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Abstract We study the existence of solutions for a Ginzburg-Landau ODE in the half-axis.
We obtain that the solution is unique in the class of non-negative finite energy solutions. As a
by-product, we determine the minimizers of the corresponding Ginzburg-Landau functional.

1 Introduction

In this note, we study the existence and uniqueness of solutions for the following ODE

a1 — _ 2 :
w'=(a—|ul*)u inRy, (1.1)
u(0) =0,
in the following class
C={ueH :u>0inR,;}, (1.2)
where
H={uec HL (Ry) : v' € [*(R,) and a—u®ec L*(Ry)}. (1.3)

Here a : R, — R is a given function. Formally, the first equation in (1.1) can be regarded as the
Euler-Lagrange equation of the following functional

= | (P o u)?) e (1.4)

When a = 1, the functional in (1.4) is the celebrated Ginzburg-Landau energy without magnetic
field and the first equation in (1.1) is the corresponding Ginzburg-Landau equation.

Note that the space H in (1.3) is the natural energy space for the functional in (1.1). That is,
we look for solutions of (1.1) that have finite energy (i.e. F(u) is finite).

We prove the following theorem:

Theorem 1.1. Suppose that the function a satisfies

a€C*Ry),
Je>0,c<a(zx)<linR,,
lim a(z) =1,

xr—r0o0

b(z) = /a(r) satisfies b’ (r) <0inR, and1—-be L*(R,).

(1.5)

There exists a unique function u € C solving the equation in (1.1).
As a by-product, we get:
Corollary 1.2. Suppose that the function a satisfies the assumptions in Theorem 1.1. Let

m=inf{F(u) : ueH andu(0)=0}. (1.6)
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Every minimizer v of the problem in (1.6) is given as follows,

for some constant § € R. Here u € C is the function solving (1.1).

Theorem 1.1 is well known for a = 1 (cf. [5, 1]). Theorems analogous to Theorem 1.1 are
proved for equations of the form (cf. [2])

—u"(z) + gu’(ac) — %u(m) = F(u(z))inRy, u(0)=0, wu(cc)=1.
Compared to (1.1), we take p = ¢ = 0 and in the non-linear term we allow for F' to be a function
of u(z) and z.

The rest of this note is devoted to the proofs of Theorem 1.1 and Corollary 1.2. The structure
of the proof is along the ones in [5, 3] but the presence of the Dirichlet boundary condition
requires some new ingredients. Let us point out that the result in Theorem 1.1 is still valid for
the Robin condition, i.e. when w satisfies u/(0) = yu(0) for v > 0. For this condition, the proof
is exactly as the one in [5].

2 Existence

Note that (1.1) is the Euler-Lagrange equation for the minimization problem in (1.6). The exis-
tence of a solution v € C of (1.1) is then a consequence of:

Theorem 2.1. Let m be as in (1.6). Suppose that there exists ¢ > O such that the function a
satisfies a > cin R,
There exists a function v € H such that v(0) = 0 and

F(v) =m.

Furthermore, if v € H is a minimizer of the problem in (1.6), then the function |v| belongs to
the space C and is a minimizer of the problem in (1.6) too, i.e. F(|v|) = m.

Proof. Let (v,,) be a minimizing sequence of m, i.e.
VvneN, wv,eH, v,0)=0,
and

lim F(v,) =m. 2.1)

n—oo

Letq € Nand K = (0, ). We will prove that (v,,) is bounded in the Sobolev space H!(K). The
convergence in (2.1) yields the existence of a constant M > 0 such that,

VneN, F(v,) <M,

and in turn this implies boundedness of

||IU;L||L2(K> and Ha - |Un|2| I2(K)

Observing the simple identity (b = \/a),
[ @ toaPPdo= [ 4 foul P(o ~ fonl?do,
K K

LK) is bounded. Since the

interval K’ is bounded, we deduce further that |[v, || ;2 (k) is bounded.
Now, we have proved that (v,,) is a bounded sequence in H'(K). This is true for every
interval of the form K = (0,¢) and ¢ > 0. We can apply the Banach-Alaoglu theorem and a

and the trivial inequality b + |v,| > 0, we deduce that ||b — [v,,||
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diagonal argument to extract a subsequence of (v,,) and a function v € HL (R.) such that, along
this subsequence, for all ¢ > 0,

v, = vin HY(0,q), v, — v strongly in L*(0, ¢) and L*(0, q) .

The following two statements follow immediately from the aforementioned weak and strong
convergences respectively:

timinf o | 0) > [ollimog and 1m [oalzeog = lolrog @€ {2.4}).

This yields that,
a q a a
liminf/ v |* dx > / |v'[*dz and lim [ (a—|v,)?)*dz = / (a—|v]*)?dx.

Now we apply the operation lim inf on both sides of the following trivial inequality:
n—oo
] 2\2 o 1 2\2
on|”+ 5(a—[va|")” ) do > lon|”+ 5(a = [va|")” ) do
0 2 0 2

> 1 4 1
lim inf <|U;L|2 + E(a - |vn|2)2> dx > liminf (v;|2 + E(a - vn|2)2) dx
0 0

n—oo n—00

a 1
> [" (WP + 50 1oP?) do.
0 2
The following inequality holds for all ¢ > O:

00 1 q 1
liminf/ <|v:ﬁb|2 + ~(a— |vn|2)2> dx > / <|U/|2 + 5(a— U2)2> dx.
n—oo Jq 2 0 2

We can apply the operation lim and use the monotone convergence theorem to write,
q—00

.. r2g Lo 2\2 N2 0 2 1]2)2
imint [ (1 + 3= ?) do 2 [ (WP Ja— o7 .

Recall that, our choice of the sequence (v,,) ensures that the limit on the left hand side above is
equal to m. Thus, we have proved that 7(v) < m and v € H. Furthermore, since v,,(0) = 0 for
all n, then by taking n — oo we get v(0) = 0. Now, the definition of the minimum m yields the
additional condition m < F(v) and in turn implies that F(v) = m.

This proves that a minimizer v of the functional F exists. Now we show that u = |v| is a
minimizer too. Using the celebrated pointwise inequality |u'| < [v'| a.e. (see [4, thrm 6.17]), we
may write, F(u) < F(v). Again, since F(v) = m, this guarantees that m < F(u) < F(v) = m.
Thus v is a minimizer of F too. O

and get,

3 A priori estimates

In this section, we collect useful properties satisfied by the functions in C that solve (1.1). Here-
after, we assume that the function a satisfies the assumptions in Theorem 1.1.
Let us start by noting the standard result:

Lemma 3.1. Let H be the space introduced in (1.3). If u € H is a (weak) solution of (1.1), then
u € C3([0, 00)).

Next we note that every function in the space H in (1.3) is bounded and has a finite limit at
infinity.

Lemma 3.2. Let H be the space introduced in (1.3). If v € H, then

we L*(Ry) and lim |u(z)|=1.
Tr— 00
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Proof. Note that, if u € H, then F(u) < oo, v/ € L*(R,) and b — |u| € L*(R;). Here
b = y/a. By the assumption in Theorem 1.1, we know that 1 — b € L?>(R.). Consequently,
1 —|u| € L*(R}). Thus 1 — |u| € H'(R;). The conclusion in Lemma 3.2 now becomes a
consequence of the Sobolev embedding theorem. O

The next two lemmas give us a priori estimates on every solution of (1.1) in the space C.

Lemma 3.3. Let C be the space in (1.2). If v € C is a solution of (1.1), then v/ € L*>°(R;) and
lim v'(z) = 0.

Proof. Note that v € H, hence v' € L*(R,), a — |[v|*> € L*(R,) and, by Lemma 3.2, v €
L>(R,). Now, v satisfies the following ODE:

—" = (a—|v})v inRy.

Squaring both sides then integrating on R, we get,

/ |v"|? dx < / (a—|v]?)*v* dz < ||v||§c/ (a—|v)?)?de < oo.
R, R, R,

This implies that v € L*(R,) and consequently, v' € H'(R,). The Sobolev embedding
theorem finishes the proof of Lemma 3.3. O

Lemma 3.4. Let C be the space in (1.2). If v € C is solution of (1.1), then 0 < v < \/a in R.

Proof. We know that v > 0 by definition of the space C. The proof of Lemma 3.4 is decomposed
into three steps.
Step 1. Let h(z) = b(x) — v(x) and b(z) = /a(z) . Suppose that

=inf{h(z) : z€ R } <O0.

We will derive a contradiction to obtain that m > 0 and deduce thatv < bin R

There exists a sequence (x,,) in (0, c0) such that h(z,) — m. We can extract a subsequence
of (x,), denoted by (z,), and s € [0, oo] such that, along this subsequence, =, — s.

Two cases may occur:

Case 1: 0 < s < oo. By smoothness of v, we have b(s) — v(s) = h(s) = m < O.
Since b(s) > 0 and v(0) = 0 by (1.1), this yields that s # 0. Similarly, if v(s) = 0, then
0 < b(s) =b(s) —v(s) = h(s) = m < 0. This yields that v(s) # 0.

Now, we know that 0 < s < oo, v(s) > 0 and the function h has a local minimum at s.
Consequently h”(s) > 0. But the equation in (1.1) and the assumption " < 0 together yield

B (s) = b"(s) 4 (a(s) — v*(s))v(s) = b"(s) + h(s)(b(s) + v(s))v(s) < 0.

This is a contradiction.

Case 2: s = co. In this case, we use Lemma 3.2 and the assumption lim a(x) = 1 to obtain
T—r00

the following contradiction
0= lim A(z,) =m <0.

n—oo
Step 2.
Now, we prove that v < b in R;. Suppose that there exists z; € (0,00) such that v(z;) =
b(x1). By Step 1, x1 becomes a minimum of the function h(z) = b(z) — v(z). Using the
assumption that o’ / (z) < 0 and the equation for v, we get,

—h"4+ch=-b">0 inR,,
where
c=(b+v)v>0,
and

h(z1) = ter{loir;o)h(x) =0.



Existence and Uniqueness for a Ginzburg-Landau ODE 5

The strong maximum principle yields that A is a constant function in R, i.e. h = h(x1) = 0.
Consequently, v = b. In particular b(0) = v(0) = 0. But, by the assumption on the function a in
Theorem 1.1, b(0) > 0. This is a contradiction.

Step 3. Now, we prove that v > 0 in R,. Suppose that there exists z9p € R, such that
v(zp) = 0. We will derive a contradiction to deduce that this is impossible. Since v € C, then
v > 0. Thus,

v(zp) = min wv(z) =0.
z€(0,00)

Furthermore, by Step 1, 0 < v < b = y/a in R, and the equation in (1.1) yields that
—v" = (a—v*)v >0.

By the maximum principle, v becomes a constant function. Thanks to the boundary condition in
(1.1), we deduce that v = 0. But this function does not belong to the space C, hence we get a
contradiction. O

In the next lemma, we determine the sign of the derivative of the non-negative solutions of

(1.1).

Lemma 3.5. Let C be the space introduced in (1.2). Suppose that v is a solution of (1.1). If
v € C, then for all z > 0,v'(z) > 0.

Proof. Recall that the assumption v € C yields that v is real-valued, v > 0 and v(0) = 0, and by
Lemma 3.2, lim v(z) = 1. We claim that v/(z) > 0, for all z > 0. Suppose that the claim is
r—0o0

false. There exists zop > 0 such that v'(zy) < 0. In light of (1.1), by integrating the first equation
—v" = (a — v*)v between z¢ and z, we get

x x x

(10(OP ~ a()o(0)de < [ ((o(OF - ae))oe)ir.

Zo

v'(z) = v (o) +/

Zo

v (t) dt = v'(z0) +/

Zo

Now, we apply Lemma 3.4 to deduce that for all z > =z, v/(z) < 0. Consequently, v is a
X

decreasing function in [z, c0) and we should have 1 = lim v(z) < v(x), contradiction to the
T—> 00

fact that v(zo) < /a < 1. o

Remark 3.6. (The case ¢ = 1)}

In the case a = 1, we can prove the uniqueness of the solution by using the aforementioned
lemmas and separation of variables. Let v € C be a solution of (1.1). We know that u is smooth,
u(0) =0, u(c0) = 1,u'(00) =0,0 <u< land v > 0inRy.

Multiplying the first equation in (1.1) by v yields

1
—u =u'u— ' e, 5{(1/)2}' = —(u*) -z ().

/1
|’ll/| = 5'&4 7U2 +C in R+,

for some constant C' € R. The conditions u/(c0) = 0, u(cc) = 1 and v’ > 0 yield C' = § and

Consequently,

u = L(l—uz).

V2
By separation of variables and the boundary condition «(0) = 0, we get
(2) eVir _
Uu\r) = —F/———.
eV2e 41

Let us note that such explicit computations can not be carried out when the function a is not
constant.

IThis trick is indicated by A. Mourad.
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4 Uniqueness

Here we prove that, if v; € C and v, € C solve (1.1), then v; = v;. This will be proved in several
lemmas.

Lemma 4.1. Let C be the space in (1.2). Suppose that v; € C and v, € C satisfy (1.1). For all
0 > 0, it holds the following.

@ {Ae(0,1] : dvi(z) < wva(z)in[d,00)} #0.

(i) Let \*(8) = sup{A € (0,1] : Mvi(x) < va(z) in [6,00)} . If A*(4) < 1, then

a. inf{va(z) — X*(d)vi(z) : x € [d,00)} =0.
’02(5)
V1 (5) )

Proof. Let § > 0. Lemma 3.5 yields, for all z > 4, v2($) < vx(z). On the other hand,
Lemma 3.4 yields 0 < vz(g) < land forall z > §,0 < vi(z) < 1. Thus, if we define
A = v(3), then X satisfies A € (0, 1] and Mv; < v, in [, 00). This finishes the proof of the first
item in Lemma 4.1.

Now, let us define the function ws on the interval [§, co) in the following way:

b. A*(6) =

(55
57

ws(z) = va(x) = A" (8)vr(w)

Under the assumption A\*(§) < 1, one can prove that ms := inf ws(xz) = 0 as follows.

TE[,00)
Suppose that ms > 0. For all z € [§,00), va(z) — A*(d)vi(z) > mgand 0 < vy < 1 (cf.
Lemma 3.4). Consequently,

v (x) = N (O)vi(z) + ms = (N*(8) + ms)v1(z) + (1 — vi(x))ms > (A (8) + ms)vi(z) .

Select € > 0 such that \*(§) + € < 1. Define A = min(A\*(d) + €, A*(d) + ms). Clearly,
0 <A< land A*(6) < A. We get va > Avp on [, 00) and O < A*(§) < A < 1. This contradicts
the definition of \*(§). Therefore, the item (2)-(a) in Lemma 4.1 is true.

Now we prove the item (2)-(b) in Lemma 4.1. Suppose that § > 0 and 0 < \*(§) < 1. Using
the ODEs satisfied by v; and v,, we have for all z € [4, ),

—vy = (a— )2,
and
—X (@) = (a —v)A*(8)vr
= (a = [N (@)ui)A"(8)or + (N (6) P = DA (8) o1 vr
< (a— [N (O)ui)A (B)or
Therefore the function ws satisfies
—w§ + cws > aws in [§,00),

where
c =03 + N (0)vyvy + N2 (0)v > 0.

Now that we have infws = 0 on [§, 00), there exists a sequence (z,,) C [, 00) and a number
s € [, 00] such that (z,,) converges to s and ws(x,,) converges to zero. Three cases may occur:

Case 1. s = 0.

Here we have a contradiction that follows simply by using Lemma 3.2 to write ws(z,) =
() — A*(8)v1 () — 1 —A*(6) > 0. This is impossible since ws(x,) — 0 by the assumption
on the sequence (z,,) and the conclusion of the item (2)-(a).

Case 2. s € (§,00).
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Here ws(s) = inf ws(z) < 0. The strong maximum principle yields

§,00
ws(z) =ws(s) =0 forall x € [§,00).

By the definition of ws, we get that v, = A*(6)wv; in [d, 00). Using the ODEs satisfied by v; and
v, and the fact that v; > 0, this contradicts the assumption that \*(§) < 1.
Case 3. s = 6.

Here inf, (5 o) ws(2) = ws(5) = 0. This yields \*(6) =

The next lemma compares two solutions v; and v, away from O.
Lemma 4.2. Let C be the space in (1.2), v; € C and v, € C. If v; and v, satisfy (1.1), then
36 >0, wvi(z) <wv(z) in[d,o0).

Proof. For all § > 0, recall that \*(§) = sup{\ € (0,1] : Avi(z) < va(x)in [, 00)}. It suffices
to prove that, 3 §; > 0, A*(4;) = 1. We will prove this by contradiction. Note for all § > 0,
0 < A*(8) < 1. Suppose that for all § > 0, A\*(d) < 1. Lemma 4.1 yields,

VE>0, N(6)= ng; (@.1)

Furthermore, since v; > 0 on R, then the function \*(-) is a smooth function on R;. By
definition of \*(-), we see that it is an increasing function.

We will prove that A*(-) is a constant function. We insert v = A*v; into the equation
—vY = (a — v3)v, then we multiply both sides of the resulting equation by v; to get

—((\)? /:(I—A*z)A*v‘f.
()

Letz € R.. Forall a € (0, z),

/j (30N (1)) at = - /

[0

(1 - )\*z(t)))\*(t)v‘f(t) dt <0.
Hence, integration of the left hand side above yields,

)N (z) < v3(a) A (a). (4.2)
In what follows, we will establish that

lim v; ()X (o) = 0.

a—04

By Lemma 3.5, we have v{(0) > 0 and v5(0) > 0. Using Taylor’s formula and the initial
conditions v;(0) = v,(0) = 0 we can easily prove that

ey w(a)  vy(0)
Jim M) = Jim ) T w0) (4.3)

On the other hand, differentiation of the relation v, = A*v; yields
vp(@) = o1 (@A (@) + i (@) X" (a). (4.4)
By letting « tend to zero in (4.4) and by using (4.3), we establish the result concerning the limit

of vy (@) A\* ().
We come back to (4.2) and we take v — 0 to obtain

v} z)AY (z) <0, forallz € Ry.
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We get further,
A (z) <0 forallz € Ry.

But, \*(-) is an increasing (and smooth) function on R, hence
A(z) >0, forallz e R.
This proves that the function A*(-) is constant on R.

Now we observe that \* = 1. This is true because, the fact that A\* is constant, the definition
of A* and the conclusion in Lemma 3.2 altogether yield,

Ve>0, X(z)=

O

The next lemma is the last piece we need in the proof of the uniqueness of the non-negative
solution of (1.1).

Lemma 4.3. Suppose that —oo < ¢ < d < 00, ¢; € Rand ¢; € R. Let v; and v, be solutions to
the following problem:

= (a =[]y, in(cd),

C1

v(d) =
4.5
v'(d) = e, (+5)
0<w(z)<1 in [c,d] .
If | — d| < ¥8, then vy = v, in [, d].
Proof. Let v be a solution of (4.5) and ¢ € [c, d]. We have
d
V(t) = e —|—/ (a(s) — [v[*(s))v(s) ds.
t
Integrating the equation above from ¢t =0to ¢t = x € [c, d], we get,
d pd
v(z) =c1 + r —cd-— / / (a(s) — [v[*(s))v(s)ds  forallx € [e,d]. (4.6)
x t

For every g € C([c, d]), let us introduce the following norm:
d
loll = [ lofo)lda.

1
o1 —wallr < EHUI —valf1.

We will prove that

This yields that v; = v, on [c, d].
Using (4.6) for v = v; and v = v, respectively, we may write, for all = € [c, d],

vi () — va(w // v2(s) — v1(s)) (a(s) — vi(s) — v3(s) — vi(s)va(s)) ds.

This yields the following inequality (since 0 < a, vy, vy < 1):

@) @l < 4 [ [ e ) i
< 4/:/Cd|v1(s)—v2(s)|ds
< 4(d—c)|lvr — vl
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If [c—d| < % then we get further,

d
1
[ 1o@) = wa(@lde < 3on = el

Proof of Theorem 1.1: Uniqueness.
Let v; € C and vy € C satisfy (1.1). We will prove that v; = v, on R;. By Lemma 4.2 there
exist 4; > 0 and J, > O such that,

v1 < vy in [(51,00) and v, <w; in [52,00) .

Let 0 = max(é;,d,). We have v; = v, on [§, 00). We will prove that v; = v, on [0,]. Select
n € Nsuch thatn > v/84. Forall k € {1,--- ,n}, define,

]

n

Ck:(k—l) , dp=k—.

S|l

That way, we split the interval [0, §] into n sub-intervals,

n

[O,S] = U [Ck, dk] 5

k=1

such that, for all &, |c, — dg| = % < g and we can apply Lemma 4.3 in [cg, di].

Clearly, v and v, satisfy (4.5) in [c,, d,,]. Thus, we deduce that v; = v, on [cy,, d,,]. Now, vy
and v, satisfy (4.5) in [c,—1, d,—1] and we deduce that v; = v, in [c,,—1,d,—1]. Repeating this
proof in [c,dy] for k = n —2,--- 1, we get that v; = v, on every [cg,d]. This proves that

V1 = vy ONn [0, (5]. O

S Proof of Corollary 1.2

Let v be a minimizer of the problem in (1.6). By Theorem 2.1, w = |v| is a minimizer of (1.6).
Hence, w € C and w is a solution of (1.1).
Now Theorem 1.1 yields that w = v in R, where u € C is the unique solution of (1.1). Thus,

|v(z)| = u(z) forallz € R;.
Consequently, there exists a function « : R, — C such that,
v(z) = a(z)u(z) and |a(z)|=1 forallz € R;.
Since u > 0, the function « inherits the smoothness from v and v. Inserting v = au into the

equation —v" = (a — |v|?)v, multiplying both sides by u then using that —u” = (a — u?)u, we
get

d

% (o/uz) = 0 .

Since u(0) = 0 and u > 0, this gives us that o’ = 0 and the function « becomes a constant
function. Since |o| = 1, we get that & = ¢* for some constant § € R.
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