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Abstract. Locke’s conjecture (L) states that the binary hypercube Q,, with k deleted vertices
of each parity is Hamiltonian if n > k 4 2. In 2003, S. C. Locke and R. Stong published in The
American Mathematical Monthly a proof of (L) for the case k = 1. In 2007, in the paper Path
coverings with prescribed ends in faulty hypercubes' the authors proved (L) for every k < 4 and
every n > k + 2 and formulated the following conjecture (CG): Let n > k + 3 and F be a set of
k even (odd) and £ 4 1 odd (even) vertices of Q,,. If u, v are two even (odd) vertices of Q,, — F
then there exists a Hamiltonian path of Q,, — F which connects « and v. (CG) is known to be
true for every £ <3 and every n > k + 3.

In this paper we prove thatif n > 7,5 < k < n — 2 and (L) is true for every n; <n — 1 and
every k1 < nj —2 and (CG) is true for every ny < n — 1 and every k; < ny — 3 then (L) is also
true for n and k. To keep the paper shorter the proof that if n > 7,4 < k <n —3 and (L) is true
for every n; < n — 1 and every k1 < ny — 2 and (CG) is true for every n; < n — 1 and every
k1 < mny1 — 3 then (CG) is also true for n and k will appear in a forthcoming paper. In that way
the two papers together complete the proofs of (L) and (CG).

1 Introduction

The n—dimensional binary hypercube Q,, is the graph whose vertices are the binary sequences
of length n and whose edges are pairs of binary sequences that differ in exactly one position.

A given vertex is called even if it has an even number of 1’s in its components; otherwise the
vertex is called odd.

In 2001 S. Locke asked the following question in [8]: Let £ > 1 and n > k + 2 be integers.
Let also F be a set of k even and k£ odd vertices of Q,,. Is it true that the graph O, — F has a
Hamiltonian cycle?

Since S. Locke had a positive answer to the above question in the case when & = 1, most
likely he anticipated a positive answer for his question for every integer k& > 1. That is why in
the literature the above problem is known as Locke’s conjecture and we are going to denote it by
(L).

The Monthly published R. Stong’s proof of (L) for the case & = 1 and made the remark that
Stong had also proved (L) when n > 2k + 3log, k + 4 (see [9]) .

In [5] we proved (L) forevery k < 4 and every n > k42, formulated the following conjecture
(henceforth denoted by (CG)) and proved it for k£ < 2 (the case k¥ = 0 had appeared already in
[7D.

Conjecture 1.1. Let £ > 0 and n > k + 3 be integers. Let also F be a set of k even (odd) and
k 4+ 1 odd (even) vertices of @),,. If u, v are two even (odd) vertices of Q,, — F then there exists
a Hamiltonian path of Q,, — F that connects u and v.

The proof of (CQG) for the case k = 3 is contained in [2]. Therefore (L) has already been
verified for every k < 4 and every n > k + 2 and (C'G) has been verified for every k < 3 and
every n > k + 3.

fA summary of the content of this paper was presented at the 9" International Conference “Approximation and Opti-
mization in the Caribbean”, San Andres Island, 2 — 9 March, 2008 and at the Graph Theory Day 59, SCSU, New Haven, CT,
USA, May 8, 2010.

I'The paper Path coverings with prescribed ends in faulty hypercubes [5] was written and submitted for publication in
2007 and did not appear in print until 2015 because of its length, but the main results in that paper, summarized in tables,
appeared in print in [1] and [2] in 2009, and in [3] and [6] in 2010.
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In this paper we prove that if n > 7,5 < k < n — 2 and (L) is true for every n;y < n — 1 and
every k1 < n; — 2 and (CG) is true for every ny < n — 1 and every k; < ny — 3 then (L) is also
true for n and k. To keep the paper shorter the proof that if n > 7,4 < k <n —3 and (L) is true
for every n; < n — 1 and every k1 < n; — 2 and (CG) is true for every n; < n — 1 and every
k1 < ny — 3 then (CG) is also true for n and k will appear in a forthcoming paper [4]. In that
way the two papers together complete the proofs of (L) and (CG) for all admissible values of n
and k.

In [5] the following conjecture (7") was also formulated.

Conjecture 1.2. Let £ > 0 and n > k + 3 be integers. Let also F be a set of k£ even and & odd
vertices of @),,. If u and v are two vertices of Q,, — F with different parity then there exists a
Hamiltonian path of Q,, — F which connects u and v.

For the proof of (L) we need the following theorem which shows that (T") is a simple corol-
lary of (CG).

Theorem 1.3. Let k > 0 and n > k + 3 be integers. Let also F be a set of k even and k odd
vertices of Q,, and suppose that (CQG) is true for n and k. If u and v are two vertices of Q,, — F
with different parity then there exists a Hamiltonian path of Q,, — F which connects u and v.

Proof. Let v1 be a neighbor of u which is not in F. It follows from (CG) that there exists a
Hamiltonian path +; for Q,, — F — {u} from v; to v. Therefore

u—)vllm)

is a Hamiltonian path for @),, — F from w to v. O

2 Preliminaries

To simplify the explanations and the proofs that follow we introduce some terminology.

Every vertex u of Q,, is a binary sequence of length n. We refer to the i—th bit of u as the i—th
coordinate of w. All vertices of Q,, with identical i—th coordinates form (n — 1)-dimensional
hypercubes that we denote by Q% and Q!, or 9%t and Q!°P, and we call them bottom and top
plates, respectively. Sometimes we say that the i—th coordinate splits Q,, into two hypercubes.
If we split the hypercube using two coordinates then we get four (n— 2)-dimensional hypercubes
that we denote by 9%, Q0. Q10 and Q!!. If v and v are two vertices of Q,, such that u € Q% and
v € Q! then we say that the i—th coordinate separates u and v. Thus, if F is any set of vertices
of Q,, then each coordinate 7 induces a partition {F°, '} of the set F, where F° and F! are the
set of vertices of F with the i-th coordinate equal to zero or one, respectively. In the special case
when one of the sets 70 or F! is empty we say that the i-th coordinate does not separate 7. We
say that the coordinate i separates F in the way (s, t) (or the separation type is (s,t)) if the sets
F0 and F! are nonempty and have cardinalities s and ¢. We do not make a difference between
the types (s, ) and (¢, s).

We say that the j—th coordinate separates F in a different way than the i—th coordinate if the
partitions of F induced by 7 and j are different. More generally, we say that a set of k coordinates
separates F in [ different ways if the total number of different partitions of F induced by the %
coordinates is /. It is easy to see that if the coordinates ¢ and j separate F in two different ways
then there are vertices from F in at least three of the four n — 2—dimensional hypercubes Q%,
Q% Q10 and Q1.

Given a vertex a of F we say that a coordinate is F-special for a if this coordinate separates
a from the rest of the vertices of F.

We view Q,, as the graph Q,,_1 x K5, where K, is the edge (0, 1), and then Q% = Q,,_1 x {0}
and Q) = Q,,_1 x {1}. Also, we view Q,, as the graph Q,, » x Q, and then Q% = Q,,_, x {00},
Q% =9, »x{01},00 =0, ,x {10} and Q' = Q,, » x {11}.

For the proof of (L) we need the following separation lemmas.

Lemma 2.1. Let k > 3, n > k, and F be a set of k pairs of even and odd vertices of Q. Let
also every coordinate which separates the even vertices in F separates also the odd vertices in

F and vice versa. Then there exist two coordinates that separate the even and the odd vertices
in F in different ways.
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Proof. Take one coordinate, say A, which separates the even and the odd vertices in F. Since
there are at least three odd vertices in F, at least two of them are not separated by A. Take
another coordinate, say B, which separates these two odd vertices. Then B separates the odd
vertices in F in a different way than A. If B also separates the even vertices in F in a different
way than A then A and B are as required.

Suppose that B separates the even vertices in F in the same way as A. Since there are at
least three even vertices in F, at least two of them are not separated by A (and by B). Let C be
a coordinate that separates these two even vertices. Clearly, C' separates the even vertices in F
in a different way than A and B. Also, C separates the odd vertices in F. If C' separates the odd
vertices in F in a different way than A then A and C are as required, otherwise C' and B are the
required two coordinates. O

Lemma 2.2. Let k > 3, n > k, and F be a set of k even (odd) vertices of Q. If every coordinate
which separates the vertices in F separates them in the way (1,k — 1) then either there exist k
coordinates that separate all vertices in F in k different ways or there exist 2k — 2 coordinates
that separate all vertices in F in k — 1 different ways. These 2k —2 coordinates can be arranged
in k — 1 pairs of coordinates such that the two coordinates of each pair separate F in the same
way.

Proof. 1tis clear that if | 7| > 3 then no two vertices can have a common F-special coordinate.
If for every vertex in F there is an F-special coordinate then there are at least k& coordinates that
separate the vertices of F in k different ways.

Assume now that there is a vertex a in F with no F-special coordinates. If b is any other
vertex in F then it differs from a in at least two coordinates and these two coordinates must by
necessity be F-special for b. Therefore we have k£ — 1 pairs of coordinates with the properties
stated in the lemma. O

Lemma 2.3. Let n > 3 be a positive integer and F be a set of four odd (even) vertices of Qy,.
Then there exist three coordinates that separate these vertices in three different ways or there
are two pairs of coordinates such that these coordinates separate F in two different ways with
the two coordinates of each pair separating F in the same way that is of type (2,2).

Proof. Let F = {a,b,c,d}. If at least one vertex in F, say a, has a coordinate that is F-special
for a then this coordinate together with any two coordinates that separate {b, ¢, d} in two different
ways (which exists by Lemma 2.2) form a group of three coordinates that separate F in three
different ways. So, if F cannot be separated in three different ways then all the separations of
F are of the type (2,2). Also, without loss of generality, we can assume that d has no {b, ¢, d}-
special coordinates and that one pair of coordinates separates b from {c, d} and another pair of
coordinates separates ¢ from {b, d} (see Lemma 2.2). It follows that the first pair of coordinates
separate F as {a, b}, {c, d} and the second pair of coordinates separates F as {a,c},{b,d}. O

Lemma 2.4. Let n > 4 be a positive integer and F = {a,b, c,d, e} be a set of five odd (even)
vertices of Q.. Then there exist four coordinates that separate these vertices in four different
ways or there exist three pairs of coordinates that separate F in three different ways with the two
coordinates of each pair separating F in the same way that is of type (2,3).

Proof. There are two types of separations for a set of 5 vertices: (1,4), and (2, 3). If all the sep-
arations of F are of type (1,4) then according to Lemma 2.2 there are at least four coordinates
that separate F in four different ways. Now, suppose that there are separations of F of type
(2,3). Without loss of generality we can assume that IT = {{a, b}, {c,d, e}} is a separation of
F produced by some coordinate A. If ¢, d, e can be separated in three different ways by three
coordinates then these three coordinates together with A form a group of four coordinates that
separate F in four different ways. If c,d, e cannot be separated in three different ways then,
according to Lemma 2.2 and without loss of generality, we can assume that there are two coordi-
nates, say C' and D, that separate ¢, d, e in the way {c}, {d, e} and two coordinates, say F and F,
that separate c, d, e in the way {d}, {c,e}. If C ( E) separates F in a different way than D ( F')
then A,C,D,E ( A,C, E, F') form a group of four coordinates that separate F in four different
ways. Assume now that C separates F in the same way as D and that E separates F in the same
way as F. If neither C nor E separates a from b then any coordinate that separates a from b to-
gether with A, C and FE form a group of four coordinates that separate F in four different ways.



348 Nelson Castafieda and Ivan S. Gotchev

Assume now that one of the coordinates C' or E separates a from b. Without loss of generality
we can assume that that coordinate is C' and that C' separates F in the way {a, c}, {b,d,e}. If
any of the coordinates that separate b, d, e separates F in a different way than A, C, and F then
such coordinate together with A, C' and E form a group of four coordinates that separate F in
four different ways. If that is not the case then b, d, e can be separated only in the ways produced
by A, C and E. In particular (by Lemma 2.2) there must be a coordinate B which separates F in
exactly the same way as A does. O

Corollary 2.5. Let k > 5, n = k+ 2, and F be a set of k even and k odd vertices of Q. If every
coordinate which separates the even (odd) vertices in F separates them in the way (1,k — 1)
then there exist two coordinates that separate the even and the odd vertices in different ways.

Proof. Since every coordinate which separates the even vertices separates them in the way (1, k—
1), it follows from Lemma 2.2 that there are either k coordinates that separate the even vertices
in different ways or 2k — 2 coordinates that separate the even vertices in k — 1 different ways.
Since & > 5, it follows from Lemma 2.4 that either there exist at least four coordinates that
separate the odd vertices in different ways or there exist three pairs of coordinates that separate
the odd vertices in three different ways with the two coordinates from each pair separating the
odd vertices in the same way. In either case, since n = k + 2, there will be two coordinates that
separate the even and the odd vertices in different ways. O

An important ingredient in the proofs of (L) and (CG) is the existence of a long enough path
that avoids a set of faulty vertices as the one guaranteed by Lemma 2.7 below. For the proof of
Lemma 2.7 we need the following result.

Theorem 2.6 ([6]). Let n > 5 and f be integers with 0 < f < 3n — 7. Then for any set F of
vertices of Q,, of cardinality f there exists a cycle in Q,, — F of length at least 2" — 2 f.

Lemma 2.7. Let n > 5 be an integer and F be a set of 2n vertices of Q,. Then there exists a
path vy in Q,, — F with length at least 2(n — 3) + 2.

Proof. We have |F| = 2n.

If n > 7 then 3n — 7 > 2n. Therefore, according to Theorem 2.6, there is a Hamiltonian
cycle in Q,, — F with length at least 2" —2(2n). Since 2" —2(2n) > 2(n—3) + 3, whenn > 5,
we conclude that if n > 7 there is a path  in Q,, — F with length at least 2(n — 3) + 2.

If n = 6 then it follows from Theorem 2.6 that we can find a cycle in Q,, with length at least
20—-2.11 = 42, such that it contains at most one of the vertices from F, for in this case | F| < 12.
Therefore, when n = 6 there exists a path v in Q,, — F with length at least 2(n—3)+2 = 8 < 40.

Finally, if n = 5, again using Theorem 2.6, we can find a cycle in Q,, with length at least
2% — 2.8 = 16 that contains at most two of the vertices from F. Therefore, when n = 3, there
exists a path v in Q,, — F with length at least 6 = 2(n — 3) + 2. i

As a corollary of Lemma 2.7 we obtain the following very useful lemma.

Lemma 2.8. Let k > 1 and n > 7T be integers, withn > k + 2, and F be a set of k even and k
odd vertices of Q.. Split Q,, using two coordinates and let QQ,,_» be one of the four hypercubes
Q?,p, Q?Ll, Q%o or Q}ll. Project all vertices from F onto Q,,_» using the natural projections and
denote the projection by F'. Then there exists a path p in Q_ — F' with length 2(n — 5) + 1.
Since the length of  is an odd number, we can choose the beginning vertex of u to be either even
or odd depending on our needs.

Proof. Since |F| < 2k < 2(n —2), we have |F'| < 2(n — 2). Alson — 2 > 5. Therefore, it
follows from Lemma 2.7 that there exists a path v in Q,,_, — F’ with length at least 2(n —5) +2
and therefore there exists a path p with length 2(n — 5) + 1 which begins with an even or odd
vertex, depending on our choice. O

3 Proof of Locke’s conjecture

In this section we complete the prove of Locke’s conjecture (L) under the assumption that (CG)
is true for some appropriate values of n and k. More specifically we prove the following theorem.
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Theorem 3.1. Let n > 7 and 5 < k < n — 2 be integers. Let also F be a set of k even and k
odd vertices of Q,, and suppose that (L) is true for everyny < n — 1 and every k; < nj — 2 and
(CQ) is true for every ny < n — 1 and every ky < ny — 3. Then (L) is also true for n and k.

Remark 3.2. Notice that it follows immediately from the hypothesis of the above theorem and
Theorem 1.3 that the conjecture (7') is true for every ny < n — 1 and every k; < n; — 3, as well.

Let F = {ui,..., ug, v1, ..., v }, where all u—s are even and all v—s are odd vertices. Some-
times we call the elements of F deleted vertices.

The idea of the proof is to choose “appropriately” one or two coordinates that separate the
deleted vertices “in a good way” and to split Q,, using them. Then by using (L), (CG) or (T)
for some n; < n —1and k; < k — 1 we construct the required Hamiltonian cycle for Q,, — F.
In many cases it is impossible to find one coordinate such that immediately after the splitting
we can use (L), (CG) or (T) in the resulting hypercubes Q°? and Q%* since usually there is a
big difference (more than one) or disbalance between the number of the deleted even and odd
vertices in these hypercubes. In such cases we choose “appropriately” two coordinates and using
them we split Q,, into four hypercubes Q%, 9%, Q19 and Q!!. Then, we start creating a path 7,
that is the first part of the desired cycle of Q,, — F by concatenating paths of the type

€01 — 0p0 — (67 0)10 — €11 — (0, 6/)01

or other similar types of paths that we call short cycles (since the projection of each such path on
Q, is acycle). We refer to all vertices used in those short cycles, except the starting one as used
vertices. We stop the creation of 7 at a point when the set of deleted or used vertices in each of
the four hypercubes is balanced or semi-balanced in the sense that the disbalance between even
and odd vertices is at most one. Considering the originally deleted vertices and the used vertices
as new deleted vertices we proceed by creating paths in each of the four hypercubes, applying
(L), (CG) or (T) as needed, to complete the desired cycle of Q,, — F.

The notation that we use in these short cycles is self-explanatory: ey represents an even (in
Q,,) vertex which is in the hypercube Q?Ll; opo represents an odd (in Q,,) vertex which is in
the hypercube Q?lo and is a neighbor of eg; in Q,; ep1 — ogy means that (eg1, 0go), which is
an edge in Q,,, is an edge in the constructed path; (e, 0)1o represents the edge (e19,010) in the
hypercube Q;O which is also an edge in the constructed path; ogy — (e, 0)19 means that oy and
eqo are neighbors in Q,, and that (ogo, €10) is an edge in the constructed path; and so on. We call
the edges of the type (e;;, 04,5, ), where ij # i1j1, vertical, and the edges of the type (e;;,0;;)
horizontal.

Usually more than one short cycle is needed in order to (semi) balance the four plates. Since
each one of those short cycles will be part of the required Hamiltonian cycle for Q,, — F, we
do not want different short cycles to use the same vertices and to contain deleted vertices. In
order to guarantee that, in the beginning of each construction we project all deleted vertices on
one of the four hypercubes Q%, Q% Q!0 and Q!!, where the construction of the Hamiltonian
cycle begins, and using Lemma 2.8 we choose a path p in that hypercube with length at least
2(n—5) 4+ 1 which begins with an even or an odd vertex (in Q,,), depending on our needs. Using
the natural projections we identify all four hypercubes Q%, Q% Q!9 and Q!! and in that way
we obtain four copies of p: pigo, o1, pt10 and py; — one in each of the four hypercubes. Then,
to construct the short cycles, we follow p, i.e. every vertex from each short cycle which is in
Q% belongs to p;; and every horizontal edge which is in Q% belongs to ;. In each short cycle
we use at least one and at most two horizontal edges, hence for each short cycle the first and
the last vertex are different and for each short cycle we use at most two edges from . Also, we
always traverse p in the same direction and therefore we never use the same edge from u twice.
Therefore, at the end of the construction, our short cycles do not contain deleted vertices and
every undeleted vertex is contained in at most one short cycle. Clearly, the length of y is enough
to construct at least n — 5 > k — 3 such short cycles.

In the proofs below we refer to the path i described above as a model path and shall not
repeat each time how we choose ;1 when we use it. Also, whenever we construct short cycles
in the proofs below we shall use the model path p and the procedure described above without
mentioning that specifically.

In order to explain how we choose the coordinates that we use to split Q,, we order all vertices
from F in a column and let M’ be the 2k x n matrix determined by the coordinates of those
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vertices (every row corresponds to a vertex). Then every coordinate corresponds to a column in
M’ and every column in M’ corresponds to a coordinate, hence we shall not make a difference
between columns and coordinates. Let M, be the submatrix of M’ determined by those columns
in M’ that separate only the even vertices in F and M, be the submatrix of M’ determined by
those columns in M’ that separate only the odd vertices in F. For two disjoint submatrices A and
B of M’ by (A, B) we denote the submatrix of A/’ determined by the columns that are in A or
in B. (The order of the columns in all matrices that we consider here is not important to us). Let
also M, be the submatrix of M’ determined by those columns in M’ that separate simultaneously
the even and the odd vertices in F. Finally, set M; = (M., M,) and M = (M1, M>).

Now we shall show that we can always choose one or two columns from M which satisfy at
least one of the cases (A) — (J) considered below and therefore to complete the proof of (L) it
will be enough to show that in all those cases there is a Hamiltonian cycle for Q,, — F.

In Cases (A) — (C), the existence of one column in A/ which separates the deleted vertices
in a special way is sufficient for the construction of the required Hamiltonian cycle for Q,, — F.

(A) The case when there exists a column in M; which separates the vertices in F in the way
(1,2k — 1) is considered in Case (A).

(B) The case when there exists a column in ) that separates the vertices in F in the way
(2,2k — 2) is considered in Case (B).

(C) The case when there is a column in M, which separates the odd vertices in the way
(s,k — s), the even vertices in the way (s, k — s), and all vertices in F in the way (2s, 2k — 2s),
where 1 < s < k — 1, is considered in Case (C).

Remark 3.3. In the remaining Cases (D) — (J) two columns are required for the construction
of the Hamiltonian cycle for Q,, — F. In those cases, without loss of generality, we assume that
there are no columns in M that could allow us to obtain any of the Cases (A) — (C'). In particular,
we assume that every column which separates only the odd or only the even vertices in the way
(1, k — 1) separates all vertices in F in the way (k + 1, k — 1) and every column which separates
only the odd or only the even vertices in the way (2, k — 2) separates all vertices in F in the way
(k+2,k-2).

(D) The case when there exist two columns in M, that separate the even and the odd vertices
in different ways is considered in Case (D).

Remark 3.4. In the remaining Cases (E) — (.J) we assume that columns as in (D) do not exist
and for Cases (E) — (G) we assume that there exists a column A in M, that separates the even
vertices in the way (r,k — r), where 2 < r < k — 2. Since k > 2, there is a column B in M
which separates the odd vertices in a different way than A.

(E) The case when B is in M; and separates the even vertices in the same way as A is
considered in Case (E).

Remark 3.5. Now we suppose that there is no such column in M, as in (E). Hence every column
in M, separates the odd vertices as A does. Therefore B is in M,,.

(F) The case when A or B separates the odd vertices in the way (s, k—s), where 2 < s < k—2,
is considered in Case (F).

(G) If neither A nor any B from M, separates the odd vertices in the way (s, k — s), where
2 < s < k — 2, then every column that separates the odd vertices separates them in the way
(1,k — 1)%. Then, it follows from Corollary 2.5 that if k = n — 2 then there are two columns in
M, that separate the even and the odd vertices in different ways, which is case (D). Therefore
we can assume that k& < n — 3. This case is considered in Case (G).

Remark 3.6. For the remaining cases (H) — (.J) we assume that every column in M, separates
the even and the odd vertices in the way (1,5 — 1). The case when there is a column in M,
which separates all vertices in F in the way (2,2k —2) was considered in (C). Therefore we can
assume that every column in M, separates the vertices in F in the way (k, k). If M; is empty, or
equivalently, M = M, then according to Lemma 2.1, there exist two columns in M that separate

ZRecall that we are assuming that no two columns that separate both the even and the odd vertices in two different ways
exist.
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the even and the odd vertices in different ways, which is impossible according to Remark 3.4.
Hence, we can assume that M is non-empty and therefore, without loss of generality, we can
assume that M, is non-empty.

(H) Suppose that there exists a column A in M, such that A separates the odd vertices in the
way (s, k—s), where 2 < s < k —2.The case when there exists a column in M, which separates
the even vertices in the way (r, k — r), where 2 < r < k — 2, is considered in Case (H).

Remark 3.7. Suppose now that every column which separates the odd vertices in F separates
them in the way (1,%k — 1) and since, according to our previous assumption M, is non-empty,
we can fix a column A from M,. Notice that if & = n — 2 then it follows from Corollary 2.5
that there are two columns in M, that separate the even and the odd vertices in different ways,
which is impossible according to Remark 3.4. Therefore in the remaining Cases (I) and (J) we
can assume that £ < n — 3 and that there are no two columns in M, that separate the even and
the odd vertices in different ways.

(D) The case when there is a column B which separates only the even vertices is considered
in Case (I).

(J) The case when there is a column B which separates the even vertices and separates the
odd vertices in a different way than A is considered in Case (J).

Clearly, the above cases exhaust all possibilities that need to be considered in order to prove
(L)

Now in each of the Cases (A) — (J) we are going to construct a Hamiltonian cycle for Q,, — F.
Case (A) There is a column A in M; which separates the vertices in F in the way (1, 2k —1).
Use A to split the hypercube. Without loss of generality we can assume that there are k even
and k£ — 1 odd deleted vertices in the top plate and one odd vertex in the bottom plate. Use
(CG) forn — 1 and k — 1 to find a Hamiltonian cycle for the top plate that contains one of the
deleted odd vertices. Then delete that odd vertex from the cycle and connect the resulting path
to the bottom plate with two edges that we call bridges. Then use (CG) for n — 1 and 0 to find a
Hamiltonian path for the bottom plate that connects the end vertices of the bridges and does not
contain the deleted odd vertex. The result is the desired Hamiltonian cycle.

Case (B) There exists a column A in M; which separates the vertices in F in the way (2, 2k —
2).

Without loss of generality we can assume that A belongs to M,. Thus, if we split Q,, using
A, there will be two odd vertices in one of the plates, say the top plate, and 2k — 2 deleted
vertices in the bottom plate. Since there are at least five deleted even vertices in the bottom plate,
there are two, say e; and ey, that are at distance at least four. Use (L) forn — 1 and k — 2 to
find a Hamiltonian cycle ~ for the bottom plate that contains e; and e, and avoids all the other
k — 2 pairs of deleted even and odd vertices. Delete e; and e; from . In that way we obtain a
2—path covering for the bottom plate that does not contain any of the deleted vertices. Connect
the end vertices of both paths with bridges to the top plate. Use [5, Lemma 4.3] to find a 2—path
covering of the top plate that avoids the two deleted odd vertices, each path connects two end
vertices of two of the bridges, and such that these two paths together with the bridges and the
other two paths form the desired Hamiltonian cycle.

Case (C) There exists a column A in M, which separates the odd vertices in the way (s, k—s),
the even vertices in the way (s, k — s), and all vertices in F in the way (2s,2k — 2s), where
1<s<k-1

Without loss of generality we can assume that s < k — s. Since k > 5, s and k — s cannot
be simultaneously equal to £ — 1. It follows from our hypothesis that if we split the hypercube
using A, there willbe k — s < k — 1 < (n — 1) — 2 pairs of deleted even and odd vertices in
one of the plates and s < k —2 < (n—2) — 2 = (n — 1) — 3 pairs of deleted even and odd
vertices in the other plate. Use (L) for n — 1 and k& — s to find a Hamiltonian cycle for the plate
that contains 2k — 2s deleted vertices which avoids all the deleted vertices. Cut that cycle at an
edge whose end vertices are not neighbors of any of the deleted vertices on the other plate. Such
edge exists since the length of the Hamiltonian cycle is 2" ~! — 2(k — s) > 4s and there are only
2s deleted vertices on the other plate. Connect the ends of the resulting path with bridges with
the other plate. Use (7) for n — 1 and s to find a Hamiltonian path for the plate that contains
s < (n — 1) — 3 deleted pairs of vertices which connects the end vertices of both bridges and
avoids all deleted vertices. The result is the desired Hamiltonian cycle.
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Note 1. For the remaining cases Remark 3.3 applies.

Remark 3.8. For easier explanation, for a hypercube K, we use the following terminology: if
there are s deleted even and ¢ deleted odd vertices in K then |s — ¢| is called charge of K; when
s —t > 0 we say that K has a positive charge; when s —t < 0 we say that K has a negative
charge; and when s — t = 0 we say that K is neutral.

Case (D) There exist two columns A and B in M, that separate the odd and the even vertices
in different ways.

We split the hypercube using A and B into the four plates Q%°, 9%, Q!0 and Q!!. Then there
will be deleted even (odd) vertices in at least three of the plates, hence the maximal number of
deleted even or odd vertices in a given plate could be at most k& — 2. Also, there will be deleted
even and odd vertices in at least two of the plates, hence there will be at least two pairs of even
and odd vertices such that each one is contained in one of the four plates.

If there exist two plates at distance one which union is a neutral hypercube then that case was
considered in (C). Therefore, without loss of generality, we can make the following assumption:

Assumption. Every hypercube, which is the union of two of the four plates which are at
distance one, is not neutral.

It follows from Assumption that there exists at least one plate K; with a positive charge and
at least one plate K, with a negative charge. Let the charge of K be s > 0 and the charge of K,
be ¢t > 0. We denote by ¢;; the maximal number of pairs of deleted even and odd vertices that
can be formed in the plate Q.

We consider two subcases: (D)(1) The plates Ky and K, are at distance two; and (D)(2) K3
and K, are at distance one from each other.

(D)(1) K; and K, are at distance two.

Without loss of generality we can assume that K1 = Q% and K, = Q!'. Then, up to
symmetry and up to interchanging positive and negative charge, there are four different sub-
cases: (D)(1)(a) Q% and Q! are neutral; (D)(1)(b) Q!° has a negative charge and QO is neutral;
(D)(1)(c) Q% and Q! have negative charges; and (D)(1)(d) Q% has a positive charge and Q!°
has a negative charge.

(D)(1)(a) Q% and Q¥ are neutral.

Since there are even (odd) deleted vertices in at least three of the four plates, we have s =
t<k—2,g14+t<k—1,qgo+s<k—2,qo+s<k—1landqg+t<k-—2.

Take a model path p in Q?Ll which begins with an even vertex eg; = wug; and following p
make s — 1 short cycles of the type

eor — 0pp — (€,0)10 = e11 — (0, € )or.

We denote the resulting path by ~g, its end vertex by ag; and let the odd neighbor of ag; in Q?lo
be vgp. We extend the constructed path so far with the edge (ao1, voo).

The total number of the constructed short cycles is s — 1 < k — 3, hence the length of y is
enough for that construction.

Let v}y, be any unused and undeleted odd vertex in Q% different from vg whose even neigh-
bor u1g in QI is neither a deleted nor used vertex. There are goo + s deleted or used even and
qoo + s — 1 deleted or used odd vertices in Q%. Since goo +s— 1 < k-3 < (n —2) — 3, it
follows from (CG) that there exists a Hamiltonian path ~; for Q% minus all deleted and used
vertices which connects vgo to v(y,.

To continue we need to construct paths v, and 74 in Q!0 and Q% respectively. For that end
we consider two subcases: (D)(1)(a)(i) there exists a deleted even vertex in QL!, hence ¢1; > 0;
and (D)(1)(a)(ii) there are no deleted even vertices in Q1!, hence ¢;; = 0.

D)YD)(@)([) g1 > 0.

Inthiscase we have s =t < k —3 and go; + q11 +t < k — 1, hence qo; + ¢t < k — 2. Notice
alsothat g1 +q11 +t < k—1,hence qio +t < k — 2.

There are g0 + s — 1 = g0 +t — 1 even and odd used or deleted vertices in Q}lo (u1g is not
counted). Let vig be any unused and undeleted odd vertex in QI° whose even neighbor u;; in
Q}ll is neither a deleted nor used vertex. Since g1+t —1 < k—3 < (n—2) — 3, it follows from
(T) that there exists a Hamiltonian path 7, for Q! minus all deleted and used vertices which
connects ug to vig.
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There are go; + s — 1 = g1 + ¢t — 1 deleted or used even and odd vertices in Q?Ll (up is not
counted). Let vo; be any unused and undeleted odd vertex in Q%! which even neighbor u/; in Q!
is different from u;1 and is neither a deleted nor used vertex. Since gy +t—1 < k—3 < (n—2)-3,
it follows from (7') that there exists a Hamiltonian path ~,; for Q%! minus all deleted and used
vertices which connects vg; to ug;.

(D)(D)(a)(ii) g1 = 0.

There are qio + s — 1 = qi0 +t — 1 even and odd used or deleted vertices in Q}IO (u1g 18
not counted). Since gi9+s—1 < k—2 < (n—2)— 2, it follows from (L) that there exists a
Hamiltonian cycle 7/ for Q!° minus all deleted or used vertices. This cycle contains uyg. Let v1g
be an odd neighbor of u1q in 7. Since g;; = 0, the even neighbor u; of vy in Q1! is neither a
deleted nor used vertex. We denote by 1 the Hamiltonian path for Q' minus all deleted or used
vertices that is defined by 7/ and connects w19 to vig.

There are qo; + s — 1 deleted or used even and odd vertices in Q% (ug; is not counted). Since
go1+s—1<k—2<(n-2)—2,it follows from (L) that there exists a Hamiltonian cycle v"
for Q?Ll minus all deleted or used vertices. This cycle contains wug;. Let vg; be an odd neighbor
of ugy in 7" such that its even neighbor u}, of v in QL! is different from ;. Since q1; = 0,
u} is neither a deleted nor used vertex. We denote by ~4 the Hamiltonian path for Q%' minus all
deleted or used vertices that is defined by ~” and connects vg; to ug;.

Now we continue the construction of a Hamiltonian cycle for Q,, — F for both subcases
(D)(D)(a)(i) and (D)(1)(a)(ii).

There are qi1 + t — 1 deleted or used even and ¢11 + ¢ deleted or used odd vertices in QL.
Since g1 +t— 1 < k—3 < (n—2) — 3, it follows from (CG) that there exists a Hamiltonian
path ~3 for Qi} minus all deleted and used vertices which connects u; to uj;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path g with the path

V1 / V2 3 / Y4
Voo — Vg — U10 — V10 — U1l — Uy — Vo1 — UQ1-

(D)(1)(b) Q!° has a negative charge and Q%' is neutral.

Let the charge of Q1% be p > 0, hence p+¢ = s < k — 2 and s + go1 < k — 1. Notice also
that oo + s < k—2,quo+p+t < k—1and ¢ + p+t < k — 1 since there are even (odd)
deleted vertices in at least three of the four plates.

Take a model path z in Q! which begins with an even vertex e;; = uy; and following p
make p — 1 short cycles of the type

e — (0,€)o1 — 000 — €10 — (0, € )11.

We denote the end vertex of the resulting path by ay;.
Then begin with e;; = a1; and following ;1 make ¢ — 1 short cycles of the type

el — (0, 6)01 — 0pp — (6,0)10 — 6/11.

We denote the end vertex of the resulting path by af;.
Finally, begin with e;; = a; and following ;« make the following path with length four

el — (O, 6)01 — 0pgp — €10-

We denote the resulting path by 7o and its end vertex by up.

The total number of the constructed short cyclesisp— 14+t —1+1=p+t—1<k -3,
hence the length of 4 is enough for that construction.

Thereare gqo; +p—1+t—1+1=¢qo1 +s—1 < k—2even and odd deleted or used vertices
in Q% Since k — 2 < (n — 2) — 2, it follows from (L) that there exists a Hamiltonian cycle
~'" for Q?Ll minus all deleted or used vertices. Let (ug1, vo1) be any edge in 4/ such that the even
neighbor u}; of vo; in QL and the odd neighbor vgy of up; in Q% are neither deleted nor used
vertices. We denote by 3 the Hamiltonian path for Q%' minus all deleted and used vertices that
is defined by 7/ and connects ug1 to vp;.

Let v, be any unused and undeleted odd vertex in Q% different from vgy which even neighbor
Uy in Qilo is neither deleted nor used vertex. There are gy + s used or deleted even and gog +p —
1+t—1+4+1 = goo+s—1 used or deleted odd vertices in QY. Since goo+s—1 < k—3 < (n—2)-3,
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it follows from (C'G) that there exists a Hamiltonian path , for Q% minus all deleted and used
vertices which connects vj, to vgo.

There are qio +p— 1+t —1=¢qo+p+t—2usedordeletedevenand gio +p— 1+t —
1+ 1=qo+p+t—1deleted or used odd vertices in Q0 (u19 and u}, are not counted). Since
qot+p+t—2<(k—1)-2 < (n—2)-3,itfollows from (CG) that there exists a Hamiltonian
path ~; for Q}LO minus all deleted and used vertices which connects u1g to u’lo.

Thereare g1 +p—1+t—1=¢q1+p+t—2deletedorusedevenand q;; +p— 1+t =
q11+p—+t—1 deleted or used odd vertices in Q1. Since g1 +p+t—2 < (k—1)-2 < (n—2)-3,
it follows from (C'G) that there exists a Hamiltonian path 4 for Q1! minus all deleted and used
vertices which connects u}; to uy;.

Finally, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path ~y with the path

" / / 2 73 / Y4
up — U1o — Voo — Vgo — Up1 —> Vo1 — Uy — UL

(D)(1)(c) Q% and Q¥ have negative charges.

Let the charge of Q% be p and the charge of Q!° be . Thenp +t+7r = s < k — 2 and
s+ qi1 <k—1. Noticealsothat gqoo + s < k—2,qio+s < k—1and g1 + s < k — 1 since
there are even (odd) deleted vertices in at least three of the four plates.

Take a model path p in Q%' which begins with an even vertex eg; = ug; and following p
make p — 1 short cycles of the type

€p1 — Opo — (670)10 — (6,0)11 — 661.

We denote the end vertex of the resulting path by ag;.
Then begin with eg; = ag; and following © make r — 1 short cycles of the type

€p1 — Opp — €10 — (0, 6)11 — (0, 61)01.

We denote the end vertex of the resulting path by ay, .
Now begin with eg; = a(, and following ; make ¢ short cycles of the type

eor — oo — (€,0)10 = e11 — (0, € )or.

We denote the end vertex of the resulting path by ag; .
Finally, begin with ey; = a(; and following ; make the following path with length three

€p1 — Opo — €10 — O11-

We denote the end vertex of the resulting path by vy;.

The total number of the constructed short cyclesisp—1+r—1+t=s—2 < k—4, hence
the length of p is enough for that construction.

Thereare qio+p—14+t+r—14+1=qp+s—1<k—2even and odd deleted or used
vertices in Q0. Since k — 2 < (n — 2) — 2, it follows from (L) that there exists a Hamiltonian
cycle 4/ for Q! minus all deleted or used vertices. Let (u19,v19) be any edge in 4/ such that the
even neighbor u; of v1 in QL and the odd neighbor vgg of u1p in Q% are neither deleted nor
used vertices. We denote by v, the Hamiltonian path for Q!° minus all deleted and used vertices
that is defined by +' and connects v1g to u1g.

There are ;1 +p— 1 +t+7—1=q; + s — 2 deleted or used even and odd vertices in Q1.
Since g11+s—2 < (k—1)—2 < (n—2) — 3, it follows from (7') that there exists a Hamiltonian
path ~; for Q}ll minus all deleted and used vertices which connects vi; to uq1.

Let v}, be any unused and undeleted odd vertex in Q% different from vgy which even neighbor
ug; in QO is neither deleted nor used vertex. There are ggo + s used or deleted even and qgo +
p—1+t+r—1+1=qy+s— 1used or deleted odd vertices in Q%. Since goo + 5 — 1 <
k—3 < (n—2) -3, it follows from (CG) that there exists a Hamiltonian path 3 for Q% minus
all deleted and used vertices which connects vy to v{y,.

There are g1 + p — 1 +t+7r —1 = go1 + s — 2 used or deleted even and qo1 +p +t +
r —1 = goy + s — 1 deleted or used odd vertices in Q%' (ug; and ug, are not counted). Since
go1+s—2<(k—1)—2<(n-—2) -3, it follows from (CG) that there exists a Hamiltonian
path 4 for Q?LI minus all deleted and used vertices which connects u61 to uo1.
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Finally, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

ol V2 3 / / V4
V11 — U1l — V19 —> U190 — Voo — Vgg — U] — UQ1-

(D)(1)(d) Q% has a positive charge and Q'Y has a negative charge.

Let the charge of Q%! be p > 0 and the charge of Q'Y be » > 0. Since there are odd vertices
in at least three of the four plates, either in Q% or in Q9! there is a deleted odd vertex. Using
the symmetry of this case, without loss of generality, we can assume that there is an odd deleted
vertex in Q%. Then qo1 +p +qoo + 5 < k — 1, hence go; +p + s < k — 2 and therefore
p+s=t+r < k-—2 Noticealsothat gqpp + p+s < k—1,qo+r+t < k—1 and
g1 +r+t < k—1, since there are even (odd) deleted vertices in at least three of the four plates.

Take a model path z in Q! which begins with an even vertex e;; = uy; and following p
make a total of ¢ +r — 2 = p + s — 2 short cycles of the types

e11 — (0,e)o1 — 0po — €10 — (o, 6’)11;

e1r — o1 — (e,0)00 = €10 = (0,€")11;
€11 — 0p1 — (e, 0)00 — (e, 0)10 — 6’11;
e11 — (O7 6)01 — 000 — (6, 0)10 — 6/11;

such that at the end all plates have charge one. We denote the end vertex of the resulting path by
aiq.
Finally, begin with e;; = a1; and following ;. make the following path with length four

el — (O, 6)01 — 0p0 — €10-

We denote the end vertex of the resulting path by up.

The total number of the constructed short cyclesisp—14+s—14+1=p+s—1<k -3,
hence the length of 4 is enough for that construction.

There are gqoo+p—1+5s=qgoo+p+s—1deletedorusedevenand gyo+p—1+s—1+1=
qoo +p+ s — 1 deleted or used odd vertices in Q%. Since qoo +p+s—1<k—2< (n—2) -2,
it follows from (L) that there exists a Hamiltonian cycle 4/ for Q% minus all deleted or used
vertices. Let (ugo,v0p) be any edge in 4" such that the even neighbor u}, of vy in Q}P and
the odd neighbor wvg; of ugy in Q%' are neither deleted nor used vertices. We denote by 7, the
Hamiltonian path for Q% minus all deleted and used vertices that is defined by +’ and connects
Voo tO uqp-

There are qio+r—1+t—1 = qi9o+r+t— 2 used or deleted even and q19 +r +t — 1 deleted
or used odd vertices in Q% (u1g and u}, are not counted). Since qio+r+t—-2< (k—1)—-2<
(n — 2) — 3, it follows from (CG) that there exists a Hamiltonian path v; for Q!° minus all
deleted and used vertices which connects u1g to uf.

Let v61 be any unused and undeleted odd vertex in Q%l different from vgy; such that its even
neighbor v/, in Q! is neither a deleted nor used vertex. There are go; +p+s—1+1 = go1 +p+s
deleted orused evenand g1 +p—1+s— 1+ 1= qo1 +p+ s — 1 deleted or used odd vertices
in Q% Since go1 +p+s—1< (k—2)—1 < (n—2) -3, it follows from (CG) that there exists
a Hamiltonian path ~3 for Q?} minus all deleted and used vertices which connects vo; to v);.

There are g;1 +t—1+7r—1 = qq; +t+r — 2 deleted or used even and ¢;; +t+r — 1 deleted
or used odd vertices in Ql!. Since g1y +t+7r —2 < (k—1) —2 < (n —2) — 3, it follows from
(CG) that there exists a Hamiltonian path 4 for Q1! minus all deleted or used vertices which
connects uj; to u1;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

V1 / 72 V3 / / Y4
U — Urg — Voo — U0 — Vo1 — Vg1 — Uy — U11-

(D)(2) K; and K, are at distance one.
Without loss of generality we can assume that K1 = Q% and K, = Q9. Then, up to
symmetry and up to interchanging positive and negative charge, there are six different cases: (a)
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Q!9 and Q!! are neutral; (b) Q! is neutral and Q!! has a negative charge; (c) Q'Y has a negative
charge and Q!! is neutral; (d) Q!° and Q! have negative charges; (¢) Q!° has a negative charge
and Q!! has a positive charge; and (f) Q!° has a positive charge and Q! has a negative charge.

(D)(2)(a) Q!0 and Q!! are neutral.

According to Assumption we do not need to consider this case.

(D)(2)(b) Q1 is neutral and Q!! has a negative charge.

This case is equivalent to case (D)(1)(b).

(D)(2)(c) O has a negative charge and Q!! is neutral.

Let the charge of Q% be p > 0, hence p+t = s < k —2and s + ¢;; < k — 1. Notice also
that oo + s < k—2,quo+p+t < k—1land gy + p+t < k — 1 since there are even (odd)
deleted vertices in at least three of the four plates.

Take a model path p in Q%' which begins with an even vertex eg; = uo; and following p
make ¢ — 1 short cycles of the type

egr — 0gg — (6,0)10 — (6,0)11 — 661-

We denote the end vertex of the resulting path by ag;.
Then begin with eg; = a¢; and following 1 make p — 1 short cycles of the type

€p1 — Opp — €10 — (0, 6)11 — (0, 6’)01.

We denote the end vertex of the resulting path by a, .
Finally, begin with ep; = ag, and following ;« make the following path with length three

€p1 — Opp — €10 — O11-

We denote the end vertex of the resulting path by v;.

The total number of the constructed short cyclesist —1+p—1=1t+4+p—2 < k — 4, hence
the length of p is enough for that construction.

There are gio+p—1+t—1+1=qgo+p+t—1<k—2even and odd deleted or used
vertices in Q0. Since k — 2 < (n — 2) — 2, it follows from (L) that there exists a Hamiltonian
cycle v’ for QI minus all deleted or used vertices. Let (ug9,v19) be any edge in 7' such that the
even neighbor u1; of v1 in QL and the odd neighbor vgg of u1g in Q% are neither deleted nor
used vertices. We denote by ~y, the Hamiltonian path for Q!° minus all deleted and used vertices
that is defined by 4" and connects v1g to u1g.

There are g1y +p— 1+t —1 = qi1 + p+t — 2 deleted or used even and odd vertices in
Ol Since gy +p+t—2<(k—1)—2< (n—2) -3, it follows from (7 that there exists a
Hamiltonian path ~; for Q}ll minus all deleted and used vertices which connects v to uij.

Let v}, be any unused and undeleted odd vertex in Q% different from vy which even neighbor
ug; in Q?Ll is neither deleted nor used vertex. There are ggo + s used or deleted even and ggp + p —
1+t—1+1 = goo+s—1 used or deleted odd vertices in Q. Since goo+s—1 < k—3 < (n—2)-3,
it follows from (C'G) that there exists a Hamiltonian path ~3 for Q% minus all deleted and used
vertices which connects vgy to v(y,.

Thereare go; +p— 1+t —1=¢qpy +p+t—2used ordeletedevenand go; + p— 1 +1¢ —
1+ 1=gqo +p+t— 1deleted or used odd vertices in Q%' (up; and ug; are not counted). Since
qo1+p+t—2<(k—1)—2 < (n—2)-3,itfollows from (C'G) that there exists a Hamiltonian
path 4 for Q?LI minus all deleted and used vertices which connects v, to uo;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

V1 V2 73 / / 4
V11 — U1l — V19 —> U109 — Voo — Vg — Uy — UOL-

(D)(2)(d) Q! and Q!! have negative charges.

This case is equivalent to case (D)(1)(c).

(D)(2)(e) Q¥ has a negative charge and Q! has a positive charge.

Let the charge of Q!° be p > 0 and the charge of Q! be » > 0. Since there are odd vertices
in at least three of the four plates, either in Q% or in Q!! there is a deleted odd vertex. Using
the symmetry of this case, without loss of generality, we can assume that there is an odd deleted
vertex in Q%. Then gy + s+ qi1 +7 < k — 1, hence q11 + s + r < k — 2 and therefore
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r+s=t+p < k—2. Noticealsothat goo +s+r < k— 1, qqo+t+p < k — 1 and
qo1 +t+p < k — 1, since there are even (odd) deleted vertices in at least three of the four plates.

Take a model path p in Q?Ll which begins with an even vertex eyp; = ug; and following p
make a total of t + p — 2 = r + s — 2 short cycles of the types

eg1 — (0, 6)00 — (0, 6)10 — 011 — 661;

€01 — 0pp —7 €10 —7 (0, 6)11 — (0,6")01;
eo1 — 000 — (€,0)10 = (€,0)11 — €gy;
(6,0)01 — (6, O)OO — €10 — 011 — 661;

such that at the end all plates to have charge one. We denote the end vertex of the resulting path
by ag; and let its odd neighbor in Q% be vgo. We extend the constructed path so far with the edge
(ao1,v00).

The total number of the constructed short cyclesisr —14+s—1=r+4s—2 <k —4, hence
the length of p is enough for that construction.

Let v}, be any unused and undeleted odd vertex in Q% different from vy whose even neigh-
bor ujg in Q;O is neither a deleted nor used vertex. There are ggg + s + r — 1 deleted or used even
and qoo +s+7 —2 deleted or used odd vertices in Q%. Since gog+s+7r—-2 < k-3 < (n—2)-3,
it follows from (C'G) that there exists a Hamiltonian path ; for Q% minus all deleted and used
vertices which connects vgg to vy,

Let u/, be any unused and undeleted odd vertex in Q!0 different from w9 whose odd neighbor
V11 In Qi} is neither a deleted nor used vertex. There are g0 + p + ¢t — 2 deleted or used even and
qio +p -+t — 1 deleted or used odd vertices in Q1°. Since g9 +p+t—-2<k—-3 < (n—2)-3,
it follows from (C'G) that there exists a Hamiltonian path +, for Q! minus all deleted and used
vertices which connects w19 to uj,.

Let v}, be any unused and undeleted odd vertex in Q!! different from vy; whose even neigh-
bor “61 in le is neither a deleted nor used vertex. There are q;; + s+ r — 1 deleted or used even
and q11 +s-+r—2 deleted or used odd vertices in Q1. Since g1 +s+r—-2 < k-3 < (n—2)-3,
it follows from (C'G) that there exists a Hamiltonian path ~3 for Q1! minus all deleted and used
vertices which connects v1; to v{;.

There are gy, +p+t — 2 deleted or used even and qy; + p+¢ — 1 deleted or used odd vertices
in Q% Since g1 +p+t—2 < k-3 < (n—2) -3, it follows from (CG) that there exists a
Hamiltonian path 4 for Q!° minus all deleted and used vertices which connects uf); to ug;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

m / 72 / 3 ! r s
Voo — Voo — U — U1 — V11 — V11 — Up — Up1-

(D)(2)(f) QI has a positive charge and Q!! has a negative charge.

This case is equivalent to case (D)(1)(d).

Note 2. For the remaining cases Remark 3.4 applies.

Case (E) There exists a column A in M, which separates the deleted even vertices in the way
(r,k —r), where 2 < r < k — 2, and another column B in M, which separates the deleted odd
vertices in different way than A and the deleted even vertices in the same way as A.

We split the hypercube using A and B. Without loss of generality, we can assume that the
deleted vertices are distributed as follows:

{vi,..., 0.} C Q?LO, {ut, .. U, Vg1, .., U5 C Q%O, {Vs41,-- 0} C Qibl,and
{Ut+17~"7vk7ur+17"~auk‘}C Q('r)Ll’

where2 <r<k—-2,0<p<k—-2,1<s<k-—1,and2 <t <k, since there are odd vertices
in at least three of the hypercubes.

If r < s —p <t then necessarily k —r > k — t. If r > s — p then there are two possibilities:
k—r<k—tork—r>k—t. Sincethecasesr < s—p,k—r>k—tandr >s—p, k—r < k—t
are symmetric, there are only two subcases to consider: (E)(1)2 <r < s—p < k—2;and (E)(2)
s—p<r<k—2and0<k—t<k—-r<k-2

BEMD2<r<s—-p<k-2
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Take a model path 1 in Q9! which begins with an odd vertex og; = vo;.

We know that there are odd vertices in at least three of the hypercubes and since s — p > 2,
we conclude that there are odd vertices in QY. Hence there are three possibilities: (E)(1)(a)
t—s>1landk—¢t>1;(E)1)b)t—s>1andp > 1;and (E)(1)(c) k—t > 1and p > 1. Since
case (E)(1)(c) is symmetric to case (E)(1)(a), we consider only cases (E)(1)(a) and (E)(1)(b).

To construct a Hamiltonian cycle for Q,, — F in each one of these cases we proceed as follows.

E)X)@a)t—s>1andk—t > 1.

Inthiscase3 <s+1<¢t<k-—1.

Begin with oy; = vy and following p make s — p — r short cycles of the type

op1 — (6,0)00 — €10 — (0, 6)11 — 061.

We denote the end vertex of the resulting path by ag, .
Now begin with 0y, = a;, and following ;2 make p cycles of the type

001 — eoo — (0,€)10 = (0,€)11 = 0p;-

We denote the end vertex of the resulting path by ag; .
Finally, begin with og; = ag, and following 1 make t — s — 1 cycles of the type

op1 — (6,0)00 — (6,0)10 — e11 — 061.
We denote the end vertex of the resulting path by ag; .

Let the neighbor of ;] in Q% be ugy. We extend the constructed path with the edge (agy,uoo)-

The total number of the constructed shortcyclesis s—p—r+p+t—s—1=t—r—1< k-3,
hence the length of 1 is enough for that construction.

There are s—p—r+p+r+t—s—1 =t—1used or deleted even and s—p+p+t—s—1=1t—1
odd used or deleted vertices in Q0. Since t — 1 < (k—1) —1 < (n—2) —2, it follows from (L)
that there exists a Hamiltonian cycle 4/ for Q% minus all deleted or used vertices. Let (w19, v10)
be any edge in 4/ such that the even neighbor wu;; of vyp in Qi} and the odd neighbor vgy of
u1p in QY are neither deleted nor used vertices. Such edge exists since there are only p deleted
odd vertices in Q% that could be neighbors of u1y and should be avoided. We denote by ~, the
Hamiltonian path for Q% minus all deleted or used vertices that is defined by 4" and connects
u1g O v1g-

Thereare s —p—r+p+t—s—1=t—r— 1evenand odd deleted or used vertices in Q%
(ugo is not counted). Since t —r — 1 < (k—1) —2—1 < (n—2) — 4, it follows from (T') that
there exists a Hamiltonian path y; for Q% minus all deleted or used vertices which connects g
to vgg.

There are s—p—r+p+t—s—1 =t—r—1usedeven and s—p—r—+p+t—s = t—r odd deleted
or used vertices in Q!'. Let u{; be any unused even vertex in Q!! such that its odd neighbor v},
in Q% is neither a deleted nor used vertex. Sincet —7r —1 < (k—1)-2—-1< (n—2) —4,
it follows from (CG) that there exists a Hamiltonian path 3 for Q!! minus all deleted or used
vertices which connects w1y to uj;.

There are k — r deletedevenand s —p —r+p+t—s—1+k—t =k —r — 1 deleted or
used odd vertices in Q%!. Since k — 7 — 1 <k —2—1 < (n —2) — 3, it follows from (CG) that
there exists a Hamiltonian path 4 for Q%! minus all deleted or used vertices which connects vj;
to vo1.-

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

Uoo l) Voo — U10 l) V10 — U1 l) u’n — 1261 i) 01 -
E)YD)Db)t—s>Tandp > 1.
In this case t = k.
Begin with op; = vp; and following p make s — p — r short cycles of the type

001 — (€,0)00 = €10 = (0,€)11 — 04

We denote the end vertex of the resulting path by ag, .
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Now begin with 0g; = ay,; and following ; make p — 1 cycles of the type
op1 — €00 — (0,6)10 — (0,6)11 — 061.

We denote the end vertex of the resulting path by ag); .
Finally, begin with og; = ag; and following 1 make t — s — 1 cycles of the type

o001 — (€,0)00 — (€,0)10 = €11 — 0p.

We denote the end vertex of the resulting path by ag;. Following n we extend the constructed

path with the path
0,6/1/ — (6, 0)()() — €10.
We denote the end vertex of the resulting path by ug.

The total number of the constructed short cyclesis s—p—r+p—14+t—s—1 =t—r—-2 < k—4,
hence the length of 1 is enough for that construction.

There are s—p—r+p—1+r+t—s—1 = t—2 used or deleted even and s—p+p—1+t—s—1 =
t —2 odd used or deleted vertices in Q0. Since t —2 < k—2 < (n—2) — 2, it follows from (L)
that there exists a Hamiltonian cycle 7/ for Q!° minus all deleted or used vertices. This cycle
contains the vertex ujp. Let v1g be a vertex which is a neighbor of ujg in 4'. Clearly, the even
neighbor u1; of vy in Qi} is neither a deleted nor used vertex. We denote by ~; the Hamiltonian
path for Q!° minus all deleted or used vertices that is defined by v’ and connects w1 to v1g.

There are s—p—r+p—1+t—s—1 =t—r—2usedevenand s—p—r+p—1+t—s=t—r—1
odd deleted or used vertices in Q!!. Let u}, be any unused even vertex in Q! such that its odd
neighbor vf; in Q%! is neither a deleted nor used vertex. Clearly, the even neighbor ugg of v);
in Q% is also neither a deleted nor used vertex. Sincet —7r -2 <k —-2-2 < (n—2) —4,
it follows from (CG) that there exists a Hamiltonian path v, for Q!! minus all deleted or used
vertices which connects u1; to uj;.

Thereare s —p—r+p—1+t—s—1=t—r—2evenands—p—r+t—s—14+p=
t —r — 1 odd deleted or used vertices in Q% (ugg is not counted). Let ug, be any unused even
vertex in Q% such that its odd neighbor v, in Q% is neither a deleted nor used vertex. Since
t—r—2<k—-2-2<(n-2)—4,itfollows from (CG) that there exists a Hamiltonian path
~3 for Q%O minus all deleted or used vertices that connects ug to .

There are k —r deleted evenand s—p—r+p—1+t—s—14+1+k—t =k —r—1deleted
or used odd vertices in Q%'. Since k —r — 1 < k-2 —1 < (n —2) — 3, it follows from (CG)
that there exists a Hamiltonian path 4 for Q%' minus all deleted or used vertices which connects
’U(l)/l to vo1 .-

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

1 72 / / V3 / no 4
U — V10 — U1l — Uy — Yy — U0 — Ugg — Vg1 — Vo1-

E2Q)s—p<r<k—-2and0<k—-t<k—-r<k-2.

Since there are odd vertices in at least three of the hypercubes and because of the symmetry,
without loss of generality, we can assume that p > 1. Again thanks to the symmetrical situation
we can also assume that p > t —sandr — (s —p) < k—r — (k —t). Since p+ (t — 5) =
(r—(G-p)+k—-—r—(k—1t),eithert —s <r—(s—p) <k—-r—(k—t) <por
r—(s—p)<t—s<p<k-—r—(k—t). Since both cases are symmetrical, we consider only
the case

t—s<r—(s—p)<k—-r—(k—1t)<p.

There are two possibilities: (E)(2)(a)p >t — s > 1;and (E)(2)(b)p > 2and ¢t — s = 0.

E@p=>t—s=>1

Either ¢t < k or s — p > 0. Since both cases are symmetrical we consider below only the case
s—p>0,hence k — (s —p) —2 <k —3.

Begin with og; = vp; and following p make ¢t — r — 1 short cycles of the type

op1 — epo — (0,€)10 = (07 e — 061-

We denote the end vertex of the resulting path by ag, .
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Now begin with og; = a;, and following ;» make t — s — 1 cycles of the type
(O, 6)01 — (07 6)00 — 010 — €11 — 061.

We denote the end vertex of the resulting path by ag); .
Finally, begin with og; = ag; and following 1 make p — ¢ + r cycles of the type

0p1 — €oo — 010 — (e, 0)11 — (e, 0/)01.

We denote the end vertex of the resulting path by aj;. Let the neighbor of afy in Q% be ugy. We

extend the constructed path with the edge (ay;, uoo).

The total number of the constructed short cyclesist —r —1+t—s—1+p—t+r =
t — (s — p) — 2. Since there are odd vertices in at least three hypercubes, either t < k or s > p,
hence t — (s — p) — 2 < k — 3 and therefore the length of 1 is enough for that construction.

Therearet—r—14+r=t—1levenandt—r—14+t—s—1+p—t+r+s—p=1t—2used
or deleted odd vertices in Q. Also, thereare k — 7+t —s—1+p—t+r=k—(s—p) —1
deleted orusedevenand k —t+t—r—1+t—s—1+p—t+r=4k—(s—p)—2deleted or
used odd vertices in Q0.

We fix one deleted vertex v in Q!°. Since t —2 < k —2 < (n — 2) — 2, it follows from
(L) that there exists a Hamiltonian cycle v/ for QY minus all deleted or used vertices except u.
This cycle contains . Let v19 and v}, be the neighbors of u in . Clearly, the even neighbor u1;
of v, in Qill and wy, of vip in Q%O are neither deleted nor used vertices. We denote by -, the
Hamiltonian path for Q'Y minus all deleted or used vertices that is defined by v/ and connects v1g
to v}, Let u}; be any unused even vertex in Q!! such that its odd neighbor v}, in Q% is neither
deleted nor used vertex. Since k — (s — p) — 2 < k — 3, it follows from (CG) that there exists a
Hamiltonian path 4 for Q%' minus all deleted or used vertices which connects v}, to vo;.

Thereare t—r—14+t—s—1+p—t+r=t—(s—p)—2evenandt—s—1+p=t—(s—p)—1
odd deleted or used vertices in Q% (ug is not counted). Since t—(s—p)—2 < k-3 < (n—2)-3,
it follows from (CG) that there exists a Hamiltonian path +; for Q% minus all deleted or used
vertices which connects ugo to wy,.

Thereare t—r—1+¢t—s—1+p—t+r =t—(s—p)—2usedevenand t—r— 1 +p—t+r+t—s =
t — (s — p) — 1 odd deleted or used vertices in Q!!. Since t — (s —p) —2 < k-3 < (n—2) -3,
it follows from (CG) that there exists a Hamiltonian path ~; for QL' minus all deleted or used
vertices which connects u1; to uj;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

1 / "2 / 3 / / V4
Upp — Upo — V19 — V1o — U] — U1 — Vo1 — V01

(E)2)b)p>2andt—s=0.
Thent < kands—p>0,hencet —1<k—2andk—(s—p) —2<k—3.
Begin with og; = vp; and following p make ¢ — r — 1 short cycles of the type

001 — ego — (0,€)10 = (0,€)11 — 0py.-

We denote the end vertex of the resulting path by a, .
Finally, begin with op; = a(,; and following p make  — (s — p) — 1 cycles of the type

0p1 — €po — 010 — (6, 0)11 — (e, O/)()l.

We denote the end vertex of the resulting path by a);. Let the neighbor of ag; in Q% be ego, the
neighbor of egg in Q1Y be 019, and the neighbor of 019 in Q1! be u1;. We extend the constructed
path with the path

126/1 — €gp — 010 — U11-

The total number of the constructed short cyclesist—r—1+r—(s—p)—1=t—s+p—2 =
p—2<(k—2)—2=k— 4, hence the length of y is enough for that construction.

Thereare t—r—1+4+r = t—1used or deletedevenand t —r—1+r—s+p—1+s—p+1=1t—1
used or deleted odd vertices in Q0. Since t — 1 < k —2 < (n — 2) — 2, it follows from (L)
that there exists a Hamiltonian cycle +' for Q!¢ minus all deleted or used vertices. Let u1o and
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v1p be two neighbors in /. Clearly, the even neighbor v1; of u1g in Q1! and ugg of v1p in Q¥
are neither deleted nor used vertices. We denote by vy, the Hamiltonian path for Q!° minus all
deleted or used vertices that is defined by +' and connects w3 to v1.

Therearet —r—14+r—s+p—1=t—s+p—2=p—2used even and odd deleted or
used vertices in Q1. Since p — 2 < k —4 < (n — 2) — 4, it follows from (7') that there exists a
Hamiltonian path ~; for Q1! minus all deleted or used vertices which connects w1 to v1;.

Therearet —r —1+r—s+p—1=t—s+p—2=p—2evenandt—s—1+4+p =
t—s+p—1=p—1o0dd deleted or used vertices in Q% (ugp is not counted). Let uf, be any
unused even vertex in Q% such that its odd neighbor v}, in Q% is neither deleted nor used vertex.
Sincep—2 < k—2-2 < (n—2)— 4, it follows from (CG) that there exists a Hamiltonian
path 3 for Q?LO minus all deleted or used vertices which connects ugg to uy,.

Also, there are k—r+7r—s+p—1=k—(s—p)—1 deleted orused even and k —t +t—r—1+
r—s+p—1=k—(s—p)—2deleted or used odd vertices in Q%!. Since k— (s —p) -2 < k-3,
it follows from (C'G) that there exists a Hamiltonian path 4 for Q9! minus all deleted or used
vertices which connects vj; to vo;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

71 Y2 73 / / T4
Ul —> V11 — U190 — Vg — Upo — Ugy — Vp; — Vol1-

Note 3. For the remaining cases Remark 3.5 applies.

Case (F) There exists a column A in M, which separates the even vertices in the way (r, k —
r), where 2 < r < k — 2, and a column B in M, which separates the odd vertices in a different
way than A. Also, either A or B separates the odd vertices in the way (s, k — s), where 2 < s <
k—2.

If B separates the deleted odd vertices in the way (1,k — 1) and all deleted vertices in the
way (1,2k — 1) then that would be case (B). If B separates the deleted odd vertices in the way
(2,k — 2) and all deleted vertices in the way (2,2k — 2) then that would be case (C'). Therefore
we assume that B separates the deleted odd vertices in the way (s, k — s) and all deleted vertices
in the way (s,2k — s), where 3 < s <k — 1.

We split the hypercube using A and B. Without loss of generality, we can assume that the
deleted vertices are distributed as follows:

{v1, .., v} CO® {1, ooy Uk, Upi1y - ug ) C Q%l,ll{'l]p+1,...,’l]s} C Q19 and
{u1, .. Up,Vss1,. .., 00} C Q)

where2 <r <k—-2,0<p<k—-2,3<s<k-—1,and2 <t <k, since there are odd vertices
in at least three of the hypercubes. Also, either k —r > k — t or r > ¢ — s since in at least one
of the hypercubes Q% or Q!0 there is an odd vertex. Without loss of generality, we assume that
k —r > k —t. Finally, it follows from our assumptions that A and B separate the odd vertices in
such a way that either k — s >2or2 <t—p <k —2.

We consider two cases.

E(D)r <t-—s.

There are two subcases to consider.

(F)(1)(a) t < k — 1, hence there is at least one odd vertex in Q9.

(F)(1)(a)(i) There is an odd vertex in Q%, hence p > 1.

Take a model path  in Q?LI which begins with an odd vertex og; = vp; and following y make
p — 1 short cycles of the type

op1 — €00 — (0,6)10 — (0, 6)11 — 061.

We denote the end vertex of the resulting path by ag, .
Now begin with 0g; = a;, and following ;1 make s — p cycles of the type

0p1 — (670)00 — €19 — (076)11 - 061'

We denote the end vertex of the resulting path by ag; .
Finally, begin with 0o = ag; and following ;» make ¢t — s — r cycles of the type

0p1 — (670)00 — (6,0)10 — e11 — 061.
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We denote the end vertex of the resulting path by afj;. Let the neighbor of afj; in Q% be ugy. We
extend the constructed path with the edge (ag;, uoo)-

The total number of the constructed shortcyclesisp—1+s—p+t—s—r=t—r—1< k-3,
hence the length of 4 is enough for that construction.

There are p— 1 +s—p+t—s—r—+r = t—1 deleted or used even and p— 1 4+s—p+t—s =t—1
used or deleted odd vertices in QL. Since t — 1 <k —1—1 < (n —2) — 2, it follows from (L)
that there exists a Hamiltonian cycle ~ for Q}ll minus all deleted or used vertices. Let u1; and
v11 be two neighbors in 4/ such that the odd neighbor v}, of u;; in Q%' is different from vo; and
is neither deleted nor used vertex. Clearly, the even neighbor wy of v1; in Q}lo is also neither
deleted nor used vertex. We denote by 73 the Hamiltonian path for Q1! minus all deleted or used
vertices that is defined by 7/ and connects v11 to u1;.

Let uy, be neither deleted nor used vertex in Q?P different from wugg, whose neighbor v
in Q¥ is neither deleted nor used vertex. Thereare p — 1 +s —p+t—s—r =t —7r— 1
used even and p +s —p+t —s —r = t — r deleted or used odd vertices in Q%. Since
t—r—1<k—1-3<(n—2)—4,itfollows from (CG) that there exists a Hamiltonian path
71 for Q% minus all deleted or used vertices which connects g to .

Thereare p—14+s—p+t—s—r=t—r—1lusedevenandp—1+t—s—r+s—p=t—r—1
deleted or used odd vertices in Q9. Since t —r—1 < k—1-3 < (n—2) —4, it follows from (7")
that there exists a Hamiltonian path -, for Q% minus all deleted or used vertices which connects
V10 tO u1g.

There are k — r deletedevenand p— 1 +s—p+t—s—r+k—t =k —r—1o0dd deleted or
used vertices in Q%! (vo; is not counted). Since k —r — 1 <k —1—3 < (n —2) — 4, it follows
from (CG) that there exists a Hamiltonian path 4 for Q% minus all deleted or used vertices
which connects v, to vp;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F' we extend the previously
constructed path with the path

1 / 2 73 / V4
Upyp — Ugg —> V10 — U10 — V11 — U1l — Vg1 — Vo1-

(F)(1)(a)(ii) There is an odd vertex in !9, hence s — p > 1.

This case is similar to the previous case in (i). To obtain a solution of that case just switch
the roles of Q% and Q! in the above solution. Then in the beginning of the construction make
p cycles of the type

op1 — €00 — (0,6)10 — (0, 6)11 — 0(/)17

instead of p — 1 and then make s — p — 1 cycles of the type
oo1 — (e,0)00 — €10 — (0,€)11 — 0y,

instead of s — p cycles. At the end finish the construction of a Hamiltonian cycle for Q,, — F by
extending the previously constructed path with the path

ol Y2 / 3 / V4
Upy — Voo —> U0 — U9 — V11 — U1l — Vg1 — Vo1-

(F)(1)(b) t = k, hence there are no odd vertices in Q%'

Since there are no odd vertices in Q%!, there must be odd vertices in the other three hyper-
cubes. Also, since 2 < r < k — 2, the difference between deleted even and odd vertices in Q%! is
k—r>2.

Take a model path p in Q% which begins with an even vertex egy = ugp and following p
make ¢ — s — r short cycles of the type

€0 — 001 — €11 — (0, 6)10 - (o, 6/)00~

We denote the end vertex of the resulting path by by,.
Now begin with egy = by, and following 1 make s — p — 1 cycles of the type

eoo — o001 — (€,0)11 — €10 — (0, €")oo.

We denote the end vertex of the resulting path by by,.
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Finally, begin with egy = by, and following ;» make p — 1 cycles of the type

€oo — 0p1 — (6,0)11 — (6,0)10 — 660.

/11 !

We denote the end vertex of the resulting path by b(j5. Let the neighbor of b} in Q%' be vf); and
the neighbor of vy, in Q1! be ui;. We extend the constructed path with the edges (bfy, v ) and
(vgy, u1n)-

The total number of the constructed short cyclesis p—1+s—p—1+t—s—r =t—r—2 < k—4,
hence the length of 4 is enough for that construction.

Therearep —14+s—p—1+t—s—r+r =1t—2 =k — 2 deleted or used even and
p—1l+s—p—1+t—s=1t—-2=k— 2 used or deleted odd vertices in Q!'. Since
k—2 < (n—2) - 2, it follows from (L) that there exists a Hamiltonian cycle ' for Q! minus
all deleted or used vertices. Clearly, ' contains u1;. Let v1; be a neighbor of u1; in 4/. Then
the even neighbor u1g of v1; in Q;O is neither deleted nor used vertex. We denote by ~; the
Hamiltonian path for Q!! minus all deleted or used vertices that is defined by 4" and connects
u11 to v11.

Let (), and o}, be two neighbors in 7 such that the odd neighbor vg; of efy, in Q%! is neither
deleted nor used vertex. Clearly, the even neighbor u}, of ofj, in Q! is also neither deleted nor
used vertex. There are p—1+s—p—1+t—s—r =t—r—2usedevenand p— 1 +t—s—r+s—p =
t —r— 1 deleted or used odd vertices in QI°. Since t —r—2 < k—2 -2 < (n—2) —4, it follows
from (CG) that there exists a Hamiltonian path > for Q!° minus all deleted or used vertices
which connects u1g to uf,.

Let v}, be neither deleted nor used vertex in Q%! different from vg;, whose neighbor u, in
Q% is neither deleted nor used vertex. There are k — r deleted evenand p — 1 +s —p— 1 +1 —
s—r+1+k—t==Fk—r—1o0dd deleted or used vertices in Q% (vg; is not counted). Since
k—r—1<k—-2-1<(n-2)-3,itfollows from (CG) that there exists a Hamiltonian path
73 for Q% minus all deleted or used vertices which connects vy; to v);.

There are p—1+s—p—14+t—s—r+1 =t—r—1usedeven and p+s—p—1+t—s—r+1 =t—r
deleted or used odd vertices in Q%. Since t —r — 1 <k —2 —1 < (n — 2) — 3, it follows from
(CG) that there exists a Hamiltonian path 4 for Q% minus all deleted or used vertices which
connects 1y, to ugp.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

71 72 / /1 /" 73 / / 74
Uil — V11 — U190 —— Urg — Ono — €00 — Vo1 —— Vo1 — ) — Upo.

BE2Q)r>t—s.

Wehave k —r >k —tandr >t —s. Since (t —r) +r — (t — s) = s > 3, we have either
(k—=r)—(k—t)=t—r >2o0rr— (t—s) > 2. Also, since s > 3, we have either p > 2
or s — p > 2. There are two possibilities: either (k —r) — (k—t) =¢—r >2and p > 2 (or
equivalently, r — (¢t — s) > 2 and s — p > 2) or we do not have any of the previous cases and we
have (k—r)—(k—t)=t—r>2andp<1(orr—(t—s)>2and s — p < 1), instead.

Since the cases in each group are symmetric of each other, we consider only the first cases
from each group.

E2)@ (k—r)—(k—t)=t—r>2andp > 2.

For easier explanation of how we balance the plates we assume that (k —r) — (k — ¢) =
t —r >r — (t — s). The other case is similar: the balancing of the plates is slightly different but
the rest of the construction is the same.

There are three possibilities:

B (2)(@)([) t — 7 > max(p, s — p), F)2)(@)([{) s —p < t —r < p, and (F)(2)(a)ii) p <
t—r<s—np.

We consider all cases below.

In case (F)(2)(a)(i) we have t — r > max(p,s —p) > min(p,s —p) >r —t + s.

Take a model path z in Q%' which begins with an odd vertex op; = vo; and following p make
r —t 4 s — 1 short cycles of the type

0p1 — (670)00 — €10 — 011 — (6, O/)Ol-

We denote the end vertex of the resulting path by ag, .
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Now begin with oy = a;, and following ;» make t — p — r cycles of the type
op1 — (6,0)00 — €10 — (0, 6)11 — 061.

We denote the end vertex of the resulting path by ag; .
Then, begin with op; = ag; and following ; make p — 2 cycles of the type

op1 — €00 — (0,6)10 — (0, 6)11 — 061.

"

We denote the end vertex of the resulting path by ay);.

Finally, begin with o1 = ag; and following p, extend the resulting path with the following

path with length four
op1 — €00 — (O7 6)10 — 011-

We denote the end vertex of the resulting path by vy;.
In case (F)(2)(a)(ii) we have
s—p<r—t+s<t—r<np.
In that case, begin with oyp; = vp; and following 1 make s — p — 1 short cycles of the type
001 — (e,0)00 — €10 — 011 — (€,0")o1.

We denote the end vertex of the resulting path by ag,; .
Now begin with 09 = a;, and following ;1 make p + r — ¢ cycles of the type

001 — €gp — (O7 6)10 — 011 — (6, O/)Ol.

We denote the end vertex of the resulting path by ag; .
Then, begin with op; = ag; and following ; make ¢t — r — 2 cycles of the type

op1 — €00 — (0,6)10 — (0,6)11 — 061.

" "

We denote the end vertex of the resulting path by ag;. Let the neighbor of af); in Q% be ugo.
Finally, begin with o1 = ag; and following p, extend the resulting path with the following
path with length four

0op1 — €oo — (07 6)10 — 011-
We denote the end vertex of the resulting path by vy;.
In case (F)(2)(a)(iii) we have
p<r—t+s<t—r<s—p.
In that case, begin with oy, = vg; and following p make p — 2 short cycles of the type
0p1 — €00 — (O, 6)10 — 011 — (6’, 0/)01-

We denote the end vertex of the resulting path by a, .
Now begin with 0g; = a;,; and following ; make » — ¢t + s — p + 1 cycles of the type

001 — (e,0)00 = €10 —= 011 = (e,0 )1

We denote the end vertex of the resulting path by ag); .
Then, begin with o1 = ag; and following ;» make ¢t —  — 2 cycles of the type

op1 — (6,0)00 — €10 — (0, 6)11 — 061.

We denote the end vertex of the resulting path by afj;. Let the neighbor of afj; in Q% be ugo.

Finally, begin with o1 = a;; and following p, extend the resulting path with the following
path with length four

0p1 — €00 — (07 6)10 — 011-

We denote the end vertex of the resulting path by v;.
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The total number of the constructed short cyclesisr—t+s—14+t—p—r+p—2=s—3in
G),s—p—1+p+r—t+t—r—2=s—3in(i),andp—24+r—t+s—p+1+t—r—2=5-3
in (iii). Since s — 3 < k — 4 < n — 6, the length of 4 is enough for that construction.

Let v{; be neither deleted nor used odd vertex in Q?LO different from vq;. Clearly, its neighbor
ugo in QL0 is not an used vertex. There are r —t + s+t —p—7r+p—2 = s — 2 deleted or
usedevenandr —t+s— 1+t —p—r+p—2=s— 3 used or deleted odd vertices in Q}!.
Since s —3 < k—1—3 < (n—2) — 4, it follows from (CG) that there exists a Hamiltonian
path ' for Q! minus all deleted or used vertices which connects vy to v},. Let v}; and uy;
be two neighbors in 4/ such that v{; is closer to v{| and the odd neighbor v}, of uy; in Q%! is
different from vg; and is neither deleted nor used vertex. Clearly, the even neighbor u},, of v} in
Q!9 is also neither deleted nor used vertex. We denote by 71 the path in Q! defined by 7/ which
connects v1; to vy} and by ~, the path defined by ~’ which connects v} to uy;.

Therearer —t+s—14+t—p—r+p—2+1=s—2usedevenands—p+p—2+1=s5—1
deleted or used odd vertices in Q0. Since s —2 < k—1—2 < (n—2) -3, it follows from (CG)
that there exists a Hamiltonian path 3 for Q!° minus all deleted or used vertices which connects
u’lo to u1g.

Let ug be the even neighbor of v}, in Q?LO. Clearly, up is not a deleted vertex. Let g, be
another unused even vertex in Q}Y different from ugy and such that its odd neighbor v}, in Q1°
is neither deleted nor used vertex. Therearer —t+s—1+t—p—-r4+p—-24+1=5-2
usedevenandr —t+s—1+t—p—7r+p=s— 1 deleted or used odd vertices in Q. Since
s—2<k—-1-2<(n-2)-3,it follows from (CG) that there exists a Hamiltonian path -4
for Q% minus all deleted or used vertices which connects g to .

Thereare k —r+r—t+s—1=k—t+s—1<s—1deletedevenandr —t+s— 1+
t—p—7r+p—2+1=s—2o0dd deleted or used vertices in Q%' (vp; is not counted). Since
s—2<k—1-2<(n-2)-3,it follows from (CG) that there exists a Hamiltonian path s
for Q% minus all deleted or used vertices which connects v to vo;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

V11 —)Vl ’Ui’l — ’ullo _>73 u — 1111 —)VZ uip —

/ 4 / nos
Vo1 — Uy — Upo — Vo1 — Vp1-

FEQ)b) (k—7)—(k—t)=t—r>2andp < 1.

Since s > 3 and p < 1, we have s — p > 2. Therefore if r — t + s > 2 then that would be case
(a). Thus, we have r —t + s = 1 > p and since » > 2, we conclude that ¢ — s > 1, hence there
exists at least one odd deleted vertex in Q}Ll. Also, it follows that t —r > r — t 4+ s. Finally, since
s>3,wehave s —p > 2,hence p < s — p. Therefore wehavep <r—t+s<t—r <s—p.

There are twocases: t —s >2ort—s=1.Ift —s>2thens < k—2. Lett —s = 1. Since
there exists at most one deleted odd vertex in Q?lo, there must be at least one deleted odd vertex
in Q%' for at least one of both coordinates A or B separates the deleted vertices in two groups
with at least two deleted odd vertises in each group. Hence, again s < k — 2. Therefore in either
case we have s < k — 2.

We consider two cases below: (F)(2)(b)(i) t = k and therefore there are no deleted odd
vertices in Q%, hence p = 1; and (F)(2)(b)(ii) t < k — 1 and therefore there is at least one
deleted odd vertex in Q9!, hence p < 1.

(F)(2)(b)(i) t = k and therefore there are no deleted odd vertices in Q%!, hence p = 1.

Take a model path 2 in Q%' which begins with an odd vertex op; = vo; and following y make
t —r —2 =k —r — 2 short cycles of the type

0p1 — (6,0)00 — €10 — (07 e)ll - O(I)l'

We denote the end vertex of the resulting path by a, .
Then begin with 0p; = ay,; and following p make r —t + s = r + s — k cycles of the type

oo1 — (€,0)00 = €10 = o011 — (e,0")o1.

We denote the end vertex of the resulting path by ag; .
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Finally, begin with o1 = ag; and following p, extend the resulting path with the following
path with length four
op1 — (6,0)00 — €10 — O11-

We denote the end vertex of the resulting path by vy;.

The total number of the constructed short cyclesisk —r —24+r+s—k+1=5-1<
(k—2) — 1 < k — 3, hence the length of 4 is enough for that construction.

There are k—r —2+r = k—2deletedorusedevenand k —r—2+r+s—k+k—s=k—2
used or deleted odd vertices in Q! (v1; is not counted). Since k — 2 < (n — 2) — 2, it follows
from (L) that there exists a Hamiltonian cycle +' for Q1! minus all deleted or used vertices. This
cycle contains v11. Let u3; be a neighbor of v1; in 7/. We denote by ~; the Hamiltonian path for
Q}ll minus all deleted or used vertices defined by 7 which connects v1;1 to uys.

Clearly, the odd neighbor v}, in Q% of us; is not an used vertex and not a deleted vertex since
there are no deleted odd vertices in Q%. Let ugg be the even neighbor of v}, in Q%. Then wugo
is neither deleted nor used even vertex in Q% (there are no deleted even vertices in Q%). There
arek—r—2+r+s—k+1=s—1<k—3<(n—2)—3used or deleted odd vertices in
Q% Therefore there exists an odd neighbor vgg of ug in Q% which is neither deleted nor used
vertex.

Let u1g be the even neighbor of vgy in Q0. Clearly, uyg is neither used nor deleted vertex
(there are no deleted even vertices in Q1°). Let also v1o be an undeleted odd vertex in Q10 whose
even neighbor u), in Q¥ is not an used vertex. Thereare k —r —2+7r+s—k+1 =s—1
used even and s — 1 deleted odd vertices in Q}lo. Since s — 1 < k —3 < (n —2) — 3, it follows
from (7') that there exists a Hamiltonian path , for Q! minus all deleted or used vertices which
connects uig to vig.

Let u, be an unused even vertex in Q% different from u},, whose odd neighbor v in
QY% is neither deleted nor used vertex. There are k —r — 2 +7+s—k+ 1 = s — 1 used
evenand k —r—2+r+s—k+ 141 = s deleted or used odd vertices in Q?LO. Since
s—1<(k—2)—1<(n—2) -3, it follows from (CG) that there exists a Hamiltonian path 3
for Q?LO minus all deleted or used vertices which connects u60 to “6'0-

Thereare k —r+r+s—k =sdeletedorusedevenand k —r —2+r+s—k+1=s—1
used or deleted odd vertices in Q%' (vp; is not counted). Since s —1 < (k—2) -1 < (n—2) -3,
it follows from (CG) that there exists a Hamiltonian path 4 for Q%' minus all deleted or used
vertices which connects v(); to vo;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

1 / Y2
V11 — U1 — Vg — (uOo,voo) — U190 — V10 —

Uy 2 Uy — VG — vy
(F)(2)(b)(ii) t < k — 1 and therefore there is at least one deleted odd vertex in Q9', hence
p <1
Take a model path  in Q%' which begins with an odd vertex op; = vo; and following 1 make
r —t + s — 1 short cycles of the type

001 — (e,0)00 = €10 = 011 = (e,0")o1.

We denote the end vertex of the resulting path by a, .
Then begin with op; = ay,; and following 1 make p short cycles of the type

0op1 — €00 — (0,6)10 — (0,6)11 — 061.

We denote the end vertex of the resulting path by a; (if p = 0 we do not make such cycles).
Next, begin with og; = agj; and following ;« make ¢t — r — p — 1 cycles of the type

op1 — (6,0)00 — €10 — (07 6)11 — 061.

"

We denote the end vertex of the resulting path by ay);.
Finally, begin with o1 = ag; and following p, extend the resulting path with the following
path with length four

op1 — (6,0)00 — €10 — O11-
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We denote the end vertex of the resulting path by v1;.

The total number of the constructed short cyclesisr —t+s—1+p+t—r—p—1+1=
s —1< (k—2)—1<k— 3, hence the length of 1 is enough for that construction.

Let v}, be neither deleted nor used odd vertex in Q,ILI different from v11, whose even neighbor
ugo in QI is not an used vertex. There are p +t —7 —p — 1+ 7 = t — 1 used even and
r—t+s—1+p+t—r—p—1+t—s=1t—2used or deleted odd vertices in Q!!. Since
t—2<(k—1)—1=Fk—-3 < (n—2)-3,it follows from (CG) that there exists a Hamiltonian
path ~; for Q1! minus all deleted or used vertices.

Let u}, be an unused even vertex in Q0 different from uy9, whose odd neighbor vy in Q% is
neither deleted nor used vertex. Therearer —t+s—1+p+t—r—p—14+1=s5—1used
even and p + s — p = s used or deleted odd vertices in Q!°. Since s — 1 <k —3 < (n —2) — 3,
it follows from (CG) that there exists a Hamiltonian path +, for Q!° minus all deleted or used
vertices which connects u1g to uj,.

Let ugo be an unused even vertex in Q% whose odd neighbor vj;, in Q% is neither deleted
nor used vertex. Thereare r —t+s—1+4+p+t—r—p—141 = s — 1 used even and
r—t+s—1+t—r—p—1+1+p=s—1deleted or used odd vertices in Q'°. Since
s—1<(k—2)—1<(n—2)-3,itfollows from (T') that there exists a Hamiltonian path ~;
for QY minus all deleted or used vertices which connects vgg to .

Thereare r —t+s—14+k—r =k—t+s—1deletedorusedevenandr —t4+s—14+p+t—
r—p—1+k—t=Fk—t+s—2used odd vertices in Q%' (vp; is not counted). Since t — s > 0,
we have k — (t —s) —2 < k — 3 < (n — 2) — 3. Then it follows from (C'G) that there exists a
Hamiltonian path ~4 for Q?} minus all deleted or used vertices which connects v}, to vo;.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

1 / 2 / V3 / V4
V11 — V11 — W10 — U9 — Voo — U0 — Vg1 — Vo1-

Case (G) k < n — 3 and there exists a column A in M, which separates the even vertices in
the way (r,k — r), where 2 < r < k — 2, and the odd vertices in the way (1,k — 1). Also, there
exists a column B in M, which separates the odd vertices in the way (1, — 1) but in a different
way than A.

Since B separates the deleted odd vertices in the way (1, k — 1), according to Remark 3.3, B
separates all deleted vertices in the way (k + 1,k — 1).

We split Q,, using A and B. Without loss of generality, we can assume that the deleted
vertices are distributed as follows:

{o1} € Q% {upiq, ... uxy € QO {un, ..., vp_1} C QX and {uy,...,u,, v} C QLL

Take a model path  in Q?LI which begins with an odd vertex og; = vp; and following y make
k — r — 1 short cycles of the type

0p1 — (6,0)00 — €10 — (0, 6)11 — 061.

We denote the end vertex of the resulting path by ag, .
Then begin with 0p; = ay,; and following 1 make  — 1 short cycles of the type

0p1 — (670)00 — €10 — 011 — (6, O/)Ol-

We denote the end vertex of the resulting path by ag; .

Let the neighbor of a; in Q% be up. We extend the constructed path with the edge (a);, uoo)-

The total number of the constructed short cyclesisk—r—14+r—1=k—-2<(n—3) -2,
hence the length of 1 is enough for that construction.

Therearer +k —r —1 =%k — 1deletedorusedevenand k —r —14+r—1+1=%F -1
used or deleted odd vertices in QL. Since k — 1 < (n —3) — 1 = (n — 2) — 2, it follows from
(L) that there exists a Hamiltonian cycle 4/ for Q! minus all deleted or used vertices. Let uy;
and vy be two neighbors in 4/ such that the odd neighbor v}; of uj; in Q% is different from vg;
and is neither deleted nor used vertex. Clearly, the even neighbor ;g of v11 in Q}LO is also neither
deleted nor used vertex. We denote by 73 the Hamiltonian path for Q!! minus all deleted or used
vertices that is defined by 7/ and connects v11 to u1;.
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Let wy, be neither deleted nor used vertex in Q?LO different from wgy, whose neighbor v1g in
Q}lo is neither deleted nor used vertex. There are k —r — 1 +r — 1 = k — 2 used even and
k—r—1+47r—1+41=Fk—1usedor deleted odd vertices in Q%. Since k —2 < (n —3) -2 =
(n — 2) — 3, it follows from (CG) that there exists a Hamiltonian path v; for Q% minus all
deleted or used vertices which connects ugg to .

There are k —r — 1+ 7 — 1 = k — 2 used even and k — 2 deleted odd vertices in Q'°. Since
k—2 < (n—2) - 3, it follows from (T') that there exists a Hamiltonian path -y, for Q'° minus
all deleted or used vertices which connects v to uyg.

Thereare k —r+r—1=Fk—1deletedorusedevenand k —r —1+r —1 =k — 2 used
odd vertices in Q% (vy; is not counted). Since k — 2 < (n — 2) — 3, it follows from (CG) that
there exists a Hamiltonian path 4 for Q% minus all deleted or used vertices which connects v},
to vp1.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

V1 / 72 V3 / Y4
Uy — Ugy — V10 — W10 — V11 — U1l — Yy — Vo1-

Note 4. For the remaining cases Remark 3.6 applies.

Case (H ) There exists a column A in M, which separates the deleted odd vertices in the way
(s,k—s), where 2 < s < k—2, and a column B in M, which separates the deleted even vertices
in the way (r,k — r), where 2 <r < k — 2.

We split Q,, using A and B. Without loss of generality we can assume that > s and that the
deleted vertices are distributed as follows:

{1}1,’02,...,1)5} C ng, {UI;U27--~7UT} - Q}LI, and {vs+15'"?vkauT+la"'7uk} C le

Take a model path z in Q! which begins with an even vertex e;g = uy and following p
make r — s short cycles of the type

€10 —> 011 — €01 — (0, 6)00 — (0, 6')10

(if r — s = 0 we do not make such cycles). We denote the end vertex of the resulting path by a/,,.
There are k — s pairs of even and odd deleted or used vertices in Q?LI. Since2 <s< k-2,
we have 2 < k —s < k—2 < (n —2) — 2. Then, it follows from (L) that there exists a
Hamiltonian cycle p/ for Q%! minus all deleted or used vertices. Let y”” be the projection of 1’
on Q0. Clearly, a}, belongs to 11"
Now begin with ejg = a,, and following ;" (and 1), continue with s — 1 cycles of the type

e10 — o11 — (€,0)o1 — ego — (0, € )10.

We denote the end vertex of the resulting path by af),.
Let the neighbor of af,, in Q1! be v11. We extend the constructed path with the edge (a}y, v11).
Since we have been following 1, 2(s — 1) consecutive vertices from p’ have been used in
these short cycles for all edges of the type (e, 0)o1. The length of y/ is 2"~2 — 2(k — s) and since
2F > 4k for k > 5, we have

2" _2(k—s) > 28 — 2k > 2k >2(s—1).

Therefore what remains unused from ~; forms a path ~,. Notice that the end vertices of +, have
different parity. We denote these end vertices by ug; and vy, .

Denote the neighbor of ug; in Q1! by vj,. Clearly, v]; has not been used so far and is not a
deleted vertex. There are r deleted even vertices and r — s + s — 1 = r — 1 used odd vertices
in Q!1. Since r — 1 < k — 3, we can use (CG) to find a Hamiltonian path ~; for Q1! minus all
deleted or used vertices which connects v1; to vf;.

Denote the neighbor of vg; in Q% by ug and let uf), be any other undeleted and unused even
vertex in Q. Then its neighbor v1 in Q! has not been used so far. There are 7 — s + 5 = 7
deleted or used odd vertices and r —s+s—1 = r—1 used even vertices in Q%. Since r—1 < k-3,
we can use (C'G) to find a Hamiltonian path ~3 for Q% minus all deleted and used vertices which
connects ugp to .
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There are r —s+s—1 = r— 1 pairs of used even and odd vertices in Q}LO. Sincer—1 < k-3,
we can use (7') to find a Hamiltonian path ~, for Q!° minus all used vertices which connects v1g
1o u1g.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

i / V2 3 / Va4
V11 — V11 —> U1 — Vo1 — Upy — Upo — V19 — U190-

Note 5. For the remaining cases Remark 3.7 applies. Therefore £k < n — 3 and that every
coordinate which separates only the deleted odd vertices separates them in the way (1,k — 1),
and therefore it separates all vertices in the way (k + 1,k — 1).

Case (I) k < n — 3, there is a column A in M, and there is a column B in M..

We split Q,, using A and B. Without loss of generality, we can assume that the deleted
vertices are distributed as follows:

{v1,v2,...,vs} C Q?LO, {ur,ug, ..., up_1} C Q}LI, and {vsi1,. .., 0, up} C Q%l.

Take a model path p in Q! which begins with an even vertex e;p = uj and following p
make k — 1 — s short cycles of the type

€10 — 011 — €91 — (O, 6)00 — (0,6/)10

(if k — 1 — s = 0 we do not make such cycles). We denote the end vertex of the resulting path
by a,.
Then begin with ey = a},, and following 1 make s — 1 cycles of the type

el — 011 — (6, 0)01 — €epo — (0, 6’)10.

We denote the end vertex of the resulting path by af),.

Let the neighbor of af, in Q1! be v11. We extend the constructed path with the edge (afy, v11).

The total number of the constructed short cyclesisk —1—s+s—1=k—-2<(n—3) -2,
hence the length of 1 is enough for that construction.

Thereare k —s—14+s—1+1=Fk—1deletedorusedevenand k —s+s—1=%k—1used
or deleted odd vertices in QY. Since k — 1 < (n —3) — 1 = (n — 2) — 2, it follows from (L)
that there exists a Hamiltonian cycle +’ for Q%! minus all deleted or used vertices. Let ug; and
vg1 be two neighbors in 4/ such that the odd neighbor v{, of ug; in Q! is different from v;; and
is neither deleted nor used vertex and the even neighbor g of vg; in Q?LO is also neither deleted
nor used vertex. We denote by v, the Hamiltonian path for Q%! minus all deleted or used vertices
that is defined by ' and connects ug; to vg;.

There are k — 1 deleted even verticesand k —s — 1 + s — 1 = k — 2 used odd vertices in Q}}.
Since k —2 < (n—3)—2 = (n—2)— 3, we can use (CG) to find a Hamiltonian path ~; for
O!! minus all deleted and used vertices which connects vy to v}, .

Let ujy, be any undeleted and unused odd vertex in Q% different from ugo. Then its neighbor
V10 INn QLO has not been used so far. There are k — s — 1 + s — 1 = k — 2 used even vertices and
k—s—1+s = k—1 deleted or used odd vertices in Q%. Since k—2 < (n—3) -2 = (n—2) -3,
we can use (C'G) to find a Hamiltonian path ~3 for Q% minus all deleted and used vertices which
connects g to .

There are k — s — 1 + s — 1 = k — 2 pairs of used even and odd vertices in Q}lo. Since
k—2 < (n—2)—3, we can use (7)) to find a Hamiltonian path ~4 for QI° minus all used vertices
which connects v1g to u1g.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

V1 / V2 3 / V4
V11 — V1p — Up1 — Vo1 — Upo — Ugy — V10 — U10-

Case (J) £ < n—3, there is a column A in M, and there is a column B in M, which separates
the odd vertices in a different way than A.

It follows from our hypotheses that A separates the deleted odd vertices in the way (1,k — 1)
and all vertices in the way (k + 1,k — 1). Also, B separates the odd and the even vertices in the
way (1,k — 1) and all vertices in the way (k, k). Therefore, without loss of generality, we can
assume that the deleted vertices are distributed as follows:
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{n} C Q?LO, {v3,..., 05} C Q,llo, {u1, 1} C Q%l, and {up,...,ux} C Q%l.

Take a model path p in Q!° which begins with an even vertex ejg = u1o and following s
make k — 2 short cycles of the type

el — (0, 6)11 — 091 — (6,0)00 — 6’10.

We denote the end vertex of the resulting path by u/,. Let the neighbor of u}, in Q! be vy;. We
extend the constructed path with the edge (u},, v11).

The total number of the constructed short cycles is kK — 2 < (n — 3) — 2, hence the length of
1 is enough for that construction.

There are k — s + s — 1 = k — 1 pairs of even and odd deleted or used vertices in QQ}. Since
k—1< (n—3)— 1, it follows from (L) that there exists a Hamiltonian cycle ' for Q%! minus
all deleted or used vertices.

There are k —2+ 1 =k — 1 < (n — 2) — 2 pairs of deleted or used even and odd vertices
in Q! Therefore, according to (L), there exists a Hamiltonian cycle for Q1! minus all deleted
or used vertices. This cycle contains v1;. Let uq; be a neighbor of v;; in that cycle and let ~; be
the Hamiltonian path for Q! minus all deleted or used vertices determined by this cycle which
connects vy to uqg.

The neighbor vg; of uy; is clearly neither deleted nor used odd vertex in Q%!. Let vy F ol
be any unused odd vertex in QV'. There are k — 1 deleted even vertices and k —2 < (n —2) — 3
used odd vertices in Q9. Then it follows from (CG) that there exists a Hamiltonian path +, for
Q% minus all deleted or used vertices which connects vg; to v};.

The neighbor ugg of vy; is clearly neither deleted nor used even vertex in Q%. Let Uy 7 U0
be any unused even vertex in Q% whose neighbor vyq is not a deleted even vertex in Q!°. There
are k —2 < (n—2) — 3 used even vertices and k — 2+ 1 = k — 1 deleted or used even vertices in
Q% Then it follows from (CG) that there exists a Hamiltonian path 3 for Q% minus all deleted
or used vertices which connects ugg to uyy,.

There are k —2 deleted odd and k —2 < (n—2) —3 used even vertices in Q'°. Then it follows
from (7) that there exists a Hamiltonian path 4 for Q1 minus all deleted or used vertices which
connects vig to ujg.

Then, to finish the construction of a Hamiltonian cycle for Q,, — F we extend the previously
constructed path with the path

V1 V2 / V3 / V4
V11 — U1l — Vo1 — Vg1 — Ugo — Ugy — V19 — U1Q-

The proof of Theorem 3.1 is completed.
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