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Abstract. The aim of the present paper is to 1nvest1gate a recurrence relation and an integral
representation of generalized Mittag- Leffler function EV’ ﬁ’ which can be reduced to H-function
and Hyper geometric function. In the end several spemal cases have also been discussed.

1 Introduction

The Swedish Mathematician Gosta Mittag- Leffler [3] in 1903, introduced the function E,(z),
defined as

Zran+ {a,z € C; Re(a) > 0} (1.1)

where z € C and I'(2) is the Gamma function: « > 0.The Mittag- Leffler function in (1.1)
reduces immediately to the exponential function e* = FE)(z) when o = 1. Mittag- Leffler
function naturally occurs as the solution of fractional order differential equation or fractional
order integral equation.

In 1905, Wiman [8] studied a function E, g(z),generalization of E,(z) and defined as fol-
lows:

Eop(z Zrofntﬁ) {a,B,z € C;Re(a) > 0, Re(B) > 0} (1.2)

The function E, (=) is known as Wiman function.

Prabhakar [4] introduced the function EZ 5 (2) in the form of (see also Kilbas et al.[2])

Bas Z [(an + 3) (n). A, 8,7,z € C;Re(a) > 0, Re(B) > 0, Re(y) >0} (1.3)
where (), is the pochammer symbol
(1) = L0 £n) ]I (n=0,7#0)

N being the set of positive integers.

Shukla and Prajapati [6] defined and investigated the function, El:% (z) as

)n

Zranw (14

{a,8,7,2 € C; Re(a) > 0, Re(B) >0, Re(y) >0, € (0,1)UN}
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and

(Van = ¢™ H(%Mq € Nyn e No:= N U{0})
r=1

In the sequel of this study, Tariq and Ahmad [5] defined the function

; ()"
B meﬁ o A3

{a, 8,7,z € C;min{Re(a), Re(B), Re(vy), Re(d) > 0},p,q > 0,q < Re(a) + p}

It is easily seen that (1.5) is an obvious generalization of (1.1) to (1.4)

 Setting § = p = 1 it reduces to (1.4 ) defined by Shukla and Prajapati [6], in addition to
that if ¢ = 1, then we get eq. (1.3) defined by Prabhakar [4].

e Onputtingy =9 = p = ¢ = 1in (1.5) it reduces to Wiman’s function, moreover if 5 = 1,
Mittag-Leffler function E,,(z) will be the result.

2 Recurrence Relation

Theorem 1

For (R(a+a) > 0,R(B+s) >0,R(c) >0,p,qg € (0,1) UN), we get

10, Y596, ,0,
E(’:ueraquJréJrl p( ) Ea+aqﬁ+5+2 p( ) (6 + 8) (6 + s+ 2)El+aq[3+5+’i7p( )

+(OL+CL)2 2ngaqﬁ+s+3 p( ) + (a+a)(a+a+2(ﬂ+s+ 1)) nga B+s+3, p( ) (21)
Where
B0 = B (2)
a,B,p dz "~ @Bp o
and

2
b () — & s,
Eusp(?) = 2 Bu5(2)

By putting o + a = k and 8 + s = m in this theorem, we get the following corollary

Corollary 1
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50, ,0, _ 50,
Egm?‘rl p( ) Egm(iZ p(CZ) - m(m + 2)E;cym3-3 p(CZ) + kz zEk m+3 p( Z)

(k4 2m + 2)2E00, (c2) (2.2)

Proof of Theorem 1

By the fundamental relation of Gamma function I'(z + 1) = 2I'z to (1.5), we can write

E’Y»évq — (7>qn (cz)n 23
a'raptot1p(¢2) Z;ﬂa+®n+5+sﬂﬂa+®n+ﬁ+@®%n 2.3)
and

E 16,9 CZ) — Z (V)Qn(cz)n
aradreite Z{latan+pf+s+1H{(a+a)n+B8+si((a+a)n+ B+ 5)(0)pm

(2.4)
Equation (2.4) can be written as follows:

E8a Z )an(c2) [ 1 _ 1 ]
a'raprer2p(C r(( a—i—a n—|—6+s)( Yo {(a+an+B+s} {(a+a)+B8+s+1}
8 — poa _ (7)gn(c2)"

araprsr2p(?) = Ealaprsry nZ:O {(atan+B+s+ DT ((a+a)n+B+5)(0)m
(2.5)
For convenience we denote summation in (2.5) by S,
— (’y)qn(cz)”
S = 2.6
nzz(){(a+a)n+6+s+1}T((o¢—|—a)n—|—ﬂ+s)(5)pn (2.6)
= ng&qﬁﬂﬂ p(cz) - ngf,ﬂﬂﬂ,p(cz)

Applying a simple identity

u=((a+an+p+s+1)
0 (2.6)

{lata)n+ B+ s}(7)gnlcz)"
5= Z a+an—|—5+s+3)(5)

+§:{a+an+ﬂ+ﬂﬂa+@n+ﬂ+s+u<MMwW

n=0 ((a+a)n+5+8+3)(6)pn
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S = (a+a) ; (ot aﬁ‘ﬁlqz(fil 3)(0)pn

H) i M an s 5700

_Ha+ayg%rﬂa+53fg$?i3X®m

o ;) T((a+ a%ﬁqg(fz: 3)(8)pn
(V)gn(c2)”

+”n§ T((at an+B+st3)©0)pm

where u = (o +a)(28+2s+1)andv = (B+s)(B+s+ 1)

Now express each summation on right hand side of (2.7) as follows:

@ b —  (n+2)(n+1)(7)gn(c2)"
RIS FE ey = ; T((a+a)n+B+s+3)(6)pm

From (2.8) we get

(Vgn(c2)
ZF ((a+a n+5+s+3)(5)

L2 o,
E;mq[ﬂs% p(cz) + 42Eo¢+a B+s+3, p(cz)

an(c2)"
ZF{oH— n+6+s+3}()

Considering

J D(an(e2)
@(zEaJraﬁ#»S#»lp Zr a—|—a n+6+s+3)(5)

n=0
Similarly we get
gn(c2)" )
— E’)’ q
Zr (ata n+5+s+3)(5) = #Baiiprsran(¢?)
Using (2.9) and (2.11) we have
(7)gn(cz) L2,
Z C((a+a)n+8+s5+3)(0)pm PEL g aisp(€2) + 2B 5, (c2)

Using (2.11) and (2.12) in (2.7), we get

2.7

2.8)

(2.9)

(2.10)

2.11)

(2.12)
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s s,
S=(a+ a)z[zzEngaq,ﬁHH?p(Cz) + ZEl+a(I,,3+S+3,p<CZ)]
+(a+a+ u)zE'gf(’lq’Bﬂ%’p(cz) —(B+s+ U)ngt’lqﬂﬁﬂp(cz) (2.13)

From (2.6) and (2.13) we get the proof of theorem 1

3 Integral Representation

Theorem 2
We get
! 1

/0 tﬂ+sng£ﬁ+s,p(tQ+Q)dt = CTL[ngqu,,BJrsH,p(C) - ngﬁ,@ﬁﬂ,p(c)] 3.D
(R(a+a)>0,R(B+s)>0,R(y) >0,qg€ (0,1) UN)
Settinga+a =k € N and f+s=m € N in (3.1) yields
Corollary 2

: m 7,6,q (1k _ 1 v:0,q
/0 B (1)t = UL (€)= Bt (0] (3:2)

Where
k,me N
Proof

Putting z=1 in (2.6) gives

i (V)qn(c)n
5 I'(a+an+p+s){(a+an+5+s+1)}H)m
= [BL0 i1 (€)= ELD 4 i, (0)] (3.3)

It is easy to find that

(’Y)qn (z) (ata)n+B+s+1

1 00
B+s ,0, a+a _
A t E3+aqﬁ+57p(t )dt o ? {(a+a)n+ﬂ+s+ 1)}F((Oz+a)n+ﬂ+s)(5)pn 34

Forz =1in (3.4)

1 00
B+s 1756, a+a _ (fy)qn
A ¢ E3+aqﬁ+57p(t )dt - ? {(og+a)n+ﬂ+s+ 1)}F((a+a)n+ﬂ+s)(5)pn 3:5)

On comparing (3.3) with the identity obtained in (3.5) is seen to yields (3.1) in theorem 3
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4 Special Cases
(i) Settinga=1,q=1,p=1,0 = 1,a = 0in (2.1) we get the following interesting relation
B+s+2)B+s+ 1)1 Fi[y,B+s+1Lcz]|—1 Fi[y,B+s+2,cz]

=B+s)(B+s+2) 1 Fi[y,B+s+3,c2] — 221 F1[y,8+s+3,¢z]
+{1+2(B+s+ 1)}z 1 Fi|y,B8+s+3,cz] 4.1

(ii) Setting 6 = p = ¢ = 1in (2.1), we get a known recurrence relation of Eg%(z) by Shukla
and Prajapati [[7],p.134,eq(2.1)].

E(qu,BJrerl(Z) - nga,[iJrerZ(Z) = (ﬁ + S)(ﬁ t+s+ 2)E(Zfa,ﬂ+s+3 (Z)
+(a + a)zzzElfa,ﬂ+s+3(2) +(ata)(a+a+2B8+s+1))zELE 5 5(2)  (42)

where
() = ZEVH)
a,B zZ) = % a,B z
and
d2

ET4(z) = @Elﬁ%(z)

(iii) Puttinga = 0,0 = vy =¢q¢ = 158+ s = m € N,p = 1 in (2.1), reduces to a known
recurrence relation by Gupta and Debnath [1] of E,, 5(z)

Ea,erl(Z) = Ea,m+2 (Z) + m(m + 2)Ea,m+3(z) + azzzEa,m+3(Z)
+a(a+2m +2)2Eq mi3(2) 4.3)

Where

. d
Eop(2) = %Ea,ﬁ(z)

.. d?
Eop (Z) = pEa,B(Z)

(iv) Substituting § = 1,¢ = 1,p = 1 in (3.1), we get integral representation of E_4(2) by
Shukla and Prajapati [7]

1
/0 B (0T dt = [EL o (1) = EXE o o (1)] “4.4)

(v) Substitutingy=2,q=1,a=1,a=0,0+s=1,c=1,z=1,p=1,§ = 1in (3.1),we
get

1
2,1,1 2,11 21,1
| E o = 1230 - B @)

Puttingy=1,0=1,q=1,c=1,k=1,m=1,p=1in(3.1) we get



568

Vandana Agarwal and Monika Malhotra

1
/0 LBy (tdt = Epyy (1) — Epgp(1) (4.6)
or
1
/ tetdt = E172(1) — E173(1) 4.7
0
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