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Abstract Let R be a commutative ring with identity. A proper ideal I of R is said to be
2—absorbing if whenever z 2,23 € I for z1,x,23 € R, then there are 2 of the z;’s whose
product is in /. In this paper, we prove that if R is a Noetherian ring, then for every proper ideal
I of R, I is a2—absorbing ideal if and only if I[[X]] is a 2—absorbing ideal in the formal power
series ring R[[X]].

1 Introduction

All rings considered in this paper are commutative and unitary. Let R be a commutative and
unitary ring and P a proper ideal of R. We say that P is a prime ideal if for all a,b € R such
that ab € P, we have ¢ € P or b € P. Prime ideals are very important for the study of com-
mutative rings. Many generalizations of prime ideals were introduced like weakly prime ideals
[8], n—absorbing ideals [1] and strongly prime ideals. In [2], Badawi generalized the concept of
prime ideals as follows, a proper ideal I of R is a 2—absorbing ideal if whenever z1z223 € I, for
1, T2, 3 € R, then there are 2 of the z;’s whose product is in /. Additionally, Badawi introduces
a generalization of primary ideals in [4]. For more references about 2—absorbing ideals see [6],
[7] and [3]. In [1], D. F. Anderson and A. Badawi asked the question: If I is an n—absorbing
ideal of R, is I[X] an n—absorbing ideal of the polynomial ring R[X]?. For n = 2, they showed
that I is a 2—absorbing ideal if and only if I[X] is a 2—absorbing ideal of R[X], see ([Theorem
4.15, [1]] or [Corollary 1.7, [9]]). It is natural to think about these results in the formal power
series ring. In this paper, we show that in a Noetherian ring R, I is a 2—absorbing ideal if and
only if I[[X]] is a 2—absorbing ideal of the formal power series ring R[[X]].

2 2-absorbing ideals

Definition 2.1. A proper ideal I of aring R is said to be n—absorbing if whenever z; - - -z, 41 € T
for x1,- -+ ,x,11 € R, then there are n of the x;’s whose product is in I, n € N*.

Lemma 2.2. Let I be an ideal of a Noetherian ring R. Then
(i) I[[X]] = IR[[X]].
(ii) I[IX]] = VI[[X]).

Proof. (i) See [ Corollary 2.2.3, [5]].

(ii) ” C 7 Since for all P € spec(R) with I C P, we have I[[X]] C P[[X]] then, \/I[[X]] C
P[[x]). Thus /I[IXT € () PIX]) = () P)IX]=VI[[X]).

Icp Icp

” D" We have I C I[[X]], so VI C /I[[X]]. Thus VIR[[X]] € I[[X]].
Since R is Noetherian, so v/ TR[[X]] = v/I[[X]] by (1). Hence the result.



2-ABSORBING IDEALS 503

Lemma 2.3. Let I be a 2—absorbing ideal of a Noetherian ring R and | = Z a; X" e VI[[X]].

i>0
Then,
() (I:an)R[X]] = (T : an)[[X]] = (I : ar)[[X]] for some t € N.
n>0 n>0
Proof. (i) If VI = I, then f € VI[[X]] = I[[X]]. Thus, (I : a,) = R V¥n € N. So,
() (1 an))RIX]] = RIX]] = () (1 2 an)[[X]).
n>0 n>0

(ii) If /T # I, then set H := {(I : a,)/ n € N}. If a,, € I, then (I : a,) = R. Otherwise,
for all a,,,am, € VI\ I, either (I : a,) € (I: ap)or(I:an) C (I:a,)Yn,m e N by
[Theorem.2.5, [2]] and [Theorem.2.6, [2]]. Thus H is a nonempty totally ordered set of
ideals of R. Since R is Noetherian, then H has a minimal element, and since H is totally
ordered, this element is the smallest element. Hence ﬂ (I:a,)=(I:a)forsomet e N.

n>0
O

Lemma 2.4. Let I be a 2—absorbing ideal of R and p, q two prime ideals of R.

(i) If VI = p, then (I :p ) is a 2—absorbing ideal of R for all x € R\ p with \/(I :p ) = p
and S = {(I :r x)/ x € R} is a totally ordered set.

(ii) If VI = p N q, then (I :r x) is a 2—absorbing ideal of R, for all x € R\ p U q with
VU :rz)=pngand S={(I :g x)/x € R\ pUq} is a totally ordered set.

Proof. See [Theorem.1.4,[9]]. O

Theorem 2.5. Let I be a 2—absorbing ideal of a Noetherian ring R and f(X Z a; X' e
>0

R[[X]].

(i) If f(X) € VI[[X])\ I[[X]], then (I[[X]] :gryx)) f(X)) = (I :r a:)R[[X]] for somet >0
and is a prime zdeal ofR[[ ]]

(ii) If f(X §Z \/ |, then either (I[[X]] :gpx) f(X)) = (I :r at)R[[X]] for some t > 0 or
(T[[X]] : gy f( )) P[[X]] N Q[[X]], where P and Q are two prime ideals of R.
Proof. (i) Suppose that f(X) € /I[[X]] \ I[[X]]. First, we show that ﬂ(] Ca)[[X]] =
i>0
(I[X]] :ryxy F(X))- Letg(X Zb X7 e ﬂ (I :a;)[[X]]. Thenforalli,j € N, bja; €
>0 i>0
I Thus f(X)g(X) = > (O axbn &) X" € I[[X]]. So ((I : ai)[X]] € (I[[X]] :rx)
n>0 k=0 i>0
f(X)). Conversely, let g(X) € (I[[X]] :gxy f(X)). We have g(X)f(X) € I[[X]]. So
n—1
it is clear that by € (I : ap). Let n > 1 and suppose that by € ﬂ (I : ax). We show that
k=0
by € ﬂ(I : ag). We have ¢, := Zbkan,k € I. Then byc,, = bian + bobran—1 + - +
k=0 k=0

boaoby, € I. Thus b3a,, € I and hence b3 € (I : a,,). We have f € /T[[X]] = VI[[X

Lemma 2.2. So a,, € VI. Ifa, € I, then (I :an) = R. Otherwise, a,, € VT \ I and then
(I : ay,) is prime by [Theorem.2.5, [2]] or [Theorem.2.6, [2]]. Hence by € (I : a,). So
bo € (I:ay)Vn € N. Now, let k¥ > 1 and suppose that by, ...,bx—1 € (I : a,) Vn € N. We
prove that b, € (I : a,) Yn € N. For n = 0, byer, = biboay + bpbrag—1 + -+ + biao el
Thus b7ag € I. This means that b € (I : ag), so by € (I : ag) since (I : ag) prime for
ap € VI\ 1. Letn > 1. Suppose that by, € (I : a;), Vi € {0,...,n — 1}. We prove that
b € (I : ayn). Wehave ¢, = aobgyn+a1bpin_1+- - -+anbp+ani1bp_14- - -+aginbo. SO
biChtn = braobk4n+bka1bgsn_1+- - +anbt+brani1bg_1+ - +braginbo. Thena,bi € I
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(ii)

and thus b € (I : ay,). So by, € (I : a,) since (I : a,) is prime for a,, € v/T\ I. Hence

br € (I:a,)VkVn € N= by € [(I:an)Vk € N. Therefore g(X) € () (I : an)[[X]].
n>0 n>0
Thus,

(X ) F0) = (VU @) RIX]] = () (L2 an)[[X]]-

n>0 n>0

Now we show that (I[[X]] :gixy f(X)) = (I :r ar)R[[X]] for some ¢ > 0 and is a

prime ideal of R[[X]]. By Lemma 2.3, ﬂ([ tan) = (I : ay) for some t € N. So
n>0

(I[X]] :ryxy f(X)) = (I : a)R[[X]] = (I : a;)[[X]] is prime because (I : a;) is prime

for a; € T\ I by [Theorem.2.8,[2]] and [Theorem.2.9, [2]].

Suppose that f(X) ¢ /I[[X]]. First, we show that ﬂ = (I[[X]] :gx]]
>0
F(X)). Let g(X Zijeﬂ |. Then for all i,j € N, bja; € I. Thus
j>0 >0
F(X)g(X) =D (D axba—i)X™ € I[[X]). So (VI + a)[[X]] € (X)) 1y S(X)).
n>0 k=0 i>0

Conversely, let g(X) € (I[[X]] :gx) f(X)). We have g(X) f(X) € I[[X]]. We show that
by € (I :ap) Vk € N.

a. Ifa() S \/j

i. If VT = P, then f(X)g(X) € I[[X]] C VI[[X]] = P[[X]]. Since f(X) ¢ P[[X]]
then g(X) € P[[X]]. Thus agb, € P> C I Vk € N by [Theorem.2.4, [2]].

ii. If VI = PNQ,then f(X) ¢ P[[X]] or f(X) & Q[[X]] since f(X) ¢ VI[[X]] =
(P NQ)[[X]] = P[[X]] N Q[[X]] . Note first that if f(X) ¢ P[[X]] U Q[[X]], then
9(X) € PX]InQ[X]] = (P N Q)[[X]] since f(X)g(X) € P[[X]] N Q[X]].
Thus by € PN Q = VT Vk € N. Hence byap € PQ C I by [Theorem.2.4, [2]].
So by, € (I : ap) Vk € N. On the other hand, if f(X) € P[[X]] and f(X) & Q[[X]],
then g(X) € Q[[X]] since f(X)g(X) € Q[[X]]. Thus by, € (I : ap) Vk € N since
brag € QP C I by [Theorem.2.4,[2]].

b. If ag ¢ V1. We have f(X)g(X) € I[[X]] then byaop € I. Let k > 1, suppose that
by ..., bp_1 € (I : ao). We have ¢, = agpby, + -+ + agbo. Thus, agcr, = aébk +
apaibk—1 + -+ + aparby € I. Then adby € I. Hence aj € I or agby, € I since [ is a
2—absorbing ideal. If a(z) € I, then ag € /I absurd. So agby, € 1.

Now we prove that b, € (I : a,) Vk,n € N. We have already shown that b, € (I : ag)
Vk € N. Let n € N*. We suppose that by, € (I : a,,,) VO < m < n —1,Vk € N and we
prove that b, € (I : a,,) Yk € N. Indeed, for k = 0, we have ¢, = agb,, + -+~ + anbp € I.
Thus boa, € I. Let k > 1. Suppose that b, € (I : a,) V1l < r < k — 1. We show that
br € (I : ap). we do the same proof of ag to ay,.

a. Ifa,, € V1.
i. If /I = P, then a,b;, € P? C I (as for ay).
ii. IfvVI=PnNQ,thena,b, € PQ C I.

b. If a, ¢ VI. We have a,,cnik = an@obnsk +anaibpik—1+ -+ anan_1bpr1 + a2 by +
nlpi1bp_1 + -+ + apanirby € 1. Thus aflbk € I. Hence by, € (I : ay) since I is a
2—absorbing ideal and a,, & /1.

Thus (I[[X]] :gxy f(X)) = ﬂ([ : a;)[[X]]. Now we are ready to show that either (I[[X]] : gjx))

i>0

f(X)) = (I :r a;)R[[X]] for some t > 0 or (I[[X]] :gxy f(X)) = P[[X]] N Q[[X]], where P
and () are two prime ideals of R.



2-ABSORBING IDEALS 505

(i) If /T = P, then the set {(I : a,)/ a, € R} is totally ordered by Lemma 2.4. Since R

is Noetherian we deduce that ﬂ (I:an) = (I:a)forsomet € N. So (I[[X]] :px]]
n>0
f(X)) = (I:a;)R[[X]] for some ¢t € N.

(i) fVvI=PnQ.

a. If there exists ¢ € N such that a; ¢ P U Q, then {(I : a;)/ a; ¢ P U Q} is totally
ordered and /(I : a;) = PN Q by Lemma 2.4. Thus (I : a;) C/({:a:) = PNQ
forall t € N with a; € P U Q. If there exists ¢ € N with a; € P or @, for example
ifa; € P, then Q C (I : a;) because Vz € Q, za; € QP C I by [Theorem.2.4,
[2]]. By the same way if a; € Q, then P C (I : a;). Hence Viy € N with a;, ¢
PUQwehave (I :ay) C /({:ay) =PNQCQC(I:a)Va € Pand
(I:ay) C({I:a,) =PNQCPC(I:a)Va € Q. So if there exists
t € Nwith a; ¢ P U@ we have ﬂ([ tap) = ﬂ([ : an) where a,, ¢ PUQ. So

n>0 n>0
ﬂ (I:an)R[[X]] = (I :at)R][X]] for some ¢t € N since these ideals are comparable
n>0
by Lemma 2.4 (2) and R is Noetherian.

b. If a; € PUQ ¥Vt € N. Remark that (I : a;) = Q (resp. (I : a;) = P) for all
t € Nwitha; € P\ Q (resp. a; € Q\ P). Indeed, za; € PQ C I Vx € Q. So
Q C (I : a;) . On the other hand, if za; € I C /I = PN Q, then za; € Q. Thus
x € Q. The same way for (I : a;) = P. We have f(X) ¢ VI[[X]] = (P N Q)[[X]].
Thus there exists t € N such thata; € P\ Q ora; € Q \ P. So for all i € N with
ai € PNQ = VITwehave (I :a;) =Q C (I : a;) witha, € P\ Q and in the
same way we have (I : a;) = P C (I : a;) with a; € Q \ P by [Theorem.2.4, [2]].

Thus (I[[X]] :grx) f(X)) = ﬂ([ sa)[[X]] = ﬂ([ :a;)[[X]] witha; € P\ Q or

i>0 i>0
a; € Q\ P. - -
i. If there exists t1,t, € N such that a;, € P\ Q and a;, € Q\ P then (I[[X]] : gx))
f(X)) = (PnQ)R[X]] = (PnQ)X]] = P[X]]n Q[[X]].
ii. If forallt € Na; € P\ Q (resp. Q\ P), then (I[[X]] :gx) f(X)) = (I :
ar) R[[X]] = QR[[X]] = Q[[X]] (resp. PR[[X]] = P[[X]]).

O

Corollary 2.6. Let I be a proper ideal of a Noetherian ring R. Then, I is a 2-absorbing ideal of
R if and only if I[X]] is a 2-absorbing ideal of R[[X]].

Proof. Suppose that I[[X]] is a 2—absorbing ideal of R[[X]]. Since I = I[[X]] N R hence I is a
2—absorbing ideal of R. Conversely, suppose that [ is a 2—absorbing ideal of R. We show that
I[[X]] is a 2—absorbing ideal of R[[X]].

() If VI = I, then \/T[[X]] = VI[[X]] = I[[X]] but I is 2—absorbing so /I = P or
VI =PnNQ hence I[[X]] = P[[X]] or I[[X]] = (PNQ)[[X]] = P[[X]]NQ[[X]] therefore
I[[X]] is a 2—absorbing ideal of R[[X]].

(i) If I # I, then \/T[[X]] # I[[X]]. For all f(z) € \/I[[X]]\ I[[X]] we have (I[[X]] : g x]]
f(X)) = (I :r a¢)R[[X]] for some t>0isa prlme 1dea1 of R[[ ]] by Theorem 2.5 ( 3

Thus, I[[X]] is a 2—absorbing ideal of R[[X]] by [Theorem.2.8, [2]] and [T heorem.2
[21].

’
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