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Abstract In this paper,we consider a nonlinear first order neutral differential equation. By
using fixed point theory, we give some new conditions to ensure that the zero solution of the
considered equation is globally asymptotically stable in C''. Our result includes and improves
some results in the literature. We also give an example to demonstrate the correctness of the
obtained result by using MATLAB-Simulink.

1 Introduction

It is well known that neutral differential equations have many applications in science and en-
gineering. Indeed, these kind of equations are used as models of steam or water pipes, heat
exchangers (see [15]), lossless transmission lines, partial element equivalent circuits (see [16])
and control of constrained manipulators with delay measurements in mechanical engineering
(see [17]). In addition, the asymptotic stability of delay differential equations of neutral type
have been investigated intensively during the past decades, (see, e.g.,[2], [5], [7], [14] and refer-
ences therein). However, to the best of our knowledge,there are only a few results on the global
asymptotic stability of solutions of neutral differential equations(see [14].Thus, it is worth to in-
vestigate the global asymptotic stability of solutions for that kinds of equations.As distinguished
from this line, in 2004, Raffoul [11] obtained stability results about the zero solution of the
nonlinear neutral differential equation with functional delay

2(t) = —a(t)a(t) + c(t)z'(t — g(1)) + q(a(t), z(t — g(1)))- (1.1)

In [8], Jin and Luo considered the linear scalar neutral delay differential equation with variable
delay
2 (t) = —a(t)x(t) + c(t)x' (t — 7(t) — b(t)x(t — 7(t)). (1.2)

The authors gave some new sufficient conditions to ensure that the zero solution is asymptotic
stable by means of fixed point theory. In [9], Djoudi and Khemis dealt with the stability of the
solutions of nonlinear neutral differential equations with unbounded delay in following form

(1) = —a(t)x(t) + c(t)2’(t — 7(t)) — b(t)g(x(t — (1)) (1.3)

by using fixed point techniques.
In [14] Liu and Yang considered the following non-linear neutral differential equation,

2(t) = —a(t)z(t) + c(t)2'(t = 1i(1)) + q(t, (), 2(t = ma(1))). (1.4)

By using fixed point theory,they gave some new conditions to ensure that the zero solution of
equation (1.4) is global asymptotical stable in C'.

In this paper, we are concerned with the globally asymptotically stability of the zero solution
for the following neutral equation with variable delay

#(t) = —a(t)z(t) + b(t)g(x(t)) + c(t)f (&' (t = 7(1)) + q(t, 2(t), x(t = 7(1)).  (1.5)

We suppose that the following assumptions hold:
C1) a,b,c € C([0,0),R),g,f € C(R,R),q € C(]0,00), R x R, R) such that for constants
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L,, Ly > 0the functions f, g satisfy Lipschitz condition and f(0) = g(0) = 0,7, € C([0, ), (0, c0))
with ¢ — 7;(¢t) — cc as t — oo, (i = 1,2),
(,) q(t,0,0) = 0, and there exist functions Ly, L, € C([0, o), (0,00)) such that

‘Q(tazhyl) - q(tv'CCZayZ)l S Ll(t)|$1 - y1| + Lz(t)'IQ - y2|?

forall z;,y; € R,i = 1,2,
(3) the function a is bounded and 1im;_, ., inf fot a(s)ds > —oo,
C4) there exists a constant n € (0, 1) such that

t
/ e @O |p(w) | Ly + Lyle(u)| + Ly (u) + Lo(u)]du < n
0

and

la(?)| /0 e St |b(u)| Ly + Lyle(u)| + Li(u) + La(u)]du

+[b(t)| Ly + Lyle(t)] + Li(t) + La(t) <, t>0.

Let dy, = infiepy,00){t — 71(t),t — 72(t)} and denote C} = C'([dy,, to], R) with the norm
defined by

]ty = mazse |, a2 (1), [ (2)]
for z € C} and
Dy, = {p € C}, = ¢'_(to) = —al(to)e(to) + b(to)g(p(to))

Fc(to) f(¢' (to — T1(t0)) + q(to, p(t0)), e (to — T2(t0)))}-

2 Preliminaries

We now give some basic information.

Definition 2.1. ([14]) For each (tp,p) € [0,00) x Py, 2 said to be a solution of Eq. (1.5)
through (¢, ¢) if z € C'([dy,, o)) satisfies Eq. (1.5) on (¢, ¢) and z(t) = ¢(t) for t € [dy,, to)-
We denote such a solution by x(t) = z(t, to, ¢)-

Definition 2.2. ([14]) The zero solution of Eq. (1.5) is said to be stable in C' if, for any ¢, €
[0,00),€ > 0, there is a 6 = d(e, to) such that ¢ € &y, and |p|;, < & implies

maz se(q, 4{17(s)], |2 (s)[} < e
for ¢t > ty.

Definition 2.3. ([14]) The zero solution of Eq.(1.5) is said to be globally asymptotically stable
in C! if it is stable in C',and for any ¢, € [0, 00), ¢ € @, implies

Limg ooz (t, to, 9) = Limy oo’ (t, to, ) = 0.

3 Stability
We give our stability results by the following theorem.

Theorem 3.1. We suppose that assumptions (Cy)—(Cy) hold. Then the zero solution of Eq. (1.5)
is globally asymptotically stable in C" if and only if

/OO a(s)ds = co. 3.1
0
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Proof. («:) We assume that [, a(s)ds = oo and for any ¢, € [0, c0),
X = {z € C([dt,,00)) : limsow(t) = lims_oox’ (t) = 0},

and ||z[s, = maziea,, ) {x(t)], [2'(£)[} for z € X. Itis clear that X is a Banach space.
For any ¢ € ®,;, we suppose that

D={ze X :xz(t)=p(t) for tEe [dy,to]}

It follows that D is a non-empty and closed subset of X.
Define the mapping T : D — C([dy,,00)) by (Tx)(t) = ¢(t) for t € [dy,, to] and

(T2)(t) = o(to)e Toa(s)ds (3.2)

[ e e pug(a(w) + () @'~ n(w))

to
+ q(u,x(u),x(u - Tz(u)))}du
for ¢ € [ty, 00).
Initially, we show that T': D — D is a self-mapping. In view of (3.2),we can get
(T2)(t) = lto)a(t)e Moa(s)ds (3.3)
+ b(t)g(x(t) + c(t)f(2'(t = (1)) + q(t, 2(t), (t — (1))

— ) [ R g a(w0) + o) i)

+ qu,x(u), (v —ma(u)))]du
= —a(t)(Tz)(t) + b(u)g(=(t)) + c(t) f (' (t = 7 (1))
+ gt z(t),z(t — m(t))), t > to.

Then
(Tx)' (o) = —a(to)p(to) + b(to)g(p(to)) + c(to) (¢ (to — 71 (t0)))
+q(to, ¢(to), p(to — m2(t0))) = ¥’ (to)-
Therefore, Tz € C'([dy,, 00)) for x € D and

limy_oox(t) = limy 0oz’ (t) = 0.
The former estimates, assumption (C}) and definition of the limit implies that
limy—y oot — 7i(t) = 00,4 = 1,2.
Hence, for any € > 0, there exists 7' > 0 such that
max{|z(t)|,|z(t — 2 (t))], [z (t — 7 (2))|]} <€, t>T. 3.4
In view of (3.2),(3.4) and assumptions (C) and (Cy), it follows for t > T and = € D that

t T .
|(Tx)(t)] < |<,0(t0)|e_ftoa(s)ds+/ o [t alwd

to

< [b(u)g(x(w)) + c(w) f(2'(u — 71 (w))) + q(u, 2(w), 2(u — 72(u)))]du

+ /Tt e~ head b(w)|g(w(w) — g(0)] + |e(w) F(2' (u = 71 (w))) = c(u) £(0)]
+ la(u, z(u), (v — m2(w))) = q(u,0,0)[Jdu

< o Jnale)ds [lsﬂ(to)l n /T o Sz alw)du

to

x - [b(u)g(@(w)) + c(u) (@' (u =71 (u)) + q(u, 2(u), 2(u — 72(u)))]| du
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b [ e e by ]+ Lyl o= )

+ Ll(u)|x(u)+L2(u)|x(u—72(u))}du

< I o) + /: o~ Tl

9o + ()0 = () + gl = o))
+ e/Tte—fi‘ )9 |b(w)| Ly + Lsle(u)| + Ly (u) + Ly (u)]du

< e ft3a<5>d3[|¢(to)| + /tOTeft’;aW)du

x - [b(u)g(w(w)) + c(u) (2" (w =71 (u) + q(u, 2 (u), 2 (u - Tz(U)))]] du + ne.

On the other hand,it may be followed from (3.1),there exists 7} > T such that for ¢ > T,

t T u
e fto a(s)ds |:|L,0(t())| + / e fto a(u)du
to

x[b(u)g(a(u))+e(u) f (2’ (u=m1(w))+q(u, #(u), 2(u—ns(w)))] | du <.

Thus, lim; oo (Tx)(t) = 0 for z € D.
In addition, we have from (3.3) and (C») that

[(Tz)' (t)]
' (t = mi(t))) — c(t) £(0)|
t),2(t — () — q(t,0,0)|
Pz) ()] + Lglz(t)| + Lyle(t)2'(t — 71(2))]
+  1Li@)]z()] + La(t)|2(t — m2(1))].
This together (C3) and (Cy) leads that lim; o (Tz)'(t) = 0 for z € D. Therefore, Tz € D.

Now, we show that T': D — D is a contraction mapping. For x,y € D, it follows from (3.1)
and (C,) and (Cy) that

IN 4+ 4+ IA

(Tz)(t) = (Ty) (2)|

/t e~ i atdullg (. (u)) — g(y(1))|

le()l|f (2 (u = 71 () = f(y' (u =71 (u)))l
lq(u, z(u), z(u — ma(u))) — q(u, y(u), y(u — m2(u)))|]du

[e Jiatdu(L, (1) — (1)

Lyle(u)ll’(w = 71 (u)) — o' (u = 71 (u))]
L1 (w)le(u) = y(u)] + La(u)|z(u = 7a(w) = y(u — m2(w))lldu

T
Il — gl / e~ Fialhan (L 4 L le(u)| + Ly (u) + Lo(u)]du
0

IN + 4+ A + +

IN

77”33 - y”t(nt € [t(),OO).
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In addition,we can get

(T2)(®) = (Ty)O)] = [a@(T2)(#) = (Ty)()] + lg(=(t)) — 9(y(1))| 3.5)
+ eI =7(8) = f' (¢ = 7a(1))]
+ gt 2(t), 2(t = (1)) — la(t, y(1), y(t — 7a(2)))]
<

Hx—y\lto[\a(t)\/t o= It a(wydu
0

X [Lg + Lyle(u)l + Li(u) + La(u) + Ly + Lyle(t)| + L (t) + La(8)]du

< nllz = yll,-

When we consider the above discussion,we can reach that 7' : D — D is a contraction
mapping. By the contraction mapping principle, 7" has a unique fixed point = in D, which is a
unique solution of Eq. (1.5) through (%o, ) and satisfies

limy—oox(t) = limy— 0oz’ (t) = 0.

Finally, we prove that the zero solution of Eq. (1.5) is stable in C.
We now suppose the following conditions are true:

K= Supte[to,oo)e_ ftoa(S)dSa A= Supte[to,oo)|a(t)|'

From (6) and (C3) ,we get K, A € (0,00). For any € > 0, let § > 0 such that

5<emm{1 I ’KA}

If (t) = x(¢,to, ) is a solution of Eq.(5) with |¢|;, < 4, then z(t) = (Tx)(t) on [ty, 00).
We claim that ||z]|+, < e. Otherwise, there exists ¢; > to such that

maz{|x(ti)], [2' ()]} = €

and
maz{|z(t)|, |2'(¢)|} < e

fort € [dy,,t1). If |x(¢1)| = €, then it follows from (3.2) and (C,) and (Cy) that

|z (t1)]

IN

t t .
Iw(to)\e*fto'a(s)der/ o It ats)ds

to

< [plu)g(a(u) + c(u) f(2'(u = 1i(w))) + q(u, 2(u), 2(u — 72(u)))]du

131 ;
K6+ / e S L 4L le(w)] + Ly (u) + Lo(u)]du

to

Ké+en

IN

IN

< €.

This is a contradiction.
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If |2/ (¢1)| = €, then it follows from (3.3) and (C,) and (C4) that

(e(to)lalt)le™ i a(s)ds + [b(t)]lg(x(t1))|

|2'(t1)] <
+ eI (@ (t = @)D+ lg(tr, 2 (t), 2 (8 — 72(t1)))]
+ ‘/ e fu

X [b(w)g(z(u)) + c(u) f (@' (u — 71 (w))) + q(u, (u), 2(u — m2(u)))]du
KAS + ela(t)] / e~ I atwu

IN

X [b(u)|Lg + Lgle(u)| + Li(u) + La(u) + [b(t1)|Lg + Lyle(t1)]
+ Ll(tl) + Lz(tl)]du
< €

This is a contraction,too. Hence, the zero solution of Eq. (1.5) is stable in C''. This, together
with
limy oo (t) = limy 0oz’ (t) =0
implies that the zero solution of Eq. (1.5) is globally asymptotically stable in C'.
(=) : We now assume that the zero solution of Eq. (1.5) is globally asymptotically stable in

C'. We prove that (3.1) holds. In the contrary to this fact, let us assume that (3.1) does not hold.
Then there exists a positive constant [ such that

I =limi_seoinf fo s)ds, Ko = supicii,, )€ Jig@)ds ang Ao = supyciiy,0)lalt)].
Hence it follows from (03) that [ € (—o0,), Ky € (0,00) and Ap € [0,00). So, there
exists an increasing sequence {¢,} C [0, oo) such that lim,,— ooty = oo and

tn
| = limnﬁoo/ a(s)ds. (3.6)
0
Denote
tn u
I, = / eJ5" 8 |y (w)| L, + Lyle(u)| + Ln(w) + Lo(w)]duyn = 1,2, ..
0
From (Cy), it follows that
t tn "t
= e dimaos [T e Lo o) L 4 Lyle(w)] + L) + La(w)ldu
0

< ne” fot” a(s)ds

This together with (3.5) implies that the sequence {l,,} is bounded. Further, there exists a
convergent subsequence. For shortness of notation, we may assume that {l,,} is convergent.
Therefore, there exists a positive integer m such that for any integer n > m,

tn “ 1—
f a(s)ds L L L L 777 7
B O )Ly + Lyl + La(a) + Laidn < gre St G
and
elim (s %, e~ Jom s < ol el alds gty (3.8)

where B = maz{Ko(e' + 1), AgKo(e! +1),1}.
For any § > 0 consider the solution z(t) = z(t,tm, ) of Eq. (5) with ||, < J and
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lo(tm)| > 3. It follows from (3.2),(3.3),(3.6) ,C5 and Cy for t € [t,;,, 00) that
2(t)] = ltm)e Jima(s)ds

" /t e Lot (g (a(u)) + eu) (@' (u — 71(u)))

m

a(u, z(w), w(u = ())))du
@(tm)e_ f’r a(s)dse_ fotm a(s)ds

IN

t
+ el / e~ 208 |b(u)| Ly + Lyle(u)] + L (u) + La(u)]du
t

m

IA

t
Ko(e! + D3 + s, [ e SO b(w)] Ly + Lyle(w)] + Liw) + La(u)ldu

tm

IA

B6 + ||z,

and

(1) = tm)a(t)e” fima(s)ds
1b(£)g((t)) + e(t) f (2 (t — 71 (1)) + alt, 2(t), 2(t — 72(1)))]

(o) / 5145 1) g () + () £ (' (u — 71 (1))

q(u, 2(w), 2(u = 72(u)))|Jdu
A()K()(el + 1)5

A+ o+ +

el (a()] / e~ Lo ()| Ly + Lyle(u)] + i (u) + La(u)]du

|b(t)|Lg + Lyslc(t)| + Li(t) + La(t)}
Bo +n||z]ls,, -

N+ +

Hence,
|2lt,, < B+ nlzll,,

so that
B
Iz lle,, < =0 (3.9)
-n
For n > m, we can obtain (3.2), (3.6)-(3.8) and C, that for n > m,
(tn)] > |so<tm>\e—f%a<s>ds
tﬂ,
=it [ B )y () + ()£ =i 0)
t

m

q(u, 2 (u), (u = 72(u)))[]du

> [p(tm)le” Fona(s)ds
tn
— lally, e BT ol / e~ I5" (s [|b() | Ly + Lyle(u)| + Li(u) + La(uw)]du
tm
1— 1
> 75—75( L) U —4.

R 8B(e+1) 8
This contradicts to the fact that

limy—s ooty = 0.

Thus the zero solution of Eq. (5) is globally asymptotically stable in C''. The proof is complete.
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4 Example and Remark

Example 4.1. Consider the following first order neutral equation

1 2 1 / .
/ ¢ R 1 (1 —e® (t) (1 —e" (t—(5+4sint))
() W oarat T D T oargt e )
|z(t)] + |z(t — (5 4 4cost))|
4 In(1+ e ), 4.1
where a(t) = iz, b(t) = sty () = gz 9(2) = 1= €70, f(a') = 1 — e (= Fraeimt)

,71 =5 +4sint and » = 5 + 4cost.

Obviously a,b,c € C([0,00), R), g, f € C(R,R),q € C([0,00)RxR, R) and 7; € C([0, ), [0, 0))
witht — 7, > o0 ast — 00,1 = 1,2.

A simple calculation shows that

la(t)| < 1, /000 a(s)ds = oo, t€0,00).

Assume that L (t) = Ly(t) = m. Then (C,) holds. Alsolet Ly =2,L, =3 and n = 7/10.
Hence, we can get

/t o S als)ds [Lyb(w)] + Lyle(uw)| + Li(u) + Ly(u)]du

0
/t1+u 7 7t
o 1+t20(1+u) 201+t

and

o) [ e R LL + Lylew)] + La(u) + Lol

+16()| Ly + Lyle(®)| + Li(t) + La(t)
7 7t

TR
<20 20757

The above discussion shows that assumptions (C;) — (Cy) hold. This leads that the zero solution
of (5) is global asymptotically stable in C''.

L L L 1 n T T T
0 10 20 30 40 50 60 70 80 90 100
time(sec)

Figure 1. Trajectory solution z(t) of Eq. (4.1)
Remark 4.2. Theorem 1 includes and generalizes the result of Liu and Yang [14]. In fact, when

chose g(z) = 0 and f(2/(t — 7(¢))) = 2'(t — 7(t)) our conditions reduce to that of Liu and Yang
[14,Theorem 2.1].
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