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Abstract By using umbral calculus and umbral algebra methods, we derive several interest-
ing identities and relations related to the modified and unification of the Bernoulli, Euler and
Genocchi polynomials and numbers and the generalized (/3-) Stirling numbers of the second
kind. Finally, we give some applications and remarks related to these numbers and polynomials.

Introduction, definitions and preliminaries

Throughout this paper, we use the following standard notations: Let N, Z, Q, R, R and C denote
the sets of positive integers, integers, rational numbers, real numbers, positive real numbers and
complex numbers, respectively, and Ny := N U {0}. We also assume that log z denotes the
principal branch of the multi-valued function log z with the imaginary part (log z) constrained
by —m < 3(logz) < m. Forall 0 < k < n, let (n), = k!(}) (cf- [17]).
The unification of the Bernoulli, Euler and Genocchi polynomials is defined by Ozden [6]:
1—ky4k tx e n
go(atikia ) im ot = > Jnslaias ©0.1)

where if 3 = a, then |¢| < 27 and if 8 # a, k € No, a, € C\{0}, then |¢| < [log (é)

Remark 0.1. Note that Equation (0.1) with = 1 reduces to the generating functions for the
unification of the Bernoulli, Euler and Genocchi numbers.

Remark 0.2. Using the special values of a, [,k and § in (0.1), the polynomials Y, s(x; k, a,l)
provide us with a generalization and unification of the Apostol-Bernoulli polynomials, Apostol-
Euler polynomials and Apostol-Genocchi polynomials, respectively:

Bn(x,8) = Vnp(xs1,1,1),

En(x,B) = YV p(a;0,—1,1)

and

gn(xyﬂ) = zyn,ﬁ(x; 17 713 1)

(cf: [1]-[19] and the references cited in each of these earlier works). Moreover, for the classical
Bernoulli polynomials B, (x), the classical Euler polynomials E,, () and the classical Genocchi
polynomials G, (x), one easily has

B, (z) = By (z, 1),

E,(z) =&x(z,1)
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| Euler numbers

E, =2 L‘/nki),

and
G, = G,(0)

(cf. [1]-[19] and the references cited in each of these earlier works).

In [9], Ozden and Simsek modified the polynomials Y, g(x; k, a, ) as follows:

thol—k v
f(t:k,a,b,8) = (mt—at) bt = Z (z, k,a, b (0.2)

where the polynomials YT% (z, k,a,b) are called modification and unification of the Apostol-type
polynomials of order v. One easily sees that

Y0,k a.b) = Y") (k. a.b),
which denotes modification and unification of the Apostol-type numbers of order v, and
YOk 1, 1) =Y 1)

which denotes Apostol-type polynomials (cf. [6], [8]).
Ozden and Simsek [9] gave an explicit formula for the polynomials Y v ﬁ)(az k,a,b) as follows:

v " n p— g v
Yi’g(x,k,a,b):z:(j)x T (znb)" 7 YY) (k,a,b).
=0

Ozden and Simsek [9] also gave the following recurrence relation for the numbers Y3 (%, a, b) as
follows:

n w [ 2FR n=k
B (Va(k,a,b) + nb)" — (Va(k,a,b) +Ina)" = e
0 n # k.

where (Y3 (k,a,b))™ is replaced by Y,,, s(k, a,b).
Remark 0.3. If we substitute k = a = 8 = v = 1 and b = e into (0.2), we have

v(1,1,e)=B

n,l

where B,, denotes the classical Bernoulli numbers. If we substitute k =0, a =v =1, = —1
and b = e into (0.2), we have

Y (0,1,e) = — B,
where E, denotes the classical Euler numbers. If we substitute k = a =v =1, 8 = —1 and
b = e into (0.2), we have

1 1

Y;-E’Zl(L 1’6) = 7§Gn7

where G,, denotes the classical Genocchi numbers.

The generalized $-Stirling type numbers of the second kind are given by the following defi-
nition:
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Substituting @ = 1 and b = e into (0.3), we have the 5-Stirling numbers of the second kind
S(n,v;1,e;8) = S(n,v; 3)

(cf. 5], [16], [17]). If B = 1, then we get the classical Stirling numbers of the second kind as
follows:
S(n,v;1) = S(n,v)

(cf. [11-019D).
Proof of the following theorem was given by Simsek [15].

Theorem 0.5. We have

§(n,via,bif) = 1> (~1Y ( ! ) 879 (jIna+ (v j)Int)" 0.4)
0 J
and
S(n,via,b; ) —vl (—1)v=i ( ! )m’ (jInb+ (v —j)Ina)". 0.5)
Jj=0 J

Remark 0.6. Note that by setting « = 1 and b = e in the assertions (0.4) of Theorem 0.5, we
have the following result:

S(n,v;B) = U,Z( >5Uj )(”U—J)~

The above relation has been studied by Srivastava [16] and Luo [5]. For g = 1, we have
1 Y v j N
(o) ==3 (0 ) 1Y (o)
e 7

(cf. [11-019D).
Definition 0.7. ([15]) Leta, b € R" (a # b), x € R, 8 € C and v € Ny. The generalized array
type polynomials 8" (x; a, b; 3) are defined by means of the following generating function:

ol 0,05 ) = L (B0 —a)" b7 = ZS" riabiB) 0.6)

By using (0.6), we have
S (z;a,b; B) :5 (=1 < ! )Bj (In (a*~76"47))" (0.7)
- J
7=0

(cf. [15]).

We here note that the polynomials S” (z; a, b; 8) are called the generalized A-array type poly-
nomials.

Substituting = 0 into (0.7), we arrive at (0.5):

82(0;a,b; 8) = S(n,v;a,b; B).
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Seti

ar
Sn
Th
SHxya, b \) = Z: k s ) S(j,via,b;\) (Inv*)" 7. (0.8)
; J
7=0

In this paper, by using umbral calculus and umbral algebra methods, we derive many in-
teresting identities and relations related to the modified and unification of the Bernoulli, Euler
and Genocchi polynomials and numbers and the generalized (5-) Stirling numbers of the second
kind. We also give some applications and remarks related to these numbers and polynomials.

1 Identities on Umbral Calculus and Umbral Algebra

In this section, we give relation between the modification and unification of the Apostol-type
polynomials of order v and the Stirling numbers of the second kind on the umbral calculus and
umbral algebra.

We need some identities of the umbral algebra and calculus. Here we note that the following
formulas and notations are given in work of Roman [11]:

Let P be the algebra of polynomials in the single variable x over the complex number field.
Let P* be the vector space of all linear functionals on P. Let (L | p(z)) be the action of a linear
functional L on a polynomial p(z). Let F' denote the algebra of formal power series

F(t) = Z%tk. (1.1)
k=0

Let f € F define a linear functional on P and for all & € N,
ar = (f () | 2*). (12)

The order o (f (t)) of a power series f (t) is the smallest integer k for which the coefficient of ¢*
does not vanish. A series f (¢) for which o (f (¢)) = 1 is called a delta series. And a series f ()
for which o (f (¢)) = 0 is called a invertible series.

Let f(t), g(t) be in F. Then we have

(F®)g(t) | p () = {f(t) | 9(t)p (x)) - (1.3)
For all p (z) in P, we have
<eyt | p (:U)> =p(y) (1.4)
and
eV'p(x) =p(z+y). (1.5)
The Appell polynomials are defined by means of the following generating function
= Sk (IE) k 1 xt
= ¢t 1.
2k t g(t)e (1.6)

(cf. [11D).

Theorem 1.1. ([11, p. 20, Theorem 2.3.6]) Let f (t) be a delta series and let g (t) be an invertible
series. Then there exist a unique sequence s, (x) of polynomials satisfying the orthogonality
conditions

<g(t)f(t)k ‘ Sn(x)> =nldnk (1.7)
forall n, k € Ny.
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Proof
By (1

Lemma

of Mathematics.

Lemma 1.3. Let n € Ny. The following relationship holds true:

(1.8)

(1.9

j .
((BY" —a') | Yy 5(xs K, a,b)) Z < ) BmYng(mlnb—i—(j —m)lIna,k,a,b).

Proof.
<(ﬂbt —a") | Y, (x5 k, a, b)>

J
_ <Z < >Bm t(mInb+(j—m)lna) |Ynﬁ(x k,a b)>
0
J

= S (-1)" ( >5m< (mnbt(j=m)na) |y, (k. g b)>.

m=0

Substituting Equation (1.4) into the above equation, we arrive at the desired result.

Remark 1.4.

((BY = 1) | Yy, 5(xsk, 1,e)) = ((Be' = 1)7 | Y, 5(2,k, 1, 1))
(cf. [4, Lemm 2. Eq- (3.1)]).
Lemma 1.5. Then the following identity holds:

TL 1 v l n
S (n,l) = l'<(et—1)|x>
where S (n, 1) is the Stirling numbers of the second kind.
Proof. We set

1., I o=, tr
ﬁ(et_l) zjzov S(n,l)ﬁ

By using (1.1) and (1.2), we get the desired result.

Remark 1.6. Substituting v = 1 into Lemma 1.5, we have

1 | n
S(n,l):ﬁ<(et—1) | z >
(cf. [11D.
Theorem 1.7. The following identity holds true:

J

Z(')( 1)Y= gmy, s(mInb+ (j — m)Ina, k, a,b)

m=0

217 F(Inb)"pi=1k! (”) Sz' (j B 1) (1 - I)H_l
k) =7\ B

« "z_f (" - k) (= D)ina)" " (m 2) S(v,0).

v=0

where S(u,v) denote the Stirling numbers of the second kind.
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After some elementary calculations in the above equation, we obtain

((BY" —a') | Y, 5(2; K, a,b))
1

21K (In b)"k ( ) 3i- - <J—1> ( ;)jllet((jl)lna)
=0
(-1,

By applying Lemma 1.5 with (1.3) in the above equation, after some calculation, we obtain the
desired result. O

Remark 1.8. Substituting a = 1 and b = e into Theorem 1.7, we arrive at the work of Dere et
al. [4, Thorem 3, p. 3253 and Corollary 2, p. 3254]

J .
Z (Tjn> (—1)(jim) B Y, p(msk, 1,1)
m=0

1

_ 8 ()jzjj_;_ll (1 ;)jZIS(n—k,Z).

=0

Remark 1.9. By setting 5 = k = a = 1 and b = e in Theorem 1.7, we arrive at the following
well-known results which was proved by Roman [11, P. 94]:

<(et —1)7 | Bn(x)> =n(G-DISn—-1,7-1)
or
vy _
> ( ) (=1 Bu(m)=n(j—1!S(n—1,7-1).
m
Substituting a = 1, k = 0, 8 = —1 and b = e into Theorem 1.7, we arrive at the following
corollary:
Corollary 1.10.
J . j=1 .
Z( ) Z( )2] 1S (n,1).
m=0 1=

Substituting a = 1, £k = 1, 8 = —1 and b = e into Theorem 1.7, we arrive at the following
corollary:

Corollary 1.11.

Corollary 1.12.
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Con O
The

BY,"N(@ +Inbik,a,0) = Y. ')z +Inaik,a,b)

2R (n) (nb)*Y, ! D (2 k, 0, b).

n—

Proof. By using Lemma 1.2, we get

(80" — a')Y,\"Y(x1k,a,b) = 217F(n)p (nb)* Y, ) (21 k0, b). (1.10)
We also use (1.5), we obtain
—a Tyk,a,b) = r+1Inbk,a,b) — r+1Inak,a,b). .
BYt — )Y, (w1 k, a,b) = BY,\")(x + Inbik,a,b) — Y\ ") (z + Inas k,a,b (1.11)
By combining (1.10) and (1.11), we get the desired result. O

Remark 1.14. If we set a = 1 and b = e in Theorem 1.13, we obtain [4, p. 3256, Theorem 6]

BV + 13k, 1,1) = V) (a1, 1,1) + 28R () DN (i K, 1, 1)

Remark 1.15. By substitutinga = 1, k = 0, b = e and = —1 into Theorem 1.13, we arrive
at the recurrence relations for the Euler polynomials of higher-order as follows: let v > 2 and
n € N. Then we have

EY)(z+1) = —E)(z) + 2B~ V(x)

(cf. [4], [11, p.103]).

Remark 1.16. By substituting a = k = 1, b = e and f = —1 into Theorem 1.13, we have
recurrence relations for the Genocchi polynomials of higher-order as follows: let v > 2 and
n € N.

(et + 1)GW (2) = 206GV ()

n—

(cf- [3, p. 760, Theorem7]).

Remark 1.17. By substitutinga = k = 1, b = e and § = 1 into Theorem 1.13, Dere et al [4]
and Roman [11, p. 95, Eq. (4.2.6)] gave recurrence relations for the Bernoulli polynomials of
higher-order as follows: Let v > 2 and n € N. Then we have

v v v—1
BW(x+1) = BY(2) + nBY D (x).

n

By using Lemma 1.2 with (1.10), for v = 1, we get the following theorem, which is very
useful in the theory of the Diophantine equation:

Theorem 1.18. Let n, k € Ny with n > k. Then we have
(BY — a") Yy, p(x5k,a,b) = 2" (n)p(Inb)"z" k. (1.12)
Remark 1.19. Substituting « = 1 and b = e into (1.12), we have
BV p(x+ 13k, 1,1) =V, g3k, 1,1) = 217K () pzm "

(cf- [10]). By substitutinga =k = 1,b = e and § = 1 into (1.12), we have

Bn(z + 1) — B, (z) = na"™!
(cf- [10], [11, p. 95], [17]). By substitutinga =1,k =0,b = e and § = —1 into (1.12), we have

E.,(x+1)+ E,(z) =2z"

(cf- [10], [11, p. 951, [17]). By substitutinga =k = 1,b = e and § = —1 into (1.12), we have

Gn(z+1) + G (x) = 2na™!
(cf- [3, p. 760, Corollary 1], [10]).
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