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Abstract. Motivated by the recent works of Lj.D.R. KocCinac, we introduce a new type of
star-Lindelofness which is termed as R-star-Lindelofness. A topological space X will be called
R-star-Lindelof if for every sequence {D,, : n € w} of dense subsets of X and for every open
cover U of X there exist points x, € D,, for each n € w such that St(J, .., {z.}.U) = X.
We took interest in studying the properties of this space because every R-separable space is
R-star-Lindelof space but not every R-star-Lindelof space is R-separable.

1 Introduction

Scheepers [11] introduced a number of combinatorial properties of a topological space weaker
than separability. M-separability (or selective separability) and R-separability are two of them
which have many interesting properties. The topological properties star-Lindel6fness and star-
compactness was introduced by van Dowen [4] in 1991. Recently Kocinac [6,7,8,9] studied a lot
of selection properties by combining the concepts of Scheepers and van Dowen and got many
interesting results.

For any topological space X, 7(X) will denote its topology. If A C X and U is a collection
of subsets of X, then the star of A with respect to U is denoted by St(A,U) and defined as
StA, U=J{U € U: UN A # 0}. We assume St'(4, U)=St(A, ) and for each k € N we
define St*+1(A, 1) = St(St*(A, U), U) [4]. Any separable space is always a star-Lindelof space.
Bhowmik et. al [3] introduced the notion of selectively star-Lindelof space or in other word
M -star-Lindelof space and proved that any M -separable space is a M-star Lindelof space. In
this paper we introduce and study a new type of star-Lindelof spaces, stronger than M -star-
Lindelofness and weaker than R-separablility.

2 Preliminaries
A topological space X is said to be separable if it has a countable dense subset.

Definition 2.1. [4] A topological space X is said to be star-Lindelof if for any open cover U of
a space X there exist a countable subset F' of X such that St(F, U)=X.

Recently the notion of selective separability has received a great attention in [2].

Definition 2.2. [11] A topological space X is said to be selectively separable if for any sequence
{D,, : n € w} of dense subsets of X, there exists a family {F,, : n € w} of finite subsets of X
such that F,, CD,, for each n € w and U,,¢,, F, is dense in X.

Definition 2.3. [11] A topological space X is said to be R-separable if for any sequence {D,, :
n € w} of dense subsets of X, there are points z,, € D,,(n € w) such that U,e.,{z,} is dense in
X.
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Definition 2.4. [1] A topological space X has countable fan tightness if for any z €X and for
any sequence {U,, : n € w} of subsets of X such that z € (), . Uy, we can choose finite subsets

B, CU, such thatx € |, ,, Bn-

new

Definition 2.5. [3] A topological space X is said to be selectively star-Lindelof (or M -star-
Lindelof) if for every sequence {D,, : n € w} of dense subsets of X and for every open cover U
of X there exist a family {F,, : n € w} of finite subsets of X such that F;,, C D,, foreachn € w
and St(U,,., Fn,U) = X.

new

For different notions of topology we follow [5] and [13]. In this paper no separation axiom
is considered, unless otherwise stated.

3 R-Star-Lindelof Spaces

In this section, we introduce a star version of selective Lindelofness and study some of its prop-
erties.

Definition 3.1. A topological space X is said to be R-star-Lindelof if for every sequence {D,, :
n € w} of dense subsets of X and for every open cover &/ of X there are points z,, € D,, for
each n € w such that St((J, . {x.}, U)=X.

new

Definition 3.2. A subset Y of a topological space X is said to be R-star-Lindeldf with respect to
X if for every sequence {D,, : n € w} of subsets of X such that Y C D, for each n € w and
for every cover U of Y by sets open in X there are points x,, € D,, for each n € w such that

Y C St(Un6w{$7L}, U).

Theorem 3.3. If Y is an open subset of X, then Y is R-star-Lindelof with respect to X iff Y is
R-star-Lindelof subspace of X.

Theorem 3.4. A ropological space X is R-star-Lindeldf if and only if for every sequence {D,, :
n € w} of dense subsets of X and basic open cover Ug there are points z,, € D,, (n € w) such
that St(Upeo{zn}, Up) = X.

Proof. If X is R-star-Lindelof space, then the condition is trivial.

Conversely, let the given condition holds. Let {D,, : n € w} be a sequence of dense subsets
of X and U be any open cover of X. Let B be an open base for 7(X). LetUs = {B € B: B CU,
for some U € U}. So Up is an basic open cover of X. Therefore, by the given condition, there
are points x,, € D,, such that St(Upe{zn},Ug) = X, ie. St(Uncw{zn},U) = X. Hence the
theorem. O

Theorem 3.5. If there exist two open R-star-Lindelof subspaces A and B of a space X such that
AU B = X, then X is a M-star Lindeldf space.

Proof. Let A and B be two open R-star-Lindelof subspaces of X such that X = AU B.

Let U/ be an arbitrary open cover of X and {D,, : n € w} be any sequence of dense subsets
of X. U* and U® be basic open covers of A and B respectively.

Clearly, {(D, N A) : n € w} is a sequence of dense subsets in A and {(D, N B) : n € w}
is a sequence of dense subsets in B. By R-star-Lindelofness of A and B, for every n € w,
there are points z,, € (D, N A) and z, € (D, N B) such that St(UREw{x;L},UA) = A and
St(UneUJ{x;},L{B) = B. Thus, for eachn € w, x/n € D,, and x;; € D,, ie. foreachn € w,
F, = {z,,2,,} C D, and St(U, ., Fo,U* UUP) = AUB = X.

Let, U € U. Theneither U C AorU C BorUNA# D #UNB.IfU C A, then U can
be expressed as the union of some members of UA. If U C B, then U can be expressed as the
union of some members of 5.

Let, U¢ A,U ¢ BandU C AUB.

Then, UNA can be expressed as the union of some members of /4 and UNB can be expressed
as the union of some members of YZ. ThusU =UNX =UN(AUB)=(UNA)U((UnNB)
can be expressed as the union of some members of (U4 UUP).
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Therefore, every element of U/ contains some members of (U4 UUB).
Therefore, St(lJ,,c,, Fr,U) = X.
Hence the theorem. o

Corollary 3.6. If there exist finite number of open R-star-Lindelof subspaces Ay, Ay, Az, .... Ay,
such that Ule A = X, then X is an M-star-Lindelof space.

Theorem 3.7. Every clopen subspace of a R-star-Lindeldf space is a R-star-Lindeldf space.

Proof. Let X be a R-star-Lindel6f space and Y be a clopen subspace of X. Let {D,, : n € w}
be a sequence of dense subsets of Y and U/ be an open cover of Y in the subspace Y. Now
{D, U(X —Y): n € w}is asequence of dense subsets in X and &/ U {X — Y} is an open
cover of X. By R-star-Lindelofness of X there are points x,, € D,, U{X — Y }(n € w) such that
St(Upeo{zn ), U U{X =Y }=X.

Now, we choose those x,, which belongs to D,, for each n € w. Then St(,,c, {zn},.U) =Y,
i.e. Y is a R-star-Lindelof space. O

Theorem 3.8. Every Lindeldf space is a R-star-Lindeldf space.

Proof. Let, X be a Lindelof space. {D,, : n € w} be a sequence of dense subsets of X and U/ =
{Uq4 : @ € A} be an open cover of X. So, there exists a countable subcover U’ = {U,, : n € w}
of Y. Without loss of generality we can suppose each U, is non-empty. For each n € w, we
choose a x,, €D, NU,,.

o St Upewd{zn ), U) = X ie, SUU, e {zn ), U) = X.
Hence X is R-star-Lindelof space. O

Corollary 3.9. Every o-compact space is a R-star-Lindelof space.
Corollary 3.10. Every compact space is a R-star-Lindeldf space.
Theorem 3.11. Every R-separable space is a R-star-Lindelof space.

Proof. Let {D,, : n € w} be a sequence of dense subsets of X and &/ be an open cover of X.
Since X is R-separable, there are points x,, €D, (n € w) such that | J,., {z.} is dense in X.
Hence St(U,, ., {zn}, U)=X,i.e. X is R-star-Lindelof. |

new

Example 3.12. The converse of Theorem 3.11 may not be true.

Let | X| > w; and X is equipped with the co-countable topology. Then X has no countable
dense subset, hence it can not be R-separable.

Let U be an open cover of X and {D,, : n € w} a sequence of dense subsets of X. First we
take Uy € U. Clearly Uy is of the form U, = X \ C, where C = {y; : i € w} is a countable
subset of X. Now, Uy N Dy # 0. We select zy € Uy N Dy.

Since U is an open cover of X, there exists V,, € U such that y,, € V,, € U for each n € w.
Since each D,, is dense in X we have V,, N D, # 0 for each n € w. We select x;l eV,ND,i
foreachn € w. i.e. :c'n € D,. foreachn € w.

Therefore, Uy C St(xo,U),
Yo S ‘/0 g St(z,OJ/{)v

Y1 € Vi C St($17u)7

Yn € Vi C St(z,,,U),
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U0 U1, 52,935 ooy Uy o} S Uo UVo U VLU . U VU C St({o, Ty Ty, eovy Ty - 5 U).
ie. X = St({xo,xg,x;, ey B U).
.. X is R-star-Lindeldf space.

Theorem 3.13. Let f : X — Y be an open continuous surjection. If X is a R-star-Lindeldf
space, then so is also Y .

Proof. Let {E, : n € w} be a sequence of dense subsets of Y and let V be an open cover of Y.
Then {D,=f~'(E,): n € w} is a sequence of dense subsets of X and U ={f~!(V): V € V}is
an open cover of X. Now by the property of R-star-Lindel6fness of X there are points x,, €D,
(n € w) such that St(J,,c {zn}, U) = X.

Let y,=f(z,), n € w. Clearly, y,, € E,, foreachn € w.

Let y € Y. So there exists z € X such that f(z) = y. Also there exists an n € w such
that z €St({z,,},U), i.e. there exists U = f~!(V) for some V € V such that + € U and
{en}NU # ¢, .z, €U.

Thus,y € Vand y, € V, i.e., y €St({yn}, V).

Then, St(U, e, {vn},V) =Y.

Hence Y is R-star-Lindelof. O

Theorem 3.14. Every R-star Lindeldf space is a selectively star-Lindeldf space.

Remark 3.15. Every R-separable space is M-separable. Soukup et. al [12] have shown that
the space Fn(w,w;w) of all finite partial functions from w to w is a countable M-separable
non- R-separable space.

Bhowmik et. al [3] had shown that every M -separable space is M-star-Lindelof space and
there exists a space (the Tychonoff cube [) which is M -star-Lindel6f but not M -separable.

In this paper, we have shown that every R-separable space is R-star-Lindelof but not every
R-star-Lindeldf space is R-separable.

Also every R-star-Lindelof space is selectively star-Lindelof space.

Thus we have,

R-separable space _) M -separable space

R-star-Lindelof space emmgp M -star-Lindelof space

Figure 1. Relation chart

Problem 3.16. Does there exists a space which is M -star-Lindel6f but not R-star-Lindelof?
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4 R-k-Star-Lindelof Space

In this section we assume that N = w \ {0}. Here we study the iterative star version of R-star-
Lindelof spaces.

Definition 4.1. For each k£ € N, a topological space X is said to be R-k-star-Lindelof if for every
sequence {D,, : n € w} of dense subsets of X and for every open cover U of X there are points
x,, € Dy, such that St*(,, . {zn}. U) = X.

Theorem 4.2. Every R-k-star-Lindeldf space is a R-(k+1)-star-Lindeldf space.

Proof. Directly follows from the definition, hence omitted. O

We recall the definition of star-separability. Given a class (or a property) P of topological
spaces. We say that a space X is star-P if, for any open cover U of the space X, there is a
subspace Y C X such that Y € P and St(Y,U) = X [10]. So, a topological space X is said to
be star-separable, if for every open cover U of X, there exists a separable subspace Y of X such
that St(Y, U)=X.

Theorem 4.3. If X is star-separable, then X is R-2-star-Lindelof.

Proof. Let U be an open cover of X and {D,, : n € w} be a sequence of dense subsets of
X. Since X is star-separable, there exists a separable subspace Y of X such that St(Y, U/)=X.

Now there exits a countable subset B = {z, : n € w} of Y such that B = Y, hence

Y QET(Y) QET(X) = B. Now for each n there exists U,, € U such that U,ND,, # (). We take
z, €U,ND,.

Let z €X. Since St(Y, U)=X, there exists U € U such that x €U and UNY # 0, and so
UNYNB # (). Let k € w be such that z, €UNY'NB. Then UNU}, # 0, hence UNSt(J,,c,, {zn}
U)# 0 and so x € S(U, ., {%n}, U). Therefore S(|J,,c, {#n}, U)=X and thus X is R-2-star-
Lindelof. O

Corollary 4.4. A separable space is a R-2-star-Lindeldf space.

Theorem 4.5. If X is a R-star-Lindeldf space and Y is a compact space, then X X Y is a
R-2-star-Lindelof space.

Proof. Let, U be an open cover of X xY by basic open sets of X x Y.

Now by Remark 1.4 of [1], for each x € X there exists a open neighborhood W, of x in X
such that W, X Y is covered by finite number of elements of i, say W, x Y C | J{Uk(z) x Vi (z) :
1 <k < ng}, where W, C ﬂ]<k<n1 Uk(x).

Now, Ux = {W, 1 x € X\} is an open cover of X. Let {D,, : n € w} be a sequence of
dense subsets of X x Y, mx : X x Y — X be the natural projection from X x Y to X. Then
{mx(Dy) : n € w} is a sequence of dense subsets of X. By the R-star-Lindelofness there are
points z,, € mx(D,,) for each n € w and St(Upew{zn}, Ux) = X.

For each z,,,we choose (z¥,4*) € D,, N (Ug(x) x Vi(x)), 1 <k < n,.

Let, (z,y) € X x Y.

So, there exists Wy, such that z € W, and W, N (Uneu{zn}) # 0.

Let, 2, € Wy, N (U,en{2n}), for some p € w.

So, there exists, (xk/ , ykl) € DN (Uy () X Vi (xp)), 1 <k < .

= (@) € (U () % Ve (@), 1 <K <y

S W, X ¥ CSUU e (2", ) U= (Un () x Vi) S Uy { @,y 1),
Also, Wy x Y NW, xY # 0,

Wiy XY CSE(Uge, (25, 971), U)

= (2,y) €S (Upe (%, 9"}), U)

So, X xY =St2(Uk6w{(xk,yk)} Uu).

Hence the theorem.
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Applying Theorem 4.5, by mathematical induction we get the following corollary :

Corollary 4.6. If X is a R-star-Lindelof space and Y1,Y>, ..., Y, are compact spaces, then X x
Y1 x Y2 X ... X Yy, is a R-(n + 1)-star-Lindeldf space.

Theorem 4.7. If X is star-Lindeldf and has the property that for any x €X, for any sequence
{Un : n € w} of subsets of X such that x € (), ., U, and for any open cover U of X we can
choose points x,, €U, with x €St(|J

{zn}, U), then X is R-2-star-Lindeldf.

new

Proof. Let {D,, : n € w} be a sequence of dense subsets of X and U/ be an open cover of X.
Since X is star-Lindelof, there exists a countable subset F' = {z,, : n € w} of X such that St(F,
U)=X.

Let L = {L, : n € w} be a sequence of disjoint infinite subsets of w, such that w=J, .., Ln-

Now z, € (\{Dx : k €L,}. So there are points x;, €Dy, for each k €L,, such that z,, €
St(Uper, {1z}, U), n € w.

Hence we have points z,, €D,, for each n € w.

Let z €X. There exists U € U such that x €U. Since FNU # (), there exists z,, € U for
some n € w. Since x,, €St(zy, ) for some k €L,,, we can choose V' € U such that z,, €V and
xp € V. Then V CSU(U,,c,,{zn}, U) and U NV # 0, so St(U,,c {zn}, UINU # 0, therefore
2 €S, co{zn}. U), ie. SB(U, e {zn}, U) = X. Hence X is R-2-star-Lindeldf. O

Definition 4.8. Let £ € N. A subset Y of topological space X is said to be R-k-star-Lindelof
with respect to X (or Y is a R-k-star-Lindelof subset of X) if for every sequence {D,, : n € w}
of subsets of X such that Y C D,, for each n € w and for every open cover I/ of Y by the open
sets in X there are x,, €D,, for each n € w such that Y’ QStk(Unew{Sﬁn}, U).

Theorem 4.9. If A is a R-k-star-Lindeldf subset of a topological space X, then A is also a
R-(k + 1)-star-Lindeléf subset of X.

Theorem 4.10. If A is a R-star-Lindeldf subset of a topological space X and A CB C A, then
B is a R-2-star-Lindelof subset of X.

Proof. Let {D,, : n € w} be a sequence of subsets of X such that B C D,, foreach n € w, so
A C D, foreach n € w. Let U be an open cover of B, so also an open cover of A. Then there
are points x,, €D,, for each n € w such that A CSt({J,,c,,{zn}, U).

Now let z €B. So x € A so that there exists a U € U such that z € U. Let y €UNA. Then
there exists V € Y and n € w withy €V and z,, € V. So UNV # (), thus UNSt(Upeu{n}s
U)# 0. Therefore, z €S(U, o, {zn}, U). So B CSE(U, e {zn} U), ie. B is R-2-star-
Lindelof subset. O

Corollary 4.11. If a topological space X has a R-star-Lindelof dense subset, then X is R-2-
star-Lindelof.

Problem 4.12. If A and B are R-star-Lindelof subspaces of a topological space X such that
X = AUB, is X a R-2-star-Lindelof space?
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