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Abstract The state of a rotating Bose-Einstein condensate in a harmonic trap is modeled
by a wave function that minimizes the Gross-Pitaevskii functional. The resulting minimiza-
tion problem has two new features compared to other similar functionals arising in condensed
matter physics, such as the Ginzburg-Landau functional. Namely, the wave function is defined
in all the plane and is normalized relative to the L?>-norm. This paper deals with the situation
when the coupling constant tends to O (Thomas-Fermi regime) and the rotation speed is large
compared with the first critical speed. It is given the leading order estimate of the ground state
energy together with the location of the vortices of the minimizing wave function in the bulk
of the condensate. When the rotation speed is inversely proportional to the coupling constant,
the condensate is confined in an elliptical region whose conjugate diameter shrinks and whose
transverse diameter expands as the rotation speed increases.

1 Introduction

The analysis of energy functionals modeling rotating Bose-Einstein condensation is currently an
important field of mathematical physics. A lot of mathematical papers addressed several ques-
tions related to this physical phenomenon. In [14, 7], it is proved that the Gross-Pitaevskii frame
work is a valid approximation of the N-body model of rotating Bose-Einstein condensation. The
monograph [1] contains original results as well as many open questions regarding various mod-
els in the subject (see also the papers [2, 3, 4] and the references therein). A series of important
contributions ([10, 16] and references therein) contain a deep analysis that describes the various
critical speeds of rotating Bose-Einstein condensates in anharmonic traps.

When the atoms of the condensate are confined in a harmonic trap, the Gross-Pitaevskii
functional to study is:

£ = [ (107 =020 + 2 (fate) ~ P - o) - gfﬁwzw) dr. (1)

The functional in (1.1) is defined for functions satisfying the mass constraint,

/ lul*dz = 1. (1.2)
R2

The parameter € > 0 is the coupling constant; ¢ is the ratio of two characteristic lengths. The
parameter Q measures the rotational speed, Ag(z) = 21 /2 = (—22/2,21/2), a(z) = ap — |7|3,

ap = \/2A/m, |z|a = /2T + A%23.

The parameter A € (0, 1] is fixed as well as the term qo in the function a. The choice of the

term ag forces the function « to satisfy the normalization condition / (a(z))- dz = 1.
R2
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The form of the functional given in (1.1) is adequate to apply the techniques developed for
the Ginzburg-Landau functional. In non-dimensional units, the functional that appears in the
physical literature is actually the sum of three terms: the kinetic energy, the potential energy and
the non-linear interaction term (see e.g. [15]),

1
F(u) = / (wz + o ([a(m) a2 - [a_(x)]z) —Qat - (i, w)) dr. (1.3
R2 2¢
In the regime ¢ < 1 and eQ < 1, the condensate is confined in the region
D={xecR?® : a(x) > 0}. (1.4)

The ground state energy is:
Eg(e,Q) = inf{ F.(u) : u € HY(R?), |z|*u € L*(R?) & / lul*de =1} . (1.5)
R2

The minimization problem in (1.5) is studied in [11] when ¢ — 04 and Q =~ |Inz|. Among
other things, it is found a critical speed Q. = w,.|Ine| such that minimizers start to have zeros
when Q > Q.. In this paper, the focus will be on the regime when ¢ — 0, and Q > Q.. Part
of the results of this paper are qualitatively very similar to those of [10, 9, 8] where flat and
anharmonic traps are treated. However, a regime in the harmonic trap discussed in this paper
seems to display a new behavior of the concentration of the condensate’s wave function. This is
explicitly discussed in Remark 1.3 below.

It is established in [11, Prop. 3.1] that there is a minimizer of the problem (1.5) when Q <
2A/e. The functional in (1.5) is not bounded from below when Q > 2A/e.

Setting = 0 into the magnetic term in F, it is obtained the reduced functional:

! |2
_ 2, 212 2\ _ o2& 2
EE,Q(u)—/RZ (|Vu| + 523 (fa(@) = [uPP = fa-(@))?) = @25 ul ) de.  (16)
The ground state energy of this functional is:
eeo =inf{E.(u) : ue H'(R?), |z)*u e L*(R?) & / lul*de =1} . 1.7
R2

The reduced functional in (1.6) is studied in [11, Thm. 2.2] when Q = 0, where it is established
that (1.7) has a positive minimizer 7.. In Section 2, it will be constructed a positive minimizer
7e,0 of the functional in (1.6). Following an idea of [13] and writing u = 7). ov, there holds the
following decomposition:

F.(u) = E-(7:) + G(v) (1.8)
with

~4
Ge(v) :/ (ﬁg,g (V¢QA0)U|2+T§E’§(1|U|2)2> dz . (1.9)
R2

Also, if u is selected as a minimizer of (1.5), then v will be a minimizer of G, under the weighted
mass constraint,

/ Malvffdr=1. (1.10)
R2

More precisely, the minimization problem (1.5) is equivalent to
Co(e, Q) = inf{G.(v) : ve HY(R?), . qlz|v € L*(R?*) & / NRaolvfde=1}. (1.11)
R2

The main theorem of this paper is:

Theorem 1.1. Let M € (0,2A) and b : (0,1) — (0, c0) satisfies lim b(¢) = co. Suppose that

e—04
the rotational speed satisfies:

b(e)|Ing| < Q< %, (e€(0,1)).
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There exist a constant €p > 0 and a function err : (0, 9] — R such that,

lim err(e) =0,
e—04

and

Egs = €.0 + Q {ln 5\}5} (1 + err(a)) , (e€(0,e0)) . (1.12)

Here E; is introduced in (1.5) and e, o in (1.7).

Remark 1.2. In light of the decomposition in (1.8), the proof of Theorem 1.1 is done by estab-
lishing that:

Co(,Q) = Q {ln 5\1@] (1 + err(s)) .

Remark 1.3. (Bulk of the condensate)
In Section 2, it will be shown that the function 7. ¢ is concentrated in the region

Do={zecR® : a.o— |1:|3~\EQ > 0},

1_ 2202 1/4 1— 202 1/2
Qe = Q0 (1;2?222> and AEQ =A (1_;21;:2> .

- 4

where

It is worthy to discuss the form of the region D,.q in the various existing regimes. In the isotropic
case A = 1, the region D.g, is independent of cQ,

D.g=D={z cR* : a(z) > 0}.

In the non-isotropic case, 0 < A < 1, one observes an interesting behavior. If eQ < 1, then the
region D.q occupies D.

This region shrinks along the x;-axis and expands along the x,-axis as €Q increases. If
Q= M/eand M € (0,2A), then as M — 2A, the region D.q approaches the following region

D2A:{O} x R.

It seems that this kind of bahavior of the ‘bulk’ of the condensate is new comapred to the existing
behavior for anharmonic and flat traps.

Remark 1.4. (Concentration of the condensate’s wave function)
Letd > 0and N5 = {z € Deg : e — \z|§~\ > §}. A simple consequence of the energy
Q

asymptotics in Remark 1.2 and the discussion in Remark 1.3 is that any minimizer v = 1. o v of
the functional in (1.1) satisfies,

v =|=——| =1 inL*(N;).

Te,Q

Since the functions v and 7. o are normalized in L?, then the function w satisfies

/ lul*dz =1+ O(§) and lu* dz = O(6),
N5 Rz\N5

for sufficiently small values of §. Note that the behavior of 7. described in Theorem 2.2 is used.

Remark 1.5. Along the proof of Theorem 1.1, one gets information about the qualitative behavior
of the minimizers. More precisely, it is possible to get information about the arrangement of
vortices. This is discussed in Section 6.

Remark 1.6. The letter C' denotes a positive constant independent of € and Q, and whose value is
not the same when seen in different formulas. The quantity O(B) is any expression that remains
in the interval (—C|B|, C|B|). Writing A < B means that A = 6B and § — 0. The meaning of
A =~ B is that A is bounded between c; B and ¢, B with ¢; and ¢, being positive constants.
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2 Preliminaries

Some basic properties of the positive minimizer 7. o of (1.7) as well as of minimizers of the
modified problem (1.11) will be used along the proof of Theorem 1.1. These properties are
recalled here.

2.1 The unconstrained problem

The first step is to study the minimization of (1.6) without the mass constraint. The results here
are given in [11] but for a slightly more particular case on the potential a(x) defined below. The
proofs here are identically the same as in [11] and are not repeated.

Consider the potential

a(z) =ap — |x|12~\ =G0 — 23 — A%23, (:c = (z1,72) € R2> ,

where Gy and A are positive parameters. The parameters ap and A may depend on ¢ and Q but
they should remain bounded between two positive constants ¢; and c¢; that are independent of ¢
and Q. The results in this section are valid under this last assumption.

Consider the functional

Bo(u) = /R <|VU|2 + 2%2 (@a(z) — P ~ fa- (m)]2)> de. @.1)
The functional in (2.1) will be minimized over configurations in the space
H={uc H(R?) : |z|°u c L*(R?)}.
The proof of Theorem 2.1 below is given in [11, Proposition 2.1].

Theorem 2.1. There exist two positive constants g > 0 and C > 0 such that, if ¢ € (0, gp), then
there is a real-valued minimizer n. = 7.z € H of (2.1) satisfying:

(i) E.(n.) <C|lng|and n. > 0in R?;

(ii) 7. is the unique solution of

[P .
—Aﬁezg(a—ng)na and 7. >0 inR2.

(iii) ne(z) < CelBexp (a(z)/(4e23)) if ||z > /@y
(iv) (1-Ce3)a(z) < n-(z) < Va(z) if 2[5 < /a, —£'/3.
W) ne(z) < CeV3if \fay — /3 < |z|z < /@, .

2.2 The constrained problem

This section is devoted to the construction of a positive minimizer of the constrained problem in
(1.7).

A standard compactness argument shows the existence of a minimizer u, o of (1.7). The
details are given in [11]. Since |V|uc || < [Vucal, then |u. g| is a minimizer of (1.7) too.
This discussion leads to the existence of a positive minimizer 7. o = |uc o| of (1.7). The Euler-
Lagrange equation satisfied by 7. o is.

. 1 9 N~
—Ane0 = ?(k’esz +Vea — 775,9)775,9,

where k. € R is the Lagrange multiplier and V.o (7) = ag — |2|3 + % |z|?.
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Multiplying both sides of the Euler-Lagrange equation by 7). o, integrating by parts and using
ﬁg’g dx = 1yield that ag+k.e*> > p. > 0, where p. is the first eigenvalue of the Schrodinger
2

R
operator

1 202
At (u% _— 4 |x2) in L2(R?).

Note that, by the assumption on Q and A, the potential of the operator is positive and goes to co
when |z| — oco.
Define

= (y_ 202\ 12 w (2) = ap - ag + k.&2 .
o 4 ag + kee? 7’ © o ag + k.2 e.Q ap

The function v, satisfies,
1

—AI/€:§(5—I/§)V€, ve >0 inR?,
where
ao _ A2 _ £
~ N~ e~ 2 ~ 2 _ 4
CL(:L')—CLEQ—CL07|:L'|[~\, ap = 1_5292 ) A= 1_8292 .

4
The conclusion (2) in Theorem 2.1 asserts that,

ve(z) =nga(z) (zeR?),

where 7z 5 is the solution of the unconstrained problem. As a consequence, there holds,

_ ag + k.e? ag
Tealr) =\ =0 ea \\ o R )
€

Thanks to the conclusions (3)-(5) in Theorem 2.1 and the mass constraint / 'ﬁg’g dr =1,
R2
there holds,

<Cmf(;%€2)2 ) (/&(x»o&(x) dm) (1+0(E")

202\ —1/2 202\ —3/2
Me-sE) () o

In the sequel, let,

1_ 52922 1/4 N 1_ 62%2 1/2
ae=a0 | Sy | o A=A 25
1-— 1 1-—

ke
pea(z) = (assz - leiﬂ) = Wa (,/ao f‘}g = :r) (1+0(E"73). (22

Now, an immediate application of Theorem 2.1 leads to:

Theorem 2.2. Let M € (0,2A). There exist positive constants ey, C' and d such that, if ¢ €
(0,e0) and Q € [0, M), then there is a real-valued minimizer 7). o of the constrained problem
(2.1) satisfying:

() E:(7e0) <CQ*and 7. o > 0in R?;
(i) 7-,0(z) < CelPexp (Sopea(x)/(€¥?)) if pea(z) < —6oct/?;

(i) (1 —Ce'3)/pealr) <Tea(r) < Vpealz) if pea(z) > doe'/?;
(iv) ne(x) < Ce3if —6pe!/? < poa(x) < doel/3.
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2.3 A uniform bound of the ground states

Theorem 2.3.Let M € (0,2A). There exist positive constants C, §, A and ey such that, if
e € (0,g0) and 0 < Q < M /e, then every minimizer v, of (1.11) satisfies:

|775115(£C)| §C< ﬁ +1> in R?.

Proof. Under the assumption on the rotational speed, Proposition 3.2 in [11] implies that the
problem (1.5) has a minimizer w.. In light of the decomposition in (1.8), it follows that v. =
ue /7 is a minimizer of the problem (1.11). Theorem 2.3 will be proved by establishing proper-
ties of u.. The function u. satisfies

1 1 .
—(V - iQAg)u, = ?(a(x) + Z5292|gc|2 + &2 — |uc|*)u.  inR?, (2.3)

where /. € R is the lagrange multiplier. Furthermore, it holds (see the derivation of [11,
3. 1H&B.1D):

F.(u) <CQ?, |t <CelQ, / lue|* de < Ce*Q?. (2.4)
R2\D
Let U, = |u.|* and b(z) = a(z) + +*Q*|z|> + (.. In light of the identity,

Re [7 (V- z’QAO)zuE} = %AUE — (V- iQAQ)uc?,

the function U, satisfies,

1 1
7AU: > —g(b(x) ~U.)U. inR*. (2.5)
Let A > /ag,E={z € R* : |z >2)\}and ® = {z € R? : |z| > A}. The condition on A
ensures that ® ¢ R? \ D. In the set O, there holds,
M2
b(z) < ap— N (A* — M?) + 2. < —\° <A2 - 4> +C.

2C

As a consequence, it is possible to select the constant A > v

such that the function U, is

subharmonic in the open set ©.

Consider an arbitrary point zy € E. The definition of the set ® yields that B(zg, A\) C ® and
® C R?\ D. Since the function U, is subharmonic and its L?-norm is estimated in (2.4), then
there exists a constant C,, > 0 such that,

1 1 C
0 < Uc(zo Si/ ngxd:c§0<5£2>§*,
(z0) |B(w0, M| J B(ao,n) (@) A A

The next step is to prove that U, is bounded in the set
B, ={zcR*\D : |z|<r}

where » = 3\. Select a positive constant C' such that b(z) < CX + (’:\ in B,. Notice that
0B, C E and consequently, U, < C, < CX\ + CT in dB,.. Thus, if the maximum of U, in B,
is greater than C\ + &=, then the point of maximum is an interior point in B,.. It is impossible
that such a point of maximum exists. In fact, if there exists a point of maximum x( satisfying
CA+ S — U () < 0, then AU.(z0) < 0. This leads to a contradiction in light of the following

inequality,

1 1 C.
— — N >
2AU€+52 (C)\—i- \ UE> U.>0,
which results from (2.5) and the choice of the constant C. O

Remark 2.4. There is a simple consequence of Theorem 2.3 and (3) in Theorem 2.2. Let K be a
compact set and § > 0. If K C {z € R? : p.o(x) > 4} for sufficiently small values of ¢, then
there exist constants ¢ i 5 and Cc 5 such that, for all € € (0,ex 5), [ve(2)| < Ck 5 in K.

Here, the function p.q(z) is introduced in (2.2).
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3 Reduced Ginzburg-Landau energy
Let K = (—1/2,1/2) x (—1/2,1/2) be a square of unit side length, ), h and € be positive
parameters. Consider the functional defined for all u € H'(K;C),

A
E3P(u) = / (|(v — ihexAg)ul* + s (1 — |u|2)2> da . (3.1)
K 2e
Here Ay is the vector potential whose curl is equal to 1,
1
Ao(xl,xz) = 5(—@‘2,.131) s (.131, 1‘2) S R?. 3.2)

Notice that the functional E3P is a simplified version of the full Ginzburg-Landau functional
considered in [18], as the magnetic potential in (3.1) is given and not an unknown of the problem.
Minimization of the functional E/z\D arises naturally over ‘magnetic periodic’ functions. Let
us introduce the following space,
En, ={ue H. (R*C) : u(x;+ 1,25) = e/ 2z, x,)
w(xy, xy + 1) = e hem /2y (z) 25)},  (3.3)
together with the ground state energy,

mp(hex, €) = inf{ E3P (u) : u € By, }. (3.4)

Minimization of E3P over configurations without prescribed boundary conditions will be needed
as well. The ground state energy of this problem is,

mo(hex, €) = inf{E3P(u) : v € HY(K)}. (3.5)

The ground state energies mg(hex,€) and myp(hex, €) are estimated in [12] by borrowing tools
from [17] and [18]. This is recalled in the next theorem.

Theorem 3.1. Assume that A\; > \; > 0 are given constants, A\ € (Aj, \y) and he is a function
of ¢ such that

1
|Ing| < hex < —, ase—0.
9

As e — 0, the ground state energies mq(hex, €) and my(hex, €) satisfy,

mO(heXa 5) = hexIn

(1+0(1)) and mp(hex,€) = hexIn |

1
e . hex(l—i—o(l)).

Here, the expression o(1) tends to 0 as ¢ — 0 uniformly with respect to \.

In the forthcoming section, it will be needed a trial state satisfying the mass constraint (L>-
norm equal to 1) and having an energy close to my(hey, €). The next Lemma provides one with
a useful trial state whose L?-norm is close to 1.

Lemma 3.2. Suppose that A > 0, he and ¢ are as in Theorem 3.1. There exists a function f. in
H'(K) such that
If:l<1 inkK,

{reK : |f(z)| <1} C UB(ai,a) and n=0(h),
i=1

1—0(52hex)g/ ()P <1,
K

and

ER(£) < his I —=(1 4 0(1)

as ¢ — 0. Furthermore, f. is independent of A, and O is uniform with respect to \.
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Proof. For the convenience of the reader, the construction of f is outlined. Details can be found
in [6]. Let N be the largest positive integer satisfying N < \/hex /27 < N + 1. Divide the square
K into N? disjoint squares (K )o< j<n2_1 €ach of side length equal to 1/N and center a;. Let h
be the unique solution of the problem,

—Ah + hexy =2mo,, in Ko

— =0 on 0Ky

Here v is the unit outward normal vector of K. The function h satisfies periodic conditions on
the boundary of Ky, and

/ |Vh|2d:v§27rlni+(9(1):27rln +0O(1), ase—0,.
K()\B(ao,&) EN

1
v hex

The function h is extended by periodicity in the square K. Let ¢ be a function (defined modulo
2m) satisfying in K \ {a; : 0 <j < N> -1},

Vo = -V h+hxAy, (V5= (-0s,,0)).

Here Ay is the magnetic potential in (3.2). If z € Ky, let p(x) = min(1, |z —ayp|/<). The function
p is extended by periodicity in the square K. Put f.(z) = p(x)e**(®) for all z € K. The function
f- can be extended as a function in the space Ej,_ in (3.3), see [5, Lemma 5.11] for details.

The energy of f. is easily computed, since f. is ‘magnetic periodic’ and N = /hex /277(1 +
o(1)). Clearly, in the square Ko, |f-(z)| < 1if and only if |z — ao| < . Thus, it is easy to check
that f. satisfies the requirements in Lemma 3.2. O

4 Upper Bound

4.1 The test configuration

Recall the definition of the ground state energy Cp(g, Q) in (1.11). The assumption on the rota-
tional speed Q is |Ine| < Q < M/e with M € (0,2A). Let

M2\ VA M2\ L
b (12 ana 05 cmin (122, 2.

Recall the definition of a.q in (2.2). The constants § and L are selected so that

0 <+ Jag <L and Ja.o +6<0L.

Define,
UL:{Z‘ED : “T|1N\EQ <L}.

Thanks to the assumption on Q, if ¢ is sufficiently small, then there holds the inclusion,

Deg ={z e R* : polz) >0} ClUyL,

where A.q and p.q are introduced in (2.2) and pea(x)dz = 1.
pE_Q((L‘)>0
Define s
Q 1 1
(=) = ha= . 4.1
(a) ve '==e @b

Recall the ground state energy my(hex, €) and the space Ej, introduced in (3.4) and (3.3) re-
spectively. Let f. € Ej_ be the test function defined in Lemma 3.2. In particular, f. satisfies
E3P(f.) < hexIn ﬁ (1+0(1)) for any A varying between two positive constants A and X,.
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Define,
v(@) = x(@) f.((VQz) (v eRY),

where  is a cut-off function satisfying,
0<x<1inR?* x(z)=0when 2|z, =2L, x(z)=1when|z|]z <L,

and
Vx| < % in R%.

Let (KC;) be the lattice of R? generated by the cube,
(- stz atn) (- sim o)
20/Q° 20V/Q 2V/Q°20VQ)
Let 7 ={K; : K;NUy # 0} and N = Card J. As € — 0, the number N satisfies,
N = |ths| x (¢VQ)* (1+0o(1)).
In light of Lemma 3.2 and the exponential decay of 7. o in Lemma 2.1, the function v satisfies,
1-0(£Q) g/ Zalvffde<1. (4.2)
R2

Define the test function,

3(z) = LG N (4.3)

J / THERE
R'Z

Clearly, the function v satisfies the weighted mass constraint,
/ nofde =1, 4.4)
RZ

and consequently, there holds the upper bound Cy(e, Q) < G.(v). The rest of the section will be
devoted to estimating the energy G. (v). It will be established that:

lim sup (gs(v)l — 1) <0. 4.5)
=0, \ 2Q [m %}
The next estimate (4.6) is a consequence of (2?),
1
Co(e,Q) < Q [ln Q] (1+err(e)) . (4.6)
€

4.2 Energy of the test configuration: Proof of (4.5)

It will be shown that the term
~4

C. =G.(v) = /Rz (ﬁgw — QA + 277—;2(1 — |5|2)2) dr

1
eVvQ

is of leading order equal to L, = Q {ln } . It is useful to write C as the sum of four terms,

Ce = Ca,l + 05,2 + Ca,3 + 05,4 s (47)
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where

4
Ca= | (717 ~ 1040 + 5 (1 - i) as. 48)
oy <Vaza 2e

~4
Con = / <77§|(v — QA + %(1 — ’77|2)2) dr, (4.9)
@eq —0<|ely <@+ €

~4
0&,3:/ (ﬁ?(V—zﬂAo) >+ 5.z (1= 7] )) z, (4.10)
Vaen +o<aly <21

05,4:/ (ﬁil(V—zﬂAo>v2 L (1[0 )) z, (4.11)
|z} >2L
and a.g is as in (2.2).

The term C; ;:
Leth={jcJ : Kjn{z : |z[3 . S Ve - 5} # 0}. Since 4 is selected independently of
g, then in light of Theorem 2.2, there holds in every square K; with j € Jo,

72(x) < pealr).

The mean value theorem applied to the function p.q yields,

C
psﬂ(m) < peQ(xj) + m 5

where x; is an arbitrary point in C; and j € Jy. The above two estimates applied successively
yield an upper bound of the term C; ; as follows:

Cor 2 X e + 5] [ (17— @800 + 2501 - ) ar,

JE€ET

where

A = max _ peolwy) = |-
ISV pEQ(mj) + m

In the domain I/, the function  is equal to 1 and v(z) = f.(¢v/Qz). By using successively
the estimate in (4.2), the ‘magnetic’ periodicity of v over the lattice (K;); and the bound |v| < 1,
one gets the following upper bound,

(109 =280 + 3501~ [P do

J

< (1+0529)/ (|(V—ZQA0)U2+/\(1 —112)2) da:+CQ/ lo|* da
Kj

J

< (1 +0529)/

A
; ((v iQAY)v|> + 7(1 - |v|2)2) dz + CQ|K;|.

(4.12)

The integral term in (4.12) is computed by the change of variable y = /v/Q z that transforms it
to

Ae
/K (I(V — ihexAg) fo|* + 2—52(1 — |f52)2> dr, (4.13)

where £ = /v Q and hey = #. Ase — 04, &> ¢ and hy satisfies |Ine| < hex < 2. Also,
A remains inside a fixed interval [A1, \;]. Consequently, it is possible to use Lemma 3.2 and
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1
get that (1 + 0(1))heX In T is an upper bound of the term in (4.13). As a consequence, it is
€
obtained the following upper Iggg)und of C 1,
C.q < (1+CQ) Z [pgg(xj) + Ce*|Ine| + L} ((1 —I—o(l))hexln; + CQICj|) :
o JE€ETo [\/ﬁ € hex
(4.14)
Recall that as ¢ — 04, the number of squares K; satisfies N = |Usr| x 2Q(1 + o(1)). Since
I1C;] = for every j, then Z [KC;| = |thr|(1+0(1)) . Also, all the extra terms appearing in
JjET

(4.14) are 0(1) as ¢ — 0,4, and this leads one to,

1
Cen < ( pea(1;)?Qhey In
i J;IJl J‘ j ¢ v hex
14+0(1))QIn
( ) €\Fjezj | J|

Since each point z; is arbitrarily selected in the square Kj, then the sum ) _, \T1| peo(z;) becomes
J
a Riemann sum. Select the points (z;) such that the sum is a lower Riemann sum. That way,

> IC e—pea(r;) / pea(z)de < / pea(z)de =1.
jEJ’ | | ‘:E|XE_QS‘/O¢€Q -0 pE_Q(Qf)>0
As a consequence, the term C. ; satisfies,
1
Ce1 < (1+0(1)QIn —= ase = 0. (4.15)
1< (1402 75 ¢

The term C, »:

To estimate the term C. », it is used the result of Theorem 2.2 that the function 7. is bounded
independently of ¢ to get that,

1
cosc | ((V QAN+ (1 - |6|2>2) dr.
aeq —0<|zly  Sv/@eq +8 2¢

The definition of v and the estimate in (4.2) together yield,

Ceo<cli+c29) | (167 - @00 + 51 bR o

aea —6<|aly <o +o

+CQ v|? da .
Vaea —o0<|zly  <vaea +6

The function x is equal to 1 in {\/azg —0 < |1:\[~\EQ < /@ + 8} C Ur. As a consequence
v(x) = f-((v/Qx). As is done for the term C. 1, one gets that,

1 1
Cepn <C(1+4+0(1 / dr | QlIn < CéQIn . (4.16)
2SOl +ol) ( Vaws —6<laly <@+ > eVQ eVQ

The term C. 3:

When /a.q + 6 < \m|/~\ . S 2L, the function x is no more constant and the function v is small.
As a consequence, it is not useful to estimate the ‘Ginzburg-Landau’ energy of v along the same
procedure as done before. However, as Theorem 2.1 states, the function 7. decays exponentially,
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and this will be the key to estimate the term C. 3. Thanks to (4.2), the function v satisfies the
uniform inequality |1 — [0]?| < 1+O(e?Q). This and the exponential decay of 7j. in Theorem 2.1
together yield when ¢ — 0,

1 / ~4 ~1242 1 g
— (1l =)y de <C=exp| ——5 / dx =o(1).
262 J oz ooty <op e? el2 ) J yas1/a<ielns vart

Using a similar reasoning, the kinetic energy term is estimated as follows,

/ IV — iQA0)T* da
Vs +o<laly <L

)
< C’exp (—12> / (|(V — iQAO)Ulz =+ ‘Vx‘zh)‘z) dxr
el/ Vaeg +6<|zl; <2

4] 1
< C’exp (_&‘1/2> anm = 0(1)7

thereby obtaining that C. 3 = o(1) ase — 0.

The term C, 4:
Recall the definition of this term in (4.11) and that the function v = 0 here. As a consequence,

~4

Ceu = / L&Z dx and this is equal to o(1) as € — 0 after using the exponential decay
[z|a>\/ao+1 <€

of 7. stated in Theorem 2.2.

Conclusion:

Collecting the estimates C.4 = o(1), C.3 = o(1), (4.16) and (4.14) and inserting them into
(4.7) yields an upper bound of C.. Inserting this bound into the expression of G.(v) yields the
upper bound

1

eV Q

Co(,Q) < (14+Co+0(1))Q2In +o(1),

as ¢ — 0. This yields (4.6) by taking the successive limits as ¢ — 0 and then as 6 — 0...

5 Lower Bound

Suppose that v is a minimizer of the functional G, introduced in (1.9), and that the rotational
speed Q satisfies the assumption of Theorem 1.1. The aim of this section is to write a lower
bound of G, (v).

The assumption on the rotational speed is still |[Ine| < Q < M/e with 0 < M < 2A.

Consider a positive constant
IV NE

and the following subset of D.q,

Us ={z e R : [alg < Vaco — 6},

where a.q and 1~\sg are introduced in (2.2).
Recall the lattice of squares KC; introduced in Section 4. The parameters £ and h.y are still as
in (4.1). Put

J ={j: K; CUs}. (5.1
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There holds the obvious lower bound,
~ 2 ﬁ4 2\2
L (15 = i0a0)f + B (1= of ) as

- [ (7217 - 000 + L <1—|v|>) 52

Z/( V —iQAg)f + ”6(1—|U|)> v,

JjeET’

Lower bound of the ‘Ginzburg-Landau’ energy:

For each j € 7/, it will be obtained a lower bound of the term,

6.(0.k5) = [ (ﬁzuv—mo) P —|v2>2) e (53)

J

By Theorem 2.2, one can write for an arbitrary point z; in KC;,

() 2 (1= C (o) > (1- 0 = O patey) incs,

and consequently,

X5 2
G.(0,K;) > <1 ECRVI g\%) /K (psg<xj)|(v — QA + Z%(1 _ |v|2)2> dz |

(5.4
Let y; be the center of the square K;, K = (—1/2,1/2)%, & = ¢+/Qe and he, = 1/¢*. Using
the re-scaled function f(x) = v(y; + £V/Quz), (z € K), it is possible to express (5.4) in the
following form,

G.(0.15) = (1= 02 = Yty [ (107 = ineho) P+ 2520 (1 < 722 a
(5.5)

Notice that the term p.q(z;) remains in a constant interval [\, \2] as j € J' and € vary. Also,
as e — 0, & and he satisfy | In&| < hex < €72, Thus, it is possible to bound the integral on the
right side of (5.5) by the ground state energy mg(hex, €) in (3.5), which is estimated from below
in Theorem 3.1. Therefore, it is inferred from (5.5),

= (1 +0(1))peg(xj)llni. (5.6)

ge(v, IC]) > (1 + 0(1))p89($j)hex In 2 g\/§

1
EV hex

Inserting this into (5.3) and then into (5.2) yields,

/Rz (7]§|(V—ZQA0)U|2 Tz (1 Jol) ) dz > (1+0(1))QIn ——= \ﬁ > gzgpgQ (). (5.7)

JjET'!

. . . . 1
The sum on the right side of (5.7) is estimated as follows. As ¢ — 0, the term Z 720 a(z;)
€T’
is a Riemann sum. Select the points (z;) such that the sum is an upper Riemann sum. As a
consequence, there holds,

- Nhex In =QIn—— .
]ezj/p Q(xj) BN E\/ﬁ Z;/ ezgp Q )

=Qln

1
x)dx.
E\/ﬁ UMPEQ( )
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Therefore, it results from (5.7),

[ (717 @m0 + - o) arzam— ([ palo)ds) . 69

Recall that the function p.q in (2.2) satisfies / pea(x)dz = 1. Thus,
pa_Q(I)>O

/ pea(z) dz = / peq(x) dz — / pea(z)dx >1-C6.
Uss pEQ(I)>O pEQ_(I)>2§

That way, (5.8) becomes,

/ <ﬁ§|(v — QA + (1 — |v|) ) dz > Qln (1-C9) . (5.9)
R2

1
eVQ
Conclusion:

It is obtained by collecting the estimate in (5.9),

Co(e,Q) > Qln—— (1 - C9) .

a\f

As a consequence, it is obtained by taking the limit as ¢ — 0,

liminf l( Q) >1-0C6.
e—04 n 7

By Taking 6 — 0., it results the lower bound:

Jiminf £0(&: )
e—=0, Qln -1

eVQ

>1.

The conclusion of this section and Section 4 finishes the proof of Theorem 1.1.
Remark 5.1. If U C D.q and u € H'(U), define the local energy:

~4
E(u;U) = / (ﬁg(v —iA)ul* + LEZ(I - |u|2)2> dz .
U 2¢e

The analysis of this section allows one to prove the following. If v is a minimizer of (1.11),
U C D.q is an open set, U C D.q, |0U| = 0, and U is independent of ¢ and Q, then,

E(v;U) > Qln

5\1@ </Upsg(x)dx+o(l)> asc 0, .

Combine this lower bound with the upper bound (4.6) to obtain the ‘local’ energy asymptotics:

E (v U) = anE\F (/psg(x)dx—ko(l)) ase — 0.

6 Vortices and their density

The assumption on the rotational speed is as in Theorem 1.1. Recall the definition of the domain
Din (1.4). Let 3 > 0. Suppose that U is an open set in R satisfying the properties in Remark 5.1
and

dist(U,0D.q) > 8.

According to Theorem 2.2, the function 7j. satisfies the pointwise bound 7. > ¢o(U) > 0in U.
The constant ¢o(U) depends only on U.
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Let v be a minimizer of (1.11). By borrowing the results of [17, 18], it will be given some
details regarding the location and ‘density’ of the zeros of the minimizer v inside U.
Consider the lattice of squares (K;) generated by the square K = (—4,d) x (—d,6), where

§=1(]lnel/Q) 1A Suppose that z; is the center of the square K;.
By Theorem 3.1, there exists a positive function g(e) such that, as e — 0., g(¢) < 1 and

~2

; 1
GL.(v;K;) := / ((v — QA + %@)(1 - |v|2)2> dz > (1—g(c)) Q8> In 75
One distinguishes between good squares and bad squares in U; good squares are those satisfying
that

J

2 (z; 1
GL.(v; K;) = /,. <|(V—iQA0)v|2+ Lz(s;)(l - |v|2)2> dr < (1+4/9(c) ) Q8% In ok
while bad squares satisfy the reverse condition that GL. (v; K;) > Q6*(1 + 1/g(¢) ) In ﬁ
The number of bad squares NNV, is small compared to the number of good squares N,, namely
Ny < Ng as e — 04. Proposition 5.1 in [18] gives one the following. There exists a constant
C > 0 and a positive function §(¢) such that, if K; is a good square then there exists a finite
family of discs (B(as,;,7i,)), with the following properties,

() Y riy <0

(11) {ac S ICj : ‘U(.’E)| < %} C UB(ai,j,ﬂ’j);
(iii) If d; ; is the winding number of v/|v| when B(a; ;,r; ;) C K; and 0 otherwise, then,

Zdi_j > Q¢*(1 - §()) and Z |di | < Q6% (1+§(e)).

(iv) g(e) < lase — 0,.

Let J, be the collection of all indices j such that K; is a good square and K; C U. Define the
measure

He = Z di,j(;ai,j ) (6])
2,]
JET,

where d,, , is the dirac measure supported at a;. The measure . is called the vorticity measure
in U: It indicates the existence of vortices (when u. # 0), its support indicates the location of

vortices, and its norm indicates their density.
Notice that the aforementioned construction indicates the location and density of vortices for
minimizers of (1.5), since v = u/7. and u is a minimizer of (1.5). Thus, v and u have the same

zeros (vortices).
It is possible to prove that:

Theorem 6.1. Under the assumption of Theorem 1.1, the vorticity measure in U fulfills the weak
convergence:

1
ﬁ,ue —1ydx ase — 04,
where dz is the Lebesuge measure in R? and 1 the characteristic function of U.

Proof. Notice that the upper bound in (3) and the fact that the number of indices j is asymptot-
ically proportional to §~2 together yield that Q! Zl j |d; ;| is bounded independently of ¢ and
Q. Consequently, by passing to a subsequence, one can suppose that Q' . converges weakly
to a measure p. It suffices to prove that 4 = 1y dz.
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Since the number of good squares satisfies N, x 62 = |U| + o(1) as € — 0, then the two-
sided estimate of >, ; d; ; in (3) above leads to the following. If S is an open set in U and
|0S| = 0, then

Q[S|(1+0(1)) < Zdi,j < (14 0(1))pe(S)

< (T+0(1) > ldiyl < QISI(1+0(1)), ase—0,.

This proves that Q!4 converges weakly to the Lebesgue measure restricted to U. O
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