —3m +5)} J{—2}. Hence f is an edge pair sum labeling.

Subcase (ii). m = 3.

Define f(e}) = —2 f(e) =—1, f(e}) =3 and

for 1 <i<Zh 1<j<3f(e]l,,)=1[2+3+(—1)2m]=—f(e,,

2

+17
The induced vertex labeling are as follows:
fro)=-2=—f (u%) fr(up) = =3 = —f*(u}),
forl <i< 25 1f (ui,,) =194 (G —1)2m] = —f*(ul. l+)
for1 <i<2ZL 1<j<2f(u],,)=[4j+8+(i— 1)4m] — (W, ,)-
5] 3
Therefore we get *(V(Smun)) = {£2,£3,£9,£2m +9), £(4m +9),...,£(nm — 3m +9),
for1 <i<2:l1<j<2£[45+8+ (i —1)4m]}.
Hence f is an edge pair sum labeling.
The examples for the edge pair sum graph labeling of S(2,5) and S(3, 3) are shown in Figure 3
and Figure 4.

-1 3
L @
7 9
L —e
-7 -9
L L J
Figure 3
Figure 4
Subcase (iii). m is even and m > 4.
m m+2
Define f(e? ) =2, f(e,? ) =—1,
f0r1<j<m_2f( 1) = ~[m+1-2j] and f(e, 2+j) (25+1),
for 1 <i< 23l 1<j<mf(e],,)=Im —1+2]+(2—1)2m] —f (€ )
3 3
The induced vertex labeling are as follows:
m=2 m m+2
fri)=—(m—1)=—fup), f*u*)=-1==f) fu’)=2

for 1 < j < mst f (ul) = —2[m — 2j] and f* ( S 2 (44 45),
forl <i<2zh1<j<(m—1)ful,,) = [2m—|—4j—|—(i— 1)4m] = —f*(u’ ., ,;) and
forlgzg%f(u1+i):[2mi—|—m—l}:—f*(um ).

2l
Therefore we get f*(V (Sp.n)) = {£1, £(m— 1) +8,+12,+16, ..., +(2m—4), +(3m—1), £(5m—
1), £(7m—1),.. (nm—l) for1 <i<23=,1<j<(m—1),£2m~+4j+(i—1)4m]} U{2}.
Hence f is an edge pair sum labeling.
An example for the edge pair sum graph labeling of S(6,3) is shown in Figure 5.
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-3 2 -1 3 5
L L @ @ L ]
9 11 13 15 17
L L L L ®
-9 ° -11 ° -13 . -15 ° -17 °
Figure 5

Subcase (1V) m is odd and m > 5.

Define (e, ™ ) = -2, f(e; ) = =1 f(e,* ) =3,
for 1 < j < m3 f( ) =[m+2—2j]and f(e;” ) = —(3+2j),

for1 <i<2=,1<j<mf(e l+z) = [m+2]+(if 1)2m)] :—f(ejni,ﬂ).

The induced Vertex labeling are as follows:

Fr)=m= ) £ T ) =3 =, , ) FrluT ) =2= ),
for 1 < j < m3 f (u]) =2[m+1 - 2j] and f*(u, SR Z (8 4 4y),

for1 <i<27L1<j<(m—1)fu],,)= [2m+2—|—4] + (i — 1)dm] = *f*(“]%'ﬂ') and
forl <i< ”Tl fr(uf,) = 2mi4+m] = —f*(u z:glﬂ)

Therefore we get f*(V (Sm.n)) = {£2,£3, £m, i12 ,£16,£20, ..., +£(2m — 2), £3m, +5m,
£7m, ..., tmn, for1 <i< 271 <5< (m—1),:|:[2m+2—0—4j—0—(i71)4m]}.

Hence f is an edge pair sum labelmg.

An example for the edge pair sum graph labeling of S(7,3) is shown in Figure 6. O

5 -2 -1 3 -5 -7

L L L 4 L L 4 @
7

9 11 13 15 17 19 21

L ® L L L ®
-9

-11 -13 -15 -17 -19 -21

L L ® L L ®
Figure 6

Theorem 2.3. The closed helm graph C H,, is an edge pair sum graph.

Proof Let V(CH,) = {w,u;,v; : 1 <i<n}and E(C’H )={e; = wui,e; =uv; 0 1 <i <
n, e = Ui, € ;” = 1 <i<(n 1),en = unul,e: = v,v; } are the vertices and
edges of the graph CH,,.

Define an edge labeling f : E(CH,,) — {£1,+2,+3, .., +4n} by considering the two cases.
Case(i). n=4,6,8,12,14,16,18,22, ...

for 1 <i<n, f(e;) = (2+2i), f(e;) = —(14+i)and f(e;) = (n+ 1+ 2i) = —f(e; ).

Then the induced vertex labeling are as follows:

fr(w) = ([dn+6) = —f*(v),

f*(w) = (m?>+3n)andfor 1 <i < (n—1) f*(urs) = 2n+6+5i) = —f*(v144).

Hence we get f*(V(CH,)) = {£(4n +6),£(2n + 11),£(2n 4+ 16), £(2n + 21), ..., =(Tn +
1)} U{(n* 4+ 3n)}. Then f is an edge pair sum labeling.

An example for the edge pair sum graph labeling of C' Hg is shown in Figure 7.
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Figure 7

Case(ii). 7 isodd.

Subcase (i). n =3,7,9,11,13,17,19,21,23,27, ...

For 1 <i<n, f(e;) =2i, f(e;) = —iand f(e; ) = (n+2i) = —f(e; ).

Then the induced vertex labeling are as follows:

F*(ur) = (4n+3) = —f*(v1), *(w) = n(n+ 1) and

for1<i<(n—1) f*(u14) = Cn+34351) = —f*(vi4)-

Hence we get f*(V(CH,,)) = {£(4n + 3),£(2n + 8),£(2n + 13),£(2n + 18), ..., £(7Tn —
2)} U{n(n+ 1)}. Then f is an edge pair sum labeling.

Subcase (ii). n = 0(mod5)

Define f(e; ) = (2n +2) = —f(e, ), for 1 <i <mn, f(e;) = 2i, f(e;) = —i and

for 1 <i<(n—1)fley,;) = @n+142i) = —f(e] ).

Then the induced vertex labeling are as follows:

F* () = (6n+2) = —f*(0n)., *(w) = nln + 1), f*(u2) = (4n +7) = - f*(v2) and

for1 <i<(n—2) f*(urps) = (dn+ 6+ 5i) = — f*(vary).

Hence we get f*(V(CH,)) = {£(4n + 7),£(6n + 2),+(4n + 11),£(4n + 16),£(4n +
21),..,£(9n —4)} U{n(n + 1)}. Then f is an edge pair sum labeling.

The examples for the edge pair sum graph labeling of C'H3 and C Hs are shown in Figure 8 and
Figure 9. O

Figure 8 Figure 9

Theorem 2.4. The graph G obtained by joining two copies of Petersen graph by a path Py, k > 5
is edge pair sum graph.

Proof. Let G be the graph by joining two copies of Petersen graph by a path Py, k > 5 of length
(k —1). Let uj,up,...,us and ug, u7, ..., u19 be the external and internal vertices of first copy
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of Petersen graph respectively. Similarly let w1, w», ..., ws and wy, wy, ..., ws be the external and
internal vertices of second copy of Petersen graph respectively.
Let vy, vy, ..., vx be successive vertices of path Pk with u; = v and w; = vg.
LetE(G) ={e; = vy 1 <i < (B—1)e L= wuie 1 < i < 4, 65 = U5u1,65+2 =
w5w1,65H = w; le 1 < < 4 elO = wswlo,ell = u9u6,612 = U6U3,613 = u8ul(],614 =
U10u7,615 = ’LL7’ZL9,€11 = U}9U}6,612 = U)6’LU3,613 = wgw10,614 = w10w77615 = w7w9} are the
edges of the graph.
Define an edge labeling f : E(G) — {£1,42,£3, ..., £(k + 29)} by considering the two cases.
Case(i). kisodd, k > 5.

= 2, (Bk 1) =-5= —f(€k+3),

flexa) =1, flexa) =2, f .
for 1 <i< k33 f(e;) = (k—|-2 2i),

for ££2 <z'<( 1) fe;) = (=k +2+2i),

for 1 < i<5 f(elO_H) = —(k +2i) = —f(e]g,)»

for1 <i<3 f(e5+ ) = —(k+ 14 +2i) = — f(es,),

for 1 <i <2 f(eg,;) = —(k+10 +2i) = —f(egﬂ.), fles,) = —(k+20+2i) = —f(es,;)
and f(e;) = —(k +24 +2i) = —f(e;), f(e3) = —4 = —f(e3).

The induced vertex labeling are as follows

Fr(vr) = =2(2k +33) = —f*(vs),
for1<z<k = (o) =2(=k— 1+ 2i) and f*(vep,,) = (8 + 4i),
6, f

fros)=-3=—f ( a), [*(vea) =6, f*(u2) = =3(k +24) = —f* (),
fr(u3) = =2(k +26) = —f*(w3), f*(ua) = =2(k +19) = *f*( wa),
f*(U5) = —3(k + 20) == (ws), f*(u6) = (3/€ + 22) (11)6),
fr(ur) = =3(k +12) = = f*(wy), f*(ug) = =3(k + 10) = ( ;
f*( 9) = —3(k +8) =—f*(w9) and f*(u10) = (3k+28) *(w1 )-
hen f*(V(G)) = {£3,£12,£16, 420, ..., +(2k — 2),i2(2k+33), 2(k 4 19), +2(k + 26),

(3k +22),+(3k + 28), ﬁ:3(k + 8), iS(k +10), £3(k + 12), £3(k + 12), £3(k + 20),
+3(k + 24)} |U{6}. Hence f is an edge pair sum labeling.
Case(ii). kiseven, k > 6.

f(€¥): -2, f(ek) 1f(€k+2)—3

for 1 <i< 3% fle;) = —(k+1-2i),
fork+4<i<( 1) fei) = (k—1-2i),

forl1 <i<5 f(eloﬂ) =(k—1+2i)= _f(elll0+i)’

7"

for 1 <i <3 f(es,;) = (k+13+2i) = —f(es,,), fe;) = (k+23+2i) = —f(e;),

for 1 <i <2 f(eg,;) = (k+9+42i) = —f(eg,,) and f(es,,;) = (k+ 19+ 2i) = —f(es,).
The induced vertex labeling are as follows:

fr(on) = 2(2k +31) = —f~(ve),

for 1 <i <539 f*(vipq) = (2k —4i) and f*(vega ;) = —(8 + 40),

f*<Uk2—2 23_*.}6 ( ), f*(vmz)—z—ff (Uk+4)

“(u2) = 3(k +23) = — f*(wa), f*(uz) = 3(k +25) = —f*(w3),
“(us) = (3k 4 61) = f (wa), f(us) =3k +19) = —f*(ws),
*(ug) = 3k +19) = —f*(ws), f*(u7) =3(k+11) = —f*(w ),
ig 9) a

ug) =3(k+9) = —f*(wg) *(ug) =3(k+7) = —f*(wg) and

ul()) = (3]6 + 25) = f (’wlo)
hen f*(V(G)) = {£2,+3,+12,+16,+20, ..., +(2k — 4), +2(2k + 31),+(3k + 19), +(3k +
25),£(3k+61), £(3k+28), £3(k+7), £3(k+9), £3(k+11), £3(k+19), £3(k+23), £3(k+
25)}. Hence f is an edge pair sum labeling.
An example for the edge pair sum graph labeling of two copies of Petersen graph by a path Py is
shown in Figure 10. O
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5 -2 -1 3 -5

27 -33

35

Figure 10

Theorem 2.5. The graph G obtained by joining the center vertices of two copies of fan graph
Fi ., by a path Py, k > 5 is edge pair sum graph.

Proof. Let G be the graph by joining two copies of fan graph by a path Py, & > 5 of length
(k—1). Letu,u; : 1 <14 < n be the vertices of the first copy of the graph Fj ,,.
Letv,v; : 1 <4 < n be the vertices of the second copy of the graph Fi ,,.
Let wy, wy, ..., ws and wy, Wy, .., W be successive vertices of path Pk with w; = v and wy, = v.
Let B(G) = {e; = uul,eZ =ov; 1 1 <0 < njeny = Uligr, €, = Vv 2 1 <0 <
(n— 1),6;/ =wjwipr : 1 <i < (k- 1)}
Define an edge labeling f : E(G) — {£1,42,£3,...,£(4n+ k — 3)} by considering two cases.
Case(i) k is even, k > 6.
f(eu) =2, f(ei) = —1 f(ewa) =3,
for 1 <i< k4 f(e;/) —(k+1 —21)
(k—1) f(e;) = (k—1—2i)and
for 1 <i<n fle;) = (k—2+2i)=—f(e),
for 1 <i< (n—1) flenr:) = (k—1+2i) = —f(e,,)-
The induced vertex labeling are as follows:
fr(u)=(n* +nk—n+k—1)=—f"v),

forl <i< ka6 F*(wi4i) = (2k — 4¢) and f*(wk+4+l) = —(8+4i),
Fo(ws) =3 = (), f(w2) =2 = (i)
fr(ur) = 2k +1) = —f*(0), [*(un) = (2k + 4n = 5) = —f*(vn) and

for1 <i<(n—2)f*(u1ss) = Bk +6i) = —f*(v114).

Then f*(V(G)) = {42, 43, 412,416,420, ..., £(2k —4), £(2k + 1), £(2k + 4n — 5), £(n*> +
nk—n+k—1),£03k+6),£(3k + 12), =3k + 18), ..., £(3k + 6n — 12)}.
Hence f is an edge pair sum labeling.

Case(ii). kisodd, &k > 5.
f@Ld=2f@%J—Lf@%9=5=fﬂé%L

for 1 <i < %33 f(e) = (k+2 - 2i),

for £15 §z<( —1) fe;) = (k—2— 21')

for 1 gignf( ) = (k—1+2i)=—f(e;) and

for1 <i<(n—1) flensi) = (k+2i) = —f(e In+i)'

The induced vertex labeling are as follows:

fr(u) = (n + nk + k) = —f*(v)

forl1 <i< k 3 f(wiyi) =2(k+1—24) and f* (’w;c+3+l) —(8 4 44),
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i) =6, f(wep) =3 = —f*(wip),
fr(u) = (2k+3) = *f*(vl), [ (un) = (2k +4n — 3) = — f*(vn) and

for1 <i<(n—2) f*(ur4i) = Bk +3+6i) = — f*(vi44)-

Then f*(V(G)) = {£3,4+12,£16,420, ..., +(2k — 2), £(2k +3), £(2k +4n — 3), £(n> +nk +
k), £(3k+9),£(3k + 15), £(3k + 21), ..., £(3k + 6n — 9) } U{6}.

Hence f is an edge pair sum labeling.

An example for the edge pair sum graph labeling of two copies of fan graph £ 3 by a path P; is
shown in Figure 11. O

7 o e ' o 26
8 12
10
4.7
9 1 Figure 11 9 -1

Corollary 2.6. For n > 3, the graph C,,|J C,, is an edge pair sum graph [3].
Corollary 2.7. for n,m > 2, the graph K, ,,\J K\, is an edge pair sum graph [3].
Corollary 2.8. The complete graph Ky is not an edge pair sum graph [3).
Theorem 2.9. The complete graph K4\ K4 is an edge pair sum graph.

Proof. Let u; : 1 < ¢ < 4 be the first copy of the graph K. Let v; : 1 < i < 4 be the second
copy Of the graph K. Let E(K4 UK4) = {GZ = UjUj+] : 1 <1i<3,e4 = ugup, €5 = UjuU3, €6 =
uyug,e; = vivis ¢ 1 < i < 3,e, = vguy,e5 = viv3,e5 = vavs} be the edges of the graph
K4\ Ky.

Define an edge labeling f : E(K4|J Ka4) — {£1,£2, 43, ..., £12}.

for 1 <i<3f(e) = (2i—1)=—f(e)),

fles) =2 = —f(es) and f(es) =4 = — f(eg).

Then the induced vertex labeling are as follows:

[ (u) = =4 =—f* (), [F(u2) =8 = —f*(v2),

f*(U3) =10= —f*(’l)g) and f*(U4) =2= —f*(’l)4).

F*(V(K4J Ky)) = {£2,+4,+8,£10}. Hence f is an edge pair sum labeling.

An example for the edge pair sum graph labeling of K4 | J K4 is shown in Figure 12. O

4 1 8

10
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Figure 12
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