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Abstract. The concept of Riesz dual sequences (R-dual sequences) was introduced by
Casazza et al. in 2004. Recently, for generalizing this concept to g-frames the concept of g-
Riesz dual sequences has been introduced and various definitions of R-duals for frames are in
the literature. In this paper, we generalize these concepts for g-frame and introduce g-Riesz duals
(g-R-duals) of type I1, I11 and IV. Since the g-R-dual of type I'V is the most general g-R-dual,
we focus on the g-R-dual of type IV. We give characterizations of g-frames and g-Riesz bases
in terms of their g-R-dual of type IV. We characterize all dual g-frames of a g-frame in terms
of its g-R-dual of type IV which can be considered as Wexler-Raz biorthogonality relations
for g-frames. Also, we present a generalization of Ron-Shen duality principle to g-frames. In
addition, we investigate the construction of dual g-frames in more details and we give another
characterization of dual g-frames with respect to its g-R-dual sequence.

1 Introduction and preliminaries

The concept of R-duality of a Bessel sequence in a separable Hilbert space was introduced by
Casazza, Kutyniok and Lammers in [1], in order to obtain a generalization of duality principles
in Gabor frames to abstract frame theory.

Let (e;)icz, (hi)icz be orthonormal bases and (f;);cz be a Bessel sequence. The R-dual se-
quence of (f;);cz with respect to the orthonormal bases (e;);cz and (h;);ez is the sequence

(wf) jez, such that for every j € Z

wl =% "(fie;)hi.

i€l

The R-duality has been favored by many authors. The R-duality with respect to orthonormal
bases has been discussed in [2] and [3]. In [8], the authors introduced various alternative R-duals
and showed their relation with Gabor frames. In [11], the authors generalized the R-duality
in Banach spaces. In [4] the authors, proved that the duality principle extends to any pair of
projective unitary representation of countable groups. Recently, for generalizing this concept to
g-frames the concept of g-Riesz dual sequences has been introduced [7]. Various definitions of
R-duals for frames are in the literature.

In this paper, we generalize these concepts to g-frame and introduce g-Riesz duals (g-R-
duals) of type I, I1I and IV. Since the g-R-dual of type IV is the most general g-R-dual,
we focus on the g-R-dual of type IV. We give characterizations of g-frames and g-Riesz bases
in terms of their g-R-dual of type IV. We characterize all dual g-frames of a g-frame in terms
of its g-R-dual of type IV, which can be considered as Wexler-Raz biorthogonality relations
for g-frames. Also, we present a generalization of Ron-Shen duality principle to g-frames. In
addition, we investigate the construction of dual g-frames in more details and we give another
characterization of dual g-frames with respect to its g-R-dual sequence.

Throughout this paper H denotes a separable Hilbert space with inner product (.,.) and Z is a
subset of Z, and {H; : i € I} is a sequence of separable Hilbert spaces . Also, for every i € Z,
L(H, H;) is the set of all bounded, linear operators from H to H;.
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In the rest of this section we review several well-known definitions and results. The new results
are stated in Section 2.
For every sequence { H; };cz, the space

O P H)e ={(fi)icz: fi € Hii € T, ||fill* < o0}

i€L i€L

with pointwise operations and the following inner product is a Hilbert space

((fi)iez: (9i)iez) = Z<fiagi>-

i€l

A sequence A = {A; € L(H, H;) : i € T} is called a g-frame for H with respectto {H; : i €
T} if there exist A, B > 0 such that for every f € H

AlfIP < Y IAuf 1P < BIFIP,

i€l

A, B are called g-frame bounds. We call A a tight g-frame if A = B and a Parseval g-frame if
A = B = 1. If only the right hand side inequality is required, A is called a g-Bessel sequence.
If A is a g-Bessel sequence, then the synthesis operator for A is the linear operator,

Tn: (Y P H)e—»H  Talfi)icz =Y Alfs

i€l i€

We call the adjoint of the synthesis operator, the analysis operator. The analysis operator is the
linear operator,

Ti:He Y P H)e  Tif = (Aif)ier
icT
We call Sy = TAT) the g-frame operator of Aand Saf =3,  AjA:f, (f € H).
If A = (A;)iez is a g-frame with lower and upper g-frame bounds A, B, respectively, then the
g-frame operator of A is a bounded, positive and invertible operator on H and

A(f, ) < (SAf, f) < B(f.f) (f€H)

SO

AT < S\ <B.I.
The canonical dual g-frame for A = (A;);ez is defined by A= (/T7 )iez, where K = AiSKI

which is also a g-frame for H with lower and upper g-frame bounds % and L, respectively. Also

for every f € H, we have
F=YNASF =) Ai Aif.
€T ieT

Wesay A = {A; € L(H, H;) : i € I} isa g-frame sequence if it is a g-frame for span{A}(H;)}icz.
A sequence A = {A; € L(H,H;) : i € I} is g-complete if {f : A;f = 0,Vi € T} = {0}. We
note that the g-Bessel sequence A is g-complete if and only if 7 is injective. We say that A is a
g-orthonormal basis for H, if

(A} fi, N fi) = 6ij(fis f5), Vfi€ Hi f; € Hyi,j €T

and

YIAFIP =1 (f € H).

i€z
A sequence A = {A; € L(H, H;) : i € I} is a g-Riesz sequence if there exist A, B > 0 such
that for every finite subset ' C Zand g; € H;,i € F

AY Nal> < 1) Aral® < BY gl (L.1)

i€l ieF ieF
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G-Riesz sequence A = {A; € L(H,H;) : i € I} is called a g-Riesz basis if it is g-complete,
too. So A is a g-Riesz basis if and only if T is a bounded invertible operator. Clearly, every
g-orthonormal basis is a g-Riesz basis.

LetA={A;, € L(H,H;):i€Z}and ® = {0, € L(H, H;) : i € I} be g-Bessel sequences
with g-Bessel bounds B and C, respectively. The operator Sye : H — H defined by

Sxef = A;®,f, (f€H)
i€
is a bounded operator, || Sae|| < VBC, Sig = Sea and Sxa = Sa.
Two g-Bessel sequences A = {A; € L(H,H;): 1 € Z} and ® = {®; € L(H,H;) : i € I} are
called dual g-frames if

F=Y A0f =Y @:Af, (fecH).

i€l i€L

For more details about g-frames, see [6, 9].

2 Main results

In this section, first we consider the g-Riesz dual(g-R-dual) with respect to g-orthonormal bases
as the g-R dual of type I in [7] and we introduce alternative definitions of g-R-duals.

Definition 2.1. Let A = {A; € L(H, H;) : i € 7} be a g-frame for H with g-frame operator S.

(i) LetT' ={T;, € L(H,H,;) :i € T} and Y = {Y; € L(H, H;) : i € I} be g-orthonormal
bases. The g-R-dual of type I of A with respect to I" and Y is ®* = (@3\) jez defined by

QN f =T;Sarf (f € H).

(ii) LetI' = {I'; € L(H,H;) :i € Z} and Y = {Y; € L(H, H;) : i € T} be g-orthonormal
bases. The g-R-dual of type IT of A with respect to " and Y is ®* = (®%)c7 defined by
_1
O =T;874s o f (feH).

(rs?)

(iii) LetI' = {I'; € L(H,H;) :i € Z} and Y = {Y; € L(H, H;) : i € Z} be g-orthonormal
bases and M : H — H be a bounded invertible operator with || M|| < \/[|S]| and ||M || <
v/ |[S~1]|. The g-R-dual of type 11T of A with respect to triplet (I', Y, M) is @* = (®}) ez
defined by

A — .
O =T3S 4 ar] (T EH).

(iv) LetI' ={I'; € L(H,H;):i € I} and Y = {X; € L(H, H;) : i € I} be g-Riesz bases. The

g-R-dual of type IV of A with respect to T" and Y is " = (®%)c7 defined by

QN =T;Sxf (f€H).

In all of the above cases, it is obvious that QD? is well-defined and CI>§\ € L(H, H;), for every
jel.

Clearly, the g-R-duals of type I are contained in the class of g-R-duals of type 11 and the
g-R-duals of type I11 are contained in the class of g-R-duals of type IV. Moreover, the g-R-
duals of type I, I1, and 111 are contained in the class of g-R-duals of type IV.

In the following proposition, we show that for tight g-frames the g-R-duals of type I, I1 and
111 coincide.
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Proposition 2.2. Let A = {A; € L(H, H;) : i € I} be a tight g-frame. Then the g-R-duals of
type I, II and 111 coincide.

Proof. Denote the g-frame operator for A by S. Since A is a tight g-frame, then S = AJ for
some A > 0. ]

Forevery j € Z,T;Syr =T, 4728 ) =T;8738

(rad) A(rsd)” Therefore the g-R-duals of type I

and I coincide.

LetI’ ={I'; € L(H,H;) : i € Z}and Y = {Y; € L(H,H;) : i € I} be g-orthonormal
bases. Take the bounded invertible operator M : H — H such that ||M|| < /]|S]| = V/A and

IM~Y < VIS = ﬁ. Suppose that (g;)icz € (3,;c7 ®H;) e, then we have

1D M) gl P = 11D M Yigil P < IMFP D Yiall? < A llaal ™

ieT ieT ieT ieT
and
* * * 1 *
1> M) gl P = || > M*Y;gil|* > WHZYZ'%HZ > AY il
€T €T ||( ) || €T €T

Therefore (Y;M);cz is a tight g-Riesz basis with bound A. We can see that % is a unitary

operator. Since Y is a g-orthonormal basis, then (ﬁYiM )iez is a g-orthonormal basis, denote
itby (W,)icz. Hence (VAYW,)ier = (Y;M);cz. Now, the g-R-dual of A of type I11 with respect
to (T, Y, M) is

Pi =135 51y = TS gpnvan = LiSwm)

which is a g-R-dual of type I of A.

Since the g-R-duals of type I are contained in the class of g-R-duals of type 1] and for
tight g-frames the g-R-duals of type I and /! coincide, then for tight g-frames, g-R-duals of type
I, IT and I coincide. m|

Since the g-R-dual of type I'V is the most general g-R-dual, we focus on the g-R-dual of type
1V and we give some characterizations of it. Note that all results about the g-R-dual of type IV
hold for the g-R-duals of type I, IT and I11.

In the following proposition, we present an algorithm which invert the process of mapping A
to its g-R dual of type IV (D).

Proposition 2.3. Ler A = {A; € L(H, H;) : i € I} be a g-Bessel sequence with g-Bessel bound
AandT ={T; € L(H,H;) :i € Z} and Y = {Y; € L(H, H;) : i € I} be g-Riesz bases. Let
PN = (433\) jez be the g-R dual sequence of type IV of A with respect to I" and Y. Then PNisa
g-Bessel sequence and A is the g-R-dual sequence of type IV of ®* with respect to g-Riesz bases
(Ti)ieI and (fi)ieI, where (Ti)ieI and (fi)iel are dual g-Riesz bases of Y and T, respectively.
In the sense that for every i € T we have

JET

Proof. Let B and C be upper g-Riesz bounds for I' and Y, respectively. Since T is a g-Riesz
basis with upper g-Riesz bound C, then it is a g-frame with upper g-frame bound C, too. On the
other hand, A is a g-Bessel sequence with g-Bessel bound A. Therefore ||Say|| < VAC, see [6].
Hence for every f € H we have

STI@MIP = D OITSarfl” < BliSarf|* < ABC| f]*.

jez jeT

Therefore ®* is a g-Bessel sequence in H.
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Forevery f € H and g; € H; we have

(XiSpapfr01) = D (PN, Trg) =D (SealiTif, Y gi)
jeT jET
= (Sra Y _TT;f.Yig) = (f, Sar Y gi)
jeT
= ZAZYkT79i> = (f,Afgi) = (Aif, 9i)-
ke

Thus forevery i € Z

JjET

O

Corollary 2.4. Let A = {A; € L(H,H;) : i € L} be a g-frame with g-frame operator S and
(®;)jez be the g-R-dual of type 111 of A with respect to g-orthonormal bases T = {I'; €
L(H,H;) :ie€I}, Y ={Y;, € L(H,H;) : i € I} and invertible operator M. Then for every
i€Zand f € H,

Aif =Y (M*)7LS 1 f

(@)(I's?)
Also, if (®;) ez is the g-R-dual of type 11 of A with respect to g-orthonormal bases I and Y,
then for everyi € T and f € H,
_1
Aif = YZS ZS(I)(FS%)f.
Proof. Since (®;);cz is the g-R-dual of type 111 of A with respect to g-orthonormal bases
I' and Y and the bounded invertible operator M, then (®,),cz is the g-R-dual of type IV
of A with respect to g-Riesz bases (I';S~2);c7 and (Y;M);cz. By Proposition 2.3, we have
Aif =(YiM)iezS ——
Al 87 2)jez

Itis easy to check that that (TzM)zeI = (Yi(M*)_l)ieI and (Fjsié)jez = (Fjs%)jez. There-
fore foreveryi € Zand f € H, A;f = Yi(M*)*lS(q))(FS%)f.

Since the class of g-R-duals of type /7 is contained in the class of g-R-dual of type /11, by
substituting M = S > in the above equation, we have A; f = 1;5 7%S<1>(rs%) I O

In the following theorem, we present an equivalent condition for the sequence A = {A; €
L(H,H;) : i € I} to be a g-frame, which can be regarded as a generalization of Ron-Shen
duality principle to g-frames.

—_~—

Theorem 2.5. Let A = {A; € L(H, H;) : i € I} be a g-Bessel sequence in H and ®* = {®} €
L(H,H;) : j € I} be the g-R-dual sequence of type IV of A with respect to g-Riesz bases
I'={l; e L(H,H;):i€Z}and Y = {Y; € L(H,H;) : i € T}. Then A is a g-frame if and
only if ®" is a g-Riesz sequence.

Proof. Let0 < By < B; and 0 < C; < (; be g-Riesz bounds for I" and Y, respectively.
Suppose that A is a g-frame with bounds 0 < A; < A,. For every finite subset F' C Z we have

I @Y gl* = 1D Sealjgill* = 15> igi)l?
jeF JEF JeF

A0 TiglP < ABaCy Y g™

JEF jEF

IN

Similarly, we can get the following result

13" @2 g2 > AiBiCy Y gyl

jEF JEF
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Therefore (CIDA) jez is a g-Riesz sequence in H.
Conversely, let (®});cz be a g-Riesz sequence with g-Riesz bounds 0 < Dy < D, in H. Sup-
pose that f € spanjez(l" Hj), then there is a finite set F' C [ and {g; € H; : j € F'} such that

f=2erTg;. We have

STIALP = D IAO TigNl> =D 11D ATign)11?

1€T i€L JEF i€  jeF
< fll SN YA = f\l SO YIAT g0
€T jeF JEF i€l
A* 2 2 2
= *Ilzq’ gill* < legjll
jEF G i

<

D, )
Uigill* = = IFIP.
797
cF BiC)
Similarly, we can get the following result

Do lAfIP = B C = I

€L
Since spanjer(I';H;) = H, then A is a g-frame in H. i

In the following theorem, we give a characterization of g-Riesz bases in terms of their g-R-
dual of type IV.

Theorem 2.6. Let A = {A; € L(H, H;) : i € T} be a g-Bessel sequence for H and ®* = {®} €
L(H,H;): j € I} be the g-R-dual sequence of type IV of A with respect to g-Riesz bases F =
{l.e L(H,H;):i€Z}and Y ={Y;, € L(H,H;):i € Z}. Then A ={A; € L(H,H;) : i € T}
is a g-Riesz basis if and only if ®" is a g-Riesz basis.

Proof. We know that A is a g-Bessel sequence if and only if ®* is a g-Bessel sequence. For
every f € H, we have

Sarf =3 TiT;(Sarf) =Y L300 f = Spenf-
JEL JET

Therefore Say = Sgga- Since Say = TATY and Y is a g-Riesz basis, then Say is invertible if and
only if T} is invertible which is equivalent to A is a g-Riesz basis. Therefore A is a g-Riesz basis
if and only if Sy is invertible. Similarly ®* is a g-Riesz basis if and only if Spar 18 invertible.
Since S~ = Sga by the above relation, A is a g-Riesz basis if and only if P is a g-Riesz
basis. O

‘We note that, since every g-orthonormal basis is a g-Riesz basis, the above theorem is a gen-
eralization of Proposition 3.10 in [7].

In the following theorem, we characterize all dual g-frames of a g-frame in terms of its g-R-
dual of type IV which can be considered as a generalization of Wexler-Raz biorthogonality
relations to g-frames.

Theorem 2.7. Let A = {A; € L(H,H;) :i € I}, ¥ = {¥, € L(H,H,) : i € I} be g-frames
andT ={T; € L(H,H;) :i € I}, Y = {Y; € L(H, H;) : i € I} be g-Riesz bases in H. Let ®*
be the g-R-dual of type IV of ¥ with respect to g-Riesz bases T, Y and ®* be the g-R-dual of type
IV of A with respect to g-Riesz bases T and Y. Then the following statements are equivalent:

(i) ¥ and A are dual g-frames.
(ii) Say = Syp = 1.
(iii) (DY g;, @ g) = ulg5, %) Voj € Hyogr € Hi (j.k € T).
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Proof. The equivalence of (1) and (2) is obvious.
Since Y is a g-Riesz basis, Corollary 3.3 in [9], easily implies that SyyS5, = Swa. For every
9; € Hj,gr € Hy, j, k € T we have

(@ g, Py gk) = (SreT5g5, S5.Thgk) = (U5, Swaljgk)-
Therefore <<I>;¥’*gj, DL g1.) = 8;x(g;, gr) if and only if (g5, SWA(fng)> = (595, f,ﬁg@ which
is equivalent to S\y,\(i:;;gk) = I:Z,gk, for every k € Z. Since spanigl:;‘(Hi) = H and Sy, is
continuous, this is equivalent to Sps = I. Therefore (2) is equivalent to (3). O
In the following lemma we prove that if A is a g-Bessel sequence, then there exists a basic
relation between its synthesis operator and span; EICDQ-‘* (H j), see [7, Lemma 3.6].

Lemma 2.8. Let A = {A; € L(H, H;) : i € I} be a g-Bessel sequence with synthesis operator
Ty and ®* = {®) € L(H,H;) : i € T} be the g-R-dual sequence of type IV of A with
respect to g-Riesz bases T = {I'; € L(H,H;) : i € T}, Y = {Y; € L(H,H;) : i € Z}. Let
(hi)iez € (3 ;ez ®H;)p2 and h € H. Then

(i) h€ker(Ty,) = spaanICIDé-\*(Hj)J_ if and only if (Y;h)iex € kerTy (equivalently Sayh =
0).
~ % L

(ii) (hi)iez € kerTa ifand only if Y, 7 Yih; € ker(Tg,) = spanjezq)é-\ (H;) .
(iii) ®" is g-complete if and only if Ty is injective.
Proof. (1) h € ker(Tgy) = ss])ctrzj.ngl>§-‘*(Hj)L if and only if for every j € Z, g; € Hj,,
(h,®%"g;) = 0. For every j € T we have

(h, )" g;) = (h, StaT5;) = (Sarh.Tjg5) = O A Yih. Tjg;).
i€T

Since spanl";?(Hj)jEI = H, then for every j € Z, (3 ;.7 AjYih,T5g;) = 0 if and only if

> icz AiYih = 0. Therefore, h € spanjez<l>§-\*(Hj)l if and only if (Y;h);cz € kerTh.
(2) Let h = Zidffhi. Since (Y;);ez is a g-Riesz basis, then (h;)iez = (Yih)icz. Thus
(hi)iez € kerTy ifand only if ., A;"Y;h = 0, now by using (1) (h;)icz € kerTy if and only
. T~ * 1
ifh=>3%,.7Yhi € spanjezd%\ (Hj) = ker(Tg).
(3) By (2), T is injective if and only if T}, is injective and we know that ®* is g-complete if
and only if T}, is injective. Therefore, ®* is g-complete if and only if T}, is injective. O
In the following theorem, we give another characterization of dual g-frames.

Theorem 2.9. Let A = {A; € L(H, H;) : i € L} be a g-frame with g-frame operator Sy and
N = {®) € L(H,H;) : i € T} be the g-R-dual sequence of type I of A with respect to g-
orthonormal basesT = {I'; € L(H,H;) : i € T}, Y = {Y; € L(H,H;) : i € Z}. Then the
following statements are equivalent:

(i) ® is a dual g-frame of A.

(ii) There exists a g-Bessel sequence { M} € L({Spanjqu)JA*(Hj)}J',Hj) : j € I} such that
foreveryg; € Hj,j €1
ASy

DY g; — PN g5 = Mg
Proof. Let © = (0;);cz be a dual g-frame of A = (A;);ez. Then for every g; € H;,j € T, we
have
Tig; = Sae(Tjg) =Y AjOT5g; =Y Af(O: — ASy + A8y Ty,
i€T i€T
i€T i€l

= ZA?(Gi - AiSXI)F;Qj + SAASA”F;'QJ'-
€T
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Since Spas =1 then . A} (O, — A,-S;l)l";fgj = 0 and by Lemma 2.8, we have

i€l
* — I\ A* 1
ZYi (©; —A;Sy )Fjgj € {spanjeIQDj (Hj)}.
i€L
Now, define M; : H; — {s;oanjeszé-\*(Hj)}l C H by
Mjg]:ZYfGlF;g]—ZYfAlsglr‘;‘g] (g] GHJ,]GI)
i€l i€l

—1

* ASTHE . *
Then Mjg; = 9" g; — ;™ g; (95 € Hj,j € ). So M : {spanjez®) (H;)}* — H; and
(M3)jez is a g-Bessel sequence for {sp(mjefb?*(Hj)}L with respect to { H;;i € Z}. Because,
let A’ be an upper g-frame bound for ®. Then for every f € {spanjezd>§-‘* (H;)}*, we have

DIMIAP = YIRS @ fIP =) ITiSerf —TiSysoi /I

JET JET JET
= Y ITiSerf =TSy > AP,
JET i€T

since f € {spcmjgd)é\*(Hj)}l by Lemma 2.8, >, A}Y; f = 0. Therefore

S FIP =D I Ser fI* = [ SerfI* < A'lIfIP.

JET JET
Conversely, suppose that (2) holds. Since for every g € H,j € Z,T ;g € H;, then we have

AsT "
j

M;Tjg=®9T;g—-®; " Tg

Therefore by [7, Lemma 3.3], forevery i € Z
jez
So for every g; € H;,l € T we have
D AOTTg = Y A(AS +0; - AS T g
ieT i€T
= Tig+ Y Aj(©:i—AS g,
i€T
= Tia+ > A/ YiM;(T;Tig))
i€l jeI
= Tig+> ATy M;(T;Tig)
ieT jez
= Tjg+> AYiMg,
ieT
since M;g; € {spanjezq)g‘*(Hj)}L, then by Lemma 2.8, >, _; A;Y;M;g; = 0. Therefore @ is a
dual g-frame of A and this implies (1). O

Now, we present a characterization of the canonical dual g-frames.

Corollary 2.10. Let A = {A; € L(H, H;) : i € I} be a g-frame with the canonical dual A =
{A; € L(H,H;) : i€} and P = {CI>§\ € L(H,H;) : j € I} be the g-R-dual sequence of
type I of A with respect to g-orthonormal bases U = {I'; € L(H,H;) : i €Z} and Y = {Y; €
L(H,H;):i€7Z}. Let ® = {®; € L(H, H;) : i € I} be a dual g-frame of A. Then for every
g; €Hj,je€l

1% ;| > (12" g5,

with equality if and only if ©® = A.
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Proof. Let Ty and T% be the synthesis operators of A and A, respectively. Easily we can see that
kerThn = kerT%, then by Lemma 2.8, spanjezcbg‘*(Hj) = spanjez¢§*(Hj), SO Ranq)g-\* C
spanjez®}" (H;). On the other hand by the above theorem, for every g; € Hj,j € Z we have

* N * * * L
<I>§7) g; = P} g; + Mjg;, where RanM; C span;cr®} (Hj)L. But spanjez®} (H;) =

* L - + .
spanjez®} (H;)™, so RanM; C span;cz®)" (H;) . Then for every g; € H;,j € T we have
199" ;11> = 195 95117 + 1M 951> > |95 g1

By the above theorem, the equality holds if and only if ® = A. O
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