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Abstract. Let R be a prime ring, I a nonzero right ideal of R, U the two sided Utumi quotient
ring of R, C' = Z(U) extended centroid of R, f(x1,...,z,) a nonzero multilinear polynomial
over C'and m > 1 a fixed integer. We prove that if F' is a generalized derivation of R such that
(F(f(x1,...,2n))™ = f(x1,...,2y,) forall zy, ..., x, € I, then one of the following holds:

(i) IC = eRC some idempotent e € Soc(RC) and f(z1,...,x,) is central valued on eRCe;

(ii) m = 1 and there exist &, A € C and a € U such that F'(z) = (a + \)z for all z € R, with
(a—a)f=0and a4+ X = 1.

1 Introduction

Throughout this paper R always denotes an associative prime ring with center Z(R), U its Utumi
ring of quotients and C' extended centroid of R (see [2] for more details). For any pair of elements
z,y € R, the commutator [z, y] = zy — yx and skew commutator z o y = zy + yz. An additive
mapping d : R — R is called a derivation, if d(zy) = d(x)y + zd(y) holds for all 2,y € R. In
particular, d is an inner derivation induced by an element a € R, if d(z) = [a,z] for all z € R.
An additive mapping F' : R — R is called a generalized derivation, if there exists a derivation
d: R — Rsuchthat F(zy) = F(z)y + xd(y) holds for all z,y € R.

In [11], Daif and Bell proved that if R is a semiprime ring with a nonzero ideal I such that
d([z,y]) = £[z,y] for all z,y € I, then I is central ideal. In particular, if I = R, then R is
commutative. These results of Daif and Bell was extended by Hongan in [17] to the central case.
In [17], Hongan proved that if R is a 2-torsion free semiprime ring and I a nonzero ideal of
R, then I is central if and only if d([z,y]) — [z,y] € Z(R) or d([z,y]) + [z,y] € Z(R) for all
z,y € 1.

Recently in [14], De Filippis and Huang studied the situation (F([x,y]))" = [z,y] for all
x,y € I, where I is anonzero ideal in a prime ring R, F' a generalized derivation of R and n > 1
fixed integer. In this case they conclude that either R is commutative or n = 1 and F(z) = =z for
allz € R.

In [1], Argac and Inceboz studied the situation d(x o y)™ = x o y for all z, y in some nonzero
ideal of prime ring R. More precisely, they proved the following:

Let R be a prime ring, I a nonzero ideal of R, d a derivation of R and n a fixed positive
integer. (i) If d(x o y)™ =z oy forall x,y € I, then R is commutative. (ii) If char (R) # 2 and
d(zoy)" —zoy € Z(R) for all x,y € I, then R is commutative. Very recently, Huang [18]
proved the following:

Let R be a prime ring, I a nonzero ideal of R and n a fixed positive integer. If R admits a
generalized derivation F associated with a nonzero derivation d such that (F(x oy))" =z oy
forall x,y € I, then R is commutative.

In the present paper, we study the situations when (i) (F'(f(z1,...,2,)))™ = f(z1,...,2n) =
0; (i) (F(f(z1,.-.,2n)))™ — f(z1,...,2,) € Z(R); for all xq,...,xz, in some subsets of R,
where f(z1,...,2,) is a nonzero multilinear polynomial over C and m > 1 is an integer.
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Let R be a prime ring, U be the Utumi quotient ring of R and C = Z(U), the center of
U. Note that U is also a prime ring with C' a field. We will make use of the following notation

extensively: f(z1,...,2n) = 2122 .. Tnt Y. Qolg(1) - - - Te(n), Where S, is the permutation
I#0€S,,

group over n elements and o, € C. We denote by f¢(zy,...,,) the polynomial obtained from

f(z1,...,x,) by replacing each coefficient o, with d(a.1). Thus we write

d(f(z1,...,2,)) = fd(xl,...,xn)+Zf(x1,...,d(xi),...,xn).

Denote by U ¢ C{X1,..., X, } the free product of the C-algebra U and C{X;
,. .., X, }, the free C-algebra in noncommuting indeterminates X7, ..., X,,. The standard poly-
nomial identity s4 in four variables is defined as s4 (.131, T2, T3, $4) = E (—1)0.230(1)%‘0(2)130(3)330(4)

ogES,

where (—1)° is +1 or —1 according to o being an even or an odd permutation in the symmetric
group sy.

Now we need the following facts to prove our theorems.

Fact 1. It is well known that any derivation of R can be uniquely extended to a derivation of
U (see [23, Lemma 2]).

Fact 2. Let I be a nonzero two-sided ideal of R. Then I, R, U satisfy the same generalized
polynomial identities with coefficients in U (see [6]).

Fact 3. Let I be a nonzero two-sided ideal of R. Then I, R and U satisfy the same differential
identities with coefficients in U (see [23, Theorem 2]).

Fact 4. Let I be a nonzero right ideal of R. If I satisfies a nontrivial polynomial identity,
then RC is a primitive ring with soc(RC) # 0 and IC' = eRC for some idempotent e = ¢* €
soc(RC') (see [22, Proposition]).

Fact 5. Let I be a nonzero right ideal of R and a € U. If for every z € I, ax and x are
linearly C-dependent, then there exists a € C such that (a — «)I = 0.

Proof. Let x € I a fixed element. Then there exists o« € C' such that az = ax. Now choose any
element y € I. By hypothesis, there exists o, € C such that ay = oyy. If = and y are linearly
C-dependent, then z = Sy, for § € C. In this case, we see that ax = afy = fay = Bay,y =
ay By = ayz, implying o = a,.

Now if 2 and y are linearly C-independent, then we have a1 (2 +y) = a(z+y) = az+ay =
az 2 + oy, which implies (ag4y — ag)z + (0pty — o)y = 0. Since z and y are linearly C-
independent, we have oy 4y —a; = 0 = oy —ay, and so a = oy, Thus forany z € I, ax = oz,
where « € C fixed. Hence, (a — o)l = 0. O

Fact 6. R satisfies s4 if and only if R is commutative or R embeds in M (K) for K a field
(see [3, Lemma 1]).

2 The case for both-sided ideals

We begin with a matrix ring case.

Lemma 2.1. Ler R = M (F) be the ring of k x k matrices over the field F with k > 2. Let
f(z1,. .., x,) be a multilinear polynomial over F which is not central valued on R, a,b € R and
m > 1 a fixed positive integer.
(D) If (af (z1,...,xn)+ f(z1, .y 20)0)™ = f(x1,...,2p) forall zy,...,x, € R, thenm =1
and a,b € F - I, witha + b= 1.
(D) If (af (z1, ..., @xn)+ f(z1,. . s 2n)0)" — f(21, ..., @) € Z(R) forall z1,...,x, € R, then
m=1anda,b€ F - Iy witha+b=1o0rk=2.

Proof. Let ¢;; be the usual matrix unit with 1 in (¢, j) entry and zero elsewhere. By our as-
sumption (af(r1,...,mn) + f(ri,...,r0)b)™ — f(r1,...,m) € Z(R) for all r1,...,7, € R.
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Since f(rq,...,r,) is not central valued on R, by [25, Lemma 2, proof of Lemma 3] there
exist ri,...,r, € R such that f(ri,...,7,) = ae;;, with 0 # o € F and ¢ # j. Since
the subset {f(r1,...,7n) : T1,...,7n € R} is invariant under any F-automorphism, then for

any ¢ # j there exist ¢1,...,t, € R such that f(¢i,...,t,) = ae;;. Thus for any ¢ # j,
(ace;; + aei;b)™ — ae;; € Z(R). If k > 3, then since rank of (aae;; + ae;;b)™ — ae;j is < 2,
we have

(ace;; + aei;b)™ — ae;j =0 2.1

in R. Right multiply by e;; we get 0 = ((ace;; + ae;ib)™ — ce;j)e;; = (ae;b)™e;;. It follows
that the (j,4)-th entry of the matrix b is zero, for all 7 # j and this means that b is diagonal,

that is b = Zatett, with a; € F. For any F-automorphism 6 of R, b’ enjoys the same
t

property as b does, namely, (a® f(r1,...,7n) + f(r1,...,r0)b0)™ — f(r1,...,ms) € Z(R) forall
k
r1,...,mn € R. Hence, b? must be diagonal. Write b = > biieii; then for each j # 1, we have
i=1

k
(1+e1)b(1 —e15) = Zbiieii + (bj; — bir)ei;
i1

diagonal. Therefore, b;; = b1; and so b is a scalar matrix. Similarly, left multiplying by e;; in
(2.1) and then by same argument as above we have that a is a scalar matrix. Therefore a,b € F.Ij.

Then (2.1) becomes
(a4 b)"(eij)™ = ey (2.2)

If m > 2, then 0 = ¢, a contradiction. Hence m = 1 and so (a + b — 1)ae;; = 0, implying
a+b—-1=0.0

Lemma 2.2. Let R be a prime ring, I a nonzero ideal of R and f(x1,...,z,) a multilinear
polynomial over C which is not central valued on R. Suppose that F(x) = ax + xb is an inner
generalized derivation of R such that (F(f(z1,...,2,))™ = f(z1,...,2,) forall z,,...,z, €
I, where m > 1 is a fixed integer. Then m = 1 and a,b € C witha + b = 1.

Proof. Since I, R and U satisfy the same generalized polynomial identities (see Fact-2), without

loss of generality, we may assume that (af(z1,...,2,) + f(21,...,2,)0)™ = f(z1,...,2,) for
allzy,....an €U.
First we assume that U does not satisfy any nontrivial GPL. Then (af(z1,...,z,)+f(z1,...,2,)0)™" =

f(z1,...,2y,)is atrivial GPI for U. This implies that b € C. Then U satisfies ((a+b) f(x1, ..., z,))™—
f(z1,...,x,) = 0. Again this implies that a + b € C. Therefore, we have in this case that
a,beC.

Next we assume that U satisfies nontrivial GPI (af (z1,...,2n)+f (21, ..., 2n)0)™ = f(z1, ..., Tp).
Let g(z1,...,2n) = (af(z1,...,2n) + f(z1,...,2,)b)™ — f(z1,...,2,). In case C is infinite,
we have g(r1,...,7,) = O0forallry,...,r, € U®c C, where C is the algebraic closure of C.
Since both U and U ®¢ C are centrally closed [15, Theorem 2.5 and 3.5] we may replace R by
U or U ®¢ C according as C is finite or infinite. Thus we may assume that R is centrally closed
over C which is either finite or algebraically closed and g(r1,...,r,) =0forall ry,..., 7, € R.
By Martindale’s theorem [26], R is a primitive ring having nonzero socle H with C as the asso-
ciated division ring. In light of Jacobson’s theorem [19, p. 75], R is isomorphic to a dense ring
of linear transformations on a vector space V over C. Now, if V is finite dimensional over C,
then the density of R on V implies that R = M, (C) with k =dimcV. Since f(x1,...,2,) is
not central valued on R, R must be noncommutative. Hence k£ > 2. Then by Lemma 2.1(I), we
conclude that a,b € C.

If V is infinite dimensional over C, then as in [27, Lemma 2] the set f(R) is dense on R
and so from (af(r1,...,mn) + f(r1, ..., 70)0)™ = f(r1,...,ry) forall ry,... .7, € R, we have
(ar+7rb)™—r = 0forall r € R. Let v and bv are C-independent for some v € R. By the density
of R, there exist r € R such that rv = 0, rbv = v. Therefore we have 0 = ((ar + rb)™ — r)v =
v # 0, which is a contradiction. Thus v and bv must be C-dependent, for any v € V. By standard
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argument, there exists o € C' such that bv = va, forallv € V. Letnowr € Randv € V. As
we have just seen, there exist & € C' such that bv = va, r(bv) = r(va), and also b(rv) = (rv)a.
Thus [b, r]Jv = 0 for any v € V, that is [b,7]V = 0. Since V is left faithful irreducible R-module,
[b,r] =0forallr € R,i.e. b e C. Similarly, we can prove that a € C.

Thus in any case, we have proved that a, b € C. By our hypothesis, we have (a+b)" f(x1, ..., Tn)™—
f(z1,...,2,) =0forall zy,...,2, € R. If m = 1, then (a + b — 1) f(21,...,2,) = 0 for all
Z1,...,Tn € R, implying a + b — 1 =0, since f(z1,...,x,) is not an identity for R. If m > 2,
then since (a + b)™ f(z1,...,2,)™ — f(x1,...,2,) = 0 is a polynomial identity for R, there
exists a field F' such that R C M (F) and R and M (F') satisfy the same polynomial identity
(a+b)"f(z1,...,2n)™ — f(z1,...,2,) = 0[21, Lemma 1]. Since f(x,...,x,) is noncentral
valued on R, R must be noncommutative and hence k£ > 2. By [25, Lemma 2, proof of Lemma
3] there exist r1,...,r, € Rsuch that f(ri,...,7r,) = ae;;, with0 # o« € F and i # j. Thus
0=(a+b)"f(ri,...,r)" = f(r1,...,rn) = (a+b)"(ae;;)™ —ae;j = —ae;;, a contradiction.
O

Theorem 2.3. Let R be a prime ring, I a nonzero ideal of R and f(xy,...,x,) a multilinear
polynomial over C which is not central valued on R. Suppose that F is a generalized derivation
of R such that (F(f(z1,...,2z,))™ = f(x1,...,2y) forall xy,...,z, € I, where m > lisa
fixed integer. Then m = 1 and F(x) = x for all x € R.

Proof. If F'is an inner generalized derivation of R, then the result follows by Lemma 2.2. Since
I, R and U satisfy the same generalized polynomial identities (see Fact-2) as well as same dif-
ferential identities (see Fact-3), by Lee [24] F(z) = az + d(z) for all x € R, and hence U
satisfies U satisfies (a(f(z1,...,2n) +d(f(z1,...,2,)))™ = f(z1,...,2,), where a € U and d
is a derivation of U. Since F' is not inner, d cannot be inner derivation of U. In this case U satis-
fies the differential identity (af(z1,...,2n) + @1, .., 20) + 2 fl21, ..y d(x), . ox,))™ =

f(z1,...,2,). Then by Kharchenko’s Theorem in [20], U satisfies the generalized polynomial
identity (af(z1,...,2n) + fH (1, 20) + 3 f(T15 0 Uiy oo 20))™ = f(21,...,7,). In par-
i

ticular, by assuming z; = 0, we have f(y1,...,2,)™ = 0. This is a polynomial identity for U,
hence there exists a field £ such that U C My (E), moreover U and My (F) satisfies the same
polynomial identities [21, Lemma 1]. Thus M (E) satisfies f(y1,...,x,)™ = 0. Then by [25,
Corollary 5] f(x1,...,zy) is an identity for M (F') and so for R, a contradiction. O

Corollary 2.4. Let R be a prime ring and I be a nonzero ideal of R. Suppose that F is a
generalized derivation with associated nonzero derivation d of R such that (F(zoy))™ =z oy
forall x,y € I, where m > 1 is a fixed integer. Then R is commutative or m = 1 and F(x) = x
forall x € R.

Proof. By Theorem 2.3, we conclude that z oy € Z(R) forallz,y € Rorm = 1and F(z) =z
for all z € R. Now we are only to consider the case z oy € Z(R), that is [zy + yz,z] = 0
for all z,y € R. Then replacing y with yz we have [zy + yz, 2]z + [y[z, ], 2] = 0, implying
[y[z,z],2] = O for all z,y,2z € R. Again, replacing y with xy, we have 0 = [zy[z, 2], 2] =
xlylz, z], 2] + [z, 2|y[z, 2] = [z,2]y[z, 2] for all z,y,z € R. Since R is prime ring, we have
[z,2] =0forall z, 2 € R, implying R to be commutative. O

Corollary 2.5. Let R be a prime ring I be a nonzero ideal of R. Suppose that F is a generalized
derivation with associated nonzero derivation d of R such that (F([z,y]))™ = [z,y] for all
x,y € I, where m > 1 is a fixed integer. Then R is commutative or m = 1 and F(z) = x for all
r € R.

Proof. By Theorem 2.3, we conclude that [z,y] € Z(R) forall z,y € Rorm = 1 and F(z) =z
for all x € R. Now we are only to consider the case [z,y] € Z(R), that is [[z,y],2z] = 0
for all z,y € R. Then replacing y with yz we have [[z,v],2]z + [y[z, 2], 2] = 0, implying
[y[x,2],2] = O for all z,y,2z € R. Again, replacing y with xy, we have 0 = [zy[z, 2], 2] =
xlylx, 2], 2] + [z, 2|y[z, 2] = [z,2]y[z, 2] for all z,y,z € R. Since R is prime ring, we have
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[x,2] =0 forall z, z € R, implying R to be commutative. O

Theorem 2.6. Let R be a prime ring, I a nonzero ideal of R and f(xy,...,x,) a multilinear
polynomial over C which is not central valued on R. Suppose that F is a generalized derivation
of R such that (F(f(z1,...,2,))™ — f(21,...,2,) € Z(R) forall x1,...,x, € I, wherem > 1
is a fixed integer. Then one of the following holds:

(1) m =1and F(z) = x forall x € R;

(2) R satisfies s4;

(3) f(x1,...,zn)™ € Cforall z1,...,z, €R.

Proof. By the hypothesis
[F(f(z1y-yxn)™ — f(z1,. ., @), Tnt1] =0 (2.3)

for all z1,...,2p,+1 € I. Since I, R and U satisfy the same generalized polynomial identities
(see Fact-2) as well as same differential identities (see Fact-3), by Lee [24] F(x) = az + d(z)
for all x € R, and hence U satisfies

[(CLf(!L‘l, s 7:1?”) + d(f(xl’ ce 7$n)))m - f(mb e ;xn)axn-kl] = Oa (24)

where a € U and d is a derivation of U. Now we consider the following two cases:
Case-I: Let d be inner derivation of U, say d(z) = [b, z] for all z € U and for some b € U. Then
by (2.4), U satisfies

((a+b)f(l'1,,l'n) - f(xl,;xn)b)m - f(xla"'vxn) €C. (25)

If ((a+0)f(z1,...,20) — f(1,...,20)0)™ — f(21,...,2,) = Oforall zy,...,z, € U, then
by Lemma 2.2, m = 1 and a,b € C, with a + b = 1. In this case F'(z) = z for all x € U and so
for all x € R, as desired.

If for some r1,...,r, € U ((a+b)f(r1,...,rn) — f(r1y. -, 70)b)™ — f(r1,...,7) # 0, then
((a+b)f(x1,.. . xn) — f(x1, .y 20)0)™ — f(x1,...,2,) € C is a nonzero central generalized
identity for U, by [9, Theorem 1] U is a PI-ring and hence U is a nontrivial GPI-ring simple
with 1. By lemma 2 in [21] and Theorem 2.3.29 in [28], there exists a field £ such that U C
My (E) and U and My (F) satisfy the same generalized identities. Thus ((a +b) f(z1,...,zy) —
fz1, .. xn)b)™ — f(z1,...,20) € Z(M(E)) for all z1,...,x, € Mg(FE). Then by Lemma
2.1 (1), we conclude that either m = 1, a = 1 and b € C or k = 2. In the first case F(z) = z
for all x € R, as desired. In the second case, U and so R satisfies s4.

Case-II: Let d be not inner derivation of U. Then from (2.4), U satisfies

(af(xl,...,xn)Jrfd(ml,...,xn)+Zf(x1,...,d(xi),...,xn)> —f(xl,...,xn)xn_,_l} =0.

By Kharchenko’s Theorem [20], U satisfies the generalized polynomial identity

(af(‘rlw"axn)_'—fd(xla"'7xn)+z.f(xla"'7yi7~~'»xn)) _f(xlv"',wn)axn+1:| =0.

In particular, for 21 = 0, we have f(y1,...,2,)™ € C forall y1,z2,..., 2, € U and so for all
Y1, 22,...,T, € RO

3 The case for one sided ideals

In this section we will prove our next Theorem for a one sided ideal of R. To prove this theorem,
we need the following Lemmas.

Lemma 3.1. ([5, Lemma 2]) Let R be a prime ring, I a nonzero right ideal of R, f(x1,...,Tn)
a multilinear polynomial over C, a € R and m a fixed positive integer.

(DIfaf(zy,...,on)™ =0forall zy,...,x, € I, then either al =0 or f(I)I =0.

(I If f(z1,...,xn)"a =0 forall x,,...,x, € I, then either a =0 or f(I)I = 0.
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Lemma 3.2. Let R be a prime ring with extended centroid C, I a nonzero right ideal of R and
f(z1,...,x,) anonzero multilinear polynomial over C. If for some a,b € R, (a(f(z1,...,2,)+
(f(z1,. s 2n))™ = f(21,...,2,) =O0forall xy,...,x, €I, then R satisfy a nontrivial gener-
alized polynomial identity or m = 1 and there exists o € C such that (a — «)I =0, b € C with
b+a=1

Proof. By our hypothesis, for any v € I, R satisfies the following generalized identity
(a(f(umy,. .., uzy) + (f(uxy, ..., ux,)b)™ — fluzy,. .., uz,) =0. 3.1

We assume that this is a trivial GPI for R, for otherwise we are done. If there exists u € I such
that {u, au} is linearly C-independent, then from above R satisfies

af(uxy, ... uxy)(af(uzy,. .. ux,) + fluxy, ... uz,)b)™ ! =0. (3.2)
Again, since {u, au} is linearly C-independent, we have from above relation that R satisfies
(af(uxy,. .., uzy))*(af(uz,. .. uzy) + f(uzy, ... ue,)b)™ 2 =0 (3.3)

and hence (af(uxi,...,ux,))™ = 0, which is nontrivial, a contradiction. Thus {u, au} is lin-
early dependent over C for all u € I. Then by Fact-5 (a — «)I = 0 for some o € C. Then (3.1)
becomes

(fluzy, ... uzy)(0+ )™ = f(uzy,...,uz,) =0. (3.4)

Since this is trivial identity for R, we have that b 4+ o € C, thatis b € C. Thus identity reduces
to
b+ )" f(uxy, ..., uzy)™ — fluzy,...,uz,) = 0. (3.5)

Since this is trivial identity for R, we conclude thatm = landb+a—1=0.0

Lemma 3.3. Let R be a prime ring with extended centroid C, I a nonzero right ideal of R,
f(z1,...,2,) a nonzero multilinear polynomial over C and m > 1 a fixed integer. If F is
an inner generalized derivation of R such that (F(f(x1,...,2,))™ = f(z1,...,z,) for all
Z1,...,Tn € I, then one of the following holds:

(i) IC = eRC some idempotent e € Soc(RC) and f(z1,...,x,) is central valued on eRCe;

(ii) m = 1 and there exist o, A € C and a € U such that F(z) = (a + )z for all x € R, with
(a—a)[=0and o+ X =1.

Proof. Since F is inner, there exist a,b € U such that F'(z) = azx + xb for all z € R. If R does
not satisfy any nontrivial GPI, then by Lemma 3.2, we conclude that m = 1 and there exists
a € Csuchthat (a— )l =0,b € C,b+a = 1. Inthis case F(z) = ax + x2b = (a+ b)z for all
z € R, where 0 = (a — «)I = (a+ b — 1)I. This gives particular case of conclusion (2), when
A=0.

So we assume that R satisfies a nontrivial GPI. If I = R, then by Lemma 2.2, m = 1 and
a,b € C with a + b = 1. In this case we have F'(x) = z for all z € R. This is also a particular
case of conclusion (2).

So let I # R. We assume first that [f([), I]I = 0, thatis [f(z1,...,%pn), Tnt1]Tnie = O for
all x1,22,...,2p42 € I. Then by Fact-4, IC = eRC for some idempotent e € soc(RC).
Since [f(I),I]I = 0, we have [f(IR),IR]IR = 0 and hence [f(IU), [U]IU = 0 by [6, The-
orem 2]. In particular, [f(IC),IC]IC = 0, or equivalently, [f(eRC),eRC]eRC = 0. Then

[f(eRCe),eRCe] = 0, that is, f(x1,...,z,) is central-valued on eRC'e and hence conclusion
(1) is obtained.
So we assume that [f(I),I]] # 0, thatis [f(z1,...,%n), Tnt1]Tns2 is NOt an identity for 7. In

this case R is a prime GPI-ring and so is U (see Fact-2). Since U is centrally closed over C,
it follows that [26] U is a primitive ring with H = Soc(U) # 0. Then [f(IH),[H|IH # 0.
For otherwise [f(IU), IUJIU = 0 by [6], a contradiction. Choose w,,, . .., u,+2 € I H such that
[f(u1,. .. Un), Uns1)Uunio # 0. Letw € TH. Since H is a regular ring, there exists ¢ = ¢ € H
suchthateH = uH+uiH+- - -+u,pH. Thene € TH andu = eu, u; = eu;fori =1,... n+2.



Generalized derivations and multilinear polynomials in prime rings 493

Thus, we have 0 # [f(eH),eH|eH = [f(eHe),eHe|H i.e., f(r1,...,r,) is not central-valued
in eHe.
By our assumption and by Fact-2 we may also assume that

(a(f(z1,. . yzn) + (f(z1, . z0)D)™ = f(21, ... 20)

is an identity for JU. In particular,

(a(f(z1,y. o yzn) + (f(z1, . cyzn)D)™ = f(x1, .o 20)

is an identity for / H and so for eH. It follows that for all vy, ...,r, € H

(a(f(ert,y ... ern) + (flery, ... ery)b)™ = f(ery,...,ery) (3.6)

we may write
flzy,..o x,) = Zti(azl, TG 1y Tty e - -y Ty )T
i

where ¢; is a suitable multilinear polynomial in n — 1 variables and xz; never appears in any
monomials of ¢;. Since f(eHe) # 0, there exists some ¢; which does not vanish in e He. Without
loss of generality ¢,(eHe) # 0. Let r € R. Then replacing r,, with (1 — e) in (3.6), we have

m
(atn(erl, coerpor)er(l —e) +tp(ery, ... erp_1)er(l — e)b)
=ty(ery,...,ern_1)er(1 —e). (3.7

Left multiplying by (1 — €) in (3.7), we obtain (1 — e)(at,(ery,...,erp_1)er(1 —e))™ =
0, that is ((1 — e)at,(er1,...,ern—1)er)™t = 0 for all € H. By [16], we have (1 —
e)atp(ery, ... er,_1)eH = 0implying (1 —e)aet,(erie, ..., er,_1e) =0forallry,... ,r, 1 €
H. Since eHe is a simple Artinian ring and ¢,,(eHe) # 0 is invariant under the action of all inner
automorphisms of eHe, by [7, Lemma 2], (1 — e)ae = O that is, eae = ae. Analogously right
multiplying by e in (3.7) and then by above argument we conclude that (1 —e)be = 0. Moreover,
since in particular from (3.6) we can write that H satisfies

e{(af(erie,... erpe) + flerie, ... erne)b)™ — f(erie, ..., erpe)le =0,
and so using the facts ae = eae and be = ebe, we have e H e satisfies
(eaef(ri,....1mn) + f(r1,...,rn)ebe)™ — f(r1,...,1) = 0.

Then by Lemma 2.2, since f(ry,...,r,) is not central valued in eHe, we conclude that m = 1
and eae, ebe € Ce. Therefore ae = eae € Ce and be = ebe € Ce. Thus au = aeu = eaeu € Cu
and hence au, u are linearly C-dependent for each u € I. So by Fact-5 (a — «)I = 0 for some
a € C. Similarly (b — 8)I = 0 for some 3 € C.

Then our hypothesis
(af(riy..oyrn) + fOri,. o)) — f(ry,...,m) =0 (3.8)
forall r,...,r, € I gives
flriy...yrn)(b+a) = f(ri,...,rn) =0 3.9
forall ry,...,r, € I, since m = 1. Thus
flry, .. o,m)(b+a—-1)=0 (3.10)

forallry,...,r, € I. Then by Lemma 3.1(II), either b+a—1 = O or f(I)I = 0. Since f(I)I =0
implies [f(I), I]I = 0, a contradiction, we have b = 1—« € C. Thus F(z) = ax+xb = (a+b)z
for all z € R, which gives our conclusion (2). O

Now we are in a position to prove our main theorem for a one sided ideal of R.
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Theorem 3.4. Let R be a prime ring with extended centroid C, I a nonzero right ideal of R,
f(z1,...,2,) a nonzero multilinear polynomial over C and m > 1 a fixed integer. If F is a
generalized derivation of R such that (F(f(x1,...,2,))™ = f(x1,...,2y) forall x1,...,x, €
1, then one of the following holds:

(i) IC = eRC some idempotent e € Soc(RC) and f(z1,...,x,) is central valued on eRCe;

(ii) m = 1 and there exist o, A € C and a € U such that F(z) = (a + Nz for all z € R, with
(a—a)I=0anda+X=1.

Proof. If F' is inner generalized derivation of R, then by Lemma 3.3, we are done. Now let F
be not inner. By [24], we have F(z) = ax + d(z) for some a € U and a derivation d on U. Let
uy,...,u, € 1. Then by [21], U satisfies

(af(ulscl, ceo Ty + d(f(ur, . .. ,ulxn))> = fuizy, ..., u1zy),
that is

(af(ulxl, oo urmy) + fHurmy, . upTy)

+ 3 flwzr, ..., d(uy)z; —I—ujd(xj),...,xn)) = fluizy, ..., u1Ty).
J

Since F' is not inner, d is also not inner derivation. Then by Kharchenko’s theorem [20], U
satisfies

(af(ulxl, oo urmy) + fHurmy, . unTy)
+Z f(ulzzzl, ceey d(Uj)JCj + UiYjye-- ,.Z‘n)) = f(ulxl, “ee ,ulxn).
J

In particular, putting z; = 0, U satisfies

furyr, - - - upzy)™ = 0.

Since I and IU satisfies the same polynomial identities, we have that I satisfies f(z1,...,2,)™ =
0.By Lemma 3.1, f(I)I = 0 and hence [f(I),I]I = 0. Then conclusion (1) is obtained by Fact-
4.0
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