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Abstract In the present work, we deal with the harmonic problems in a bounded domain
of R? with the nonlinear boundary integral conditions. After applying the Boundary integral
method, a nonlinear boundary integral equation is obtained, the existence and uniqueness of the
solution will be a consequence of applying theory of monotone operators.

1 Introduction

For the harmonic problem the simplest boundary condition we can impose specifies « at all
points on the boundary I" and is known as the Dirichlet boundary condition. The Dirichlet prob-
lem for the Laplace equation can easily be solved using the boundary integral equation [15]. If
the normal derivative of « i,e. %, where n is the outward normal to the boundary T, is specified
at all points on the boundary T, i,e. the Neumann boundary condition, with [. g—”;ds = 0, then
given the value of u at one point on I" enables a unique solution to be obtained [15].

In this work, we impose more general boundary conditions, namely the nonlinear integral equa-
tion of Urysohn type[8; 11].

Much attention has been paid to the resolution of boundary value problems for partial differen-
tial operators with nonlinear boundary conditions by the method of integral equations, in many
directions (see for example, K. E. Atkinson [2; 3] and Ruotssalainen and Wendland [12] ).

Problems involving nonlinearities form a basis of mathematical models of various steady-
state phenomena and processes in mechanics, physics and many other areas of science. Among
these is the steady-state heat transfer. Also some electromagnetic problems contain nonlineari-
ties in the boundary conditions, for instance problems, where the electrical conductivity of the
boundary is variable [5]. Further applications arise in heat radiation and heat transfer [4; 5].

In the present paper, we look for the solution of the Laplacian equation with nonlinear data
of the form:
Viu(z)=0 , z€Q (1.1)

Ou
on
We recall that the nonlinear boundary integral operator defined by

@)+ 52 @)+ [ K (zp.u))ds, = f(o) . o €T, (12)

Az, u(z)) = /FK(os,y,u(y)) dsy , zel (1.3)

is the nonlinear integral operator of Urysohn type.
In (1), we assume £ is an open bounded region in R? with a smooth boundary I = 9Q , and

ffT>R , K:T'xI'xR—=R

are given real value functions.
By the Green representation formula we formulate a nonlinear integral equation on the boundary
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I' of the domain Q. Under some assumptions on the Kernel of the nonlinear integral equation of
Urysohn K (z,y,u) we prove the existence and uniqueness of the solution.

1.1 Definitions and notations

Definition 1.1. ,[1,15] Let m € N, we denote by H™(Q) the Sobolev space
H™(Q) = {u € L*(Q); Du € L*(Q),|a| <m}
Definition 1.2. ,[1,15] Let s € R, we denote by H*(R™) the Sobolev space :

H*(R™) = {u € L*(R"): (1 + ¢]*)}|F[u]| € LA(R™)}.

and the associated norm:
e = ([ (14 6P Flul )

with F'[.] the Fourier transform.
Definition 1.3. ,[1,15] Let Q € R™ a bounded domain and I" := 90Q, we defined

H*(Q) ={ulg:ue H*(R")},s e R

{ulr 1w € H 1 (R")},5 >0
HY) ={ LXI), s=0
(H=*(T'))" ( dual space),s < 0

2 The Boundary Integral method

2.1 Representative formula and boundary operator

We need the fundamental solution of operator Laplacian A in the plane, defined by:

1
E(z,y) = 5. loglz —y| (2.1

We first consider some standard boundary integral operators. For z € €, the single layer poten-
tial is
Sau (@)1=~ [ E(@.y)u(w)ds,
r

and the double layer potential is

Dou (z) := /u(y)aiyE (z,y) dsy.
r

Using the Green’s identity for harmonic functions

u(z) = /u(y)aiyE (x,y)ds, — /5‘u (y)E (z,y) ds,

for x € Q, or in the forme

u(z) = Dau (z) + Sgauaif) ,for z € Q. (2.2)
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Letting « tend to point on the boundary I" and with the continuously of the simple layer potential
Sq and the jump relation of the double layer potential Do . We can write the integral equation
on the boundary I'.

u(xz) — Du(x) = 58135195) , el (2.3)
where
Ou (x) Iu (y)
S o ——2/E( ,Y) o dsy , €T
r
and

Du(z) := Z/u(y)ai E(z,y)ds, , z€T.
y

Clearly, if u € H'(Q) is the solution of (1), then the Cauchy data u|r and %h— satisfies the
integral equation (6).
Then the boundary conditions

Ou Ju
% (l’) = *E (l‘) — A(:c,u(x)) + f(IE),:C el
yields
u(z) — Du(z) = —S% (z) — SA(z,u(z))+ Sf(z) , zeT. (2.4)

the equation (7) can be written as

(I — D)u(z) + S% (z) + SA(z,u(z)) = Sf(z) , = €T. (2.5)
we have
ou(x) ou (y)
S 5 = —Z/E(x,y)Tdsy , zel
r
and 5
0= —Z/E{u(y)E (z,y)}dsy
r
_ Iu (y) OF (z,y)
= —2/ R E(z,y)ds, — 2/ 5y (y)ds,
r r
then we have
ou(x) ., . OF (z,y)
S 5 = D'u(z) = Z/Tu(y)dsy (2.6)
r
hence the equation 8 can be written as
(I — D+ D"u(z) + SA(z,u(z)) = Sf(z) , zeT. 2.7

For studying the solvability of the nonlinear equation(10), we give some assumptions to be
made here.
(H1) We assume a diam(Q) < 1.
(H2) The Kernel K (., .,.) of the Urysohn operator is a Caratheodory function[11].

(H3) We assume that W is measurable satisfying

OK (z,y,u)
u

O0<a< < b < 400,

for some constants a, b.
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Remark 2.1. 1) The operator S may have eigenfunctions [15], then (H1) ensure that the integral
operator
S:H*(T) = H™(T)

is an isomorphism for every s € R and
(Sps ) = ellull 12

for all 4 € H~1/? with some positive constant ¢ > 0, [15 ]. By (.,.) we denote the L?(T') scalar
product.

2) The Kernel K{(.,.,.) is a Caratheodory function (H2) (i.e) K(.,.,u) is measurable for all
u € Rand K(z,y,.) is continuous for almost all z,y € T.

3) The assumption (H3) implies that the Nemytski operator

A: LX) — L*(T)
is Lipschitz continuous and strongly monotonous such that
|Au — Av|lo < b mes(T)||u —vljo

and
(Au — Av,u —v) > a mes(T)|u — v||3. (2.8)

for all u,v € L*(T).

Theorem 2.2. Let assumptions (HI), (H2) and (H3) hold. Then, for every f € H~'/2 the non-
linear boundary integral equation (10) has a unique solution in H 2 (r).

Proof. The proof follows from the well-known theorem by Browder and Minty on monotone
operators [12, 13].
Since the simple layer potential operator on I'

S:HYVXT) - HYA(I)
is an isomorphism it is sufficient to consider the unique solvability of equation
Bu(z) := S~ (I — D + D)u(z) + A(z,u(z)) = f(z) , zeT. (2.9
We shall prove that the operator
B: HY*(') — H-V(I)

is continuous and strongly monotonous.
i- in the first we show that B is continuous:
It is clear from the continuity of the mapping properties of the simple and double layer operators,
that
STY1-D+D'): HY¥T) - H V3T

is continuous. And from (H3)
A: HYX(T) - H-VX(T)

is continuous. Hence the boundary integral operator
B: HYX(T') - HVX(T)

is continuous.

ii- In the second we show that B is strongly monotonous operator.
Let € H? (I) defined by

p(z) := S~ HI — D+ D')u(x)

for all u(x) € H? ('), is the normal derivative of the harmonic function



The Laplace equation with nonlinear oblique boundary conditions 99

wle) = [uly) 5B e)ds, — [u)E (w.9)ds,

ony
r r

for x € Q, this means that w satisfies the problem
Aw(z)=0 , z€Q
w(z)=u(z) , zel.

Then Green’s theorem yields

(S™YI — D+ D')u,u) = /,uuds = /a— / / (Vw)*dz.

r r
Hence, for all u,v € H? (T)

(51T = D+ D')(u—v),u—v) = / (Vi —w))dz = fwn —wally g (210)
Q

where (w; — wy) denotes the harmonic function corresponding to the Cauchy data v — v and
S=YI - D)(u — ).
In an other hand, we note that there exists (11 — 1») € H~ (I'), such that

S(r1—m)=u—wv
on T, [15]. Hence for all x € Q, we have
SQ(Z/1 — Vz) = w; —wWy.

The simple layer potential
S : H* (T) — H*P/2(Q)

is continuous,for all s € R [15]. Hence for s = —3/2 we find

[Jwi — ) < allvr = vall g

< oflu— U||H71/2<r) < allu — vlfo,

for some positive constants ¢, ¢; and c3.
Hence we have

[lu —vllo = C%Hun — w2120 (2.11)
Then with (10) and (11) we get .
(Bu — Bv,u—v) = (S7Y(I = D+ D')(u—v),u —v) + (Au — Av,u — v)
= |w; — wzﬁ‘ﬁ(ﬂ) + (Au — Av,u —v)
and with (9) we get the inequality
(Bu — Bv,u —v) > |wy — w2|%{1<9) +a mes(I)|lu—v|3

hence with (12) we have

a mes(T)
(Bu— Bv,u—v) > |wy — wz\%p(g) + Tﬂwl - w2||2Lz(Q)
, a mes(T)
> min{1, T} (|w1 - w2|%ql(§z) + [Jwr — WZH%Z(Q))
3
, a mes( ) 5
> min{1l, —————=}Hwi — w2||31(o)

2 C4||U - U||H1/2(r)

by the trace theorem [1, 15]. Which completes the proof. O
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Example 2.3. Here we give an example to illustrate the theoretical results.
We consider the harmonic problems

Au(z)=0 , z€Q

ou ou

S @)+ 52 @+ [ @uly) +sinuw)ds, = f(z) . 2 eT

where the nonlinear boundary integral equation of Urysohn type defined by

Au(z) = /r(Zu(y) +sinu(y))ds, , x €l

and the domain is

1
Q= {J) = ($1,$2)|$% +.13% < T2 < Z}

Clearly, the nonlinearity satisfies our assumptions (H, ), (Hz) and (H3) such that

diam(Q) =2r < 1.

The Kernel (2u(y) + sinu(y)) of the nonlinear boundary integral equation of Urysohn type is a
Caratheodory function. And

0K (x,y,u)

50 =2+ cosu(y)

is measurable satisfying

9 (2u(y) + sinu(y))

1<
- ou

<3 < +o0.

implies that the Nemytski operator

A: LX) — L*(D)

is Lipschitz continuous and strongly monotonous such that

2rr|lu — vy < (Au — Av,u — )

[|[Au — Av|lo < 677||u — v|o

for all u,v € L*(T).
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