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Abstract. In this paper we study some properties of a conformal maps between equidi-
mensional manifolds, we construct new example of non-harmonic biharmonic maps and we
characterize the biharmonicity of some maps on the warped product manifolds.

1 Introduction.

Let ¢ : (M™, g) — (N"™, h) be a smooth map between Riemannian manifolds. Then ¢ is said to
be harmonic if it is a critical point of the energy functional :

1

E(¢) =5 /M |de|*dvg (1.1)

with respect to compactly supported variations. Equivalently, ¢ is harmonic if it satisfies the
associated Euler-Lagrange equations :

7(¢) = TryVde =0, (12)

7(¢) is called the tension field of ¢. One can refer to [7-10] for background on harmonic maps.
In the context of harmonic maps, the stress-energy tensor was studied in details by Baird and
Eells in [2]. Indeed, the Euler-Lagrange equation associated to the energy is the vanishing of the
tension field 7(¢) = Tr,Vd¢, and the stress-energy tensor for amap ¢ : (M™,g) — (N",h)
defined by

S(¢) =e(¢)g — ¢"h.
The relation between S(¢) and 7(¢) is given by

divS(¢) = —h(7(¢),ds).

The map ¢ is said to be biharmonic if it is a critical point of the bi-energy functional :

Bx0) = 5 [ Ir(o)Fao, (13

Equivalently, ¢ is biharmonic if it satisfies the associated Euler-Lagrange equations :

72(¢) = —Try (V*)’ 7() — Try RN (1(), d)de = 0, (1.4)

where V¢ is the connection in the pull-back bundle ¢~!(T'N) and, if (e;),;.,, is a local or-
thonormal frame field on M, then T

Try (V) 7 () = (VEVE - V%, ., ) T(9),
where we sum over repeated indices. We will call the operator 7,(¢), the bi-tension field of the
map ¢.

In analogy with harmonic maps, Jiang In [11] has constructed for a map ¢ the stress bi-energy
tensor defined by

820) = (S5O +divh (). d9) ) g~ 2y (Vr(0).do).
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where

1
forany X,Y € I'(T'M) . The stress bi-energy tensor of ¢ satisfies the following relationship
divSy(¢) = h(1a(9),do) .

Clearly any harmonic map is biharmonic, therefore it is interesting to construct non-harmonic
biharmonic maps. In [4] the authors found new examples of biharmonic maps by conformally
deforming the domain metric of harmonic ones. While in [6] the author analyzed the behavior of
the biharmonic equation under the conformal change the domain metric, he obtained metrics g =
%7 such that the idendity map Id : (M, g) — (M, g) is biharmonic non-harmonic. Moreover, in
[14] the author gave some extensions of the result in [6] together with some further constructions
of biharmonic maps. The author in [13] deform conformally the codomain metric in order to
render a semi-conformal harmonic map biharmonic. In [5] the authors studied the case where
¢ (M™ g) — (N™ h) is a conformal mapping between equidimensional manifolds where
they show that a conformal mapping ¢ is biharmonic if and only if the gradient of its dilation
satisfies a second order elliptic partial differential equation. We can refer the reader to [12], for
a survey of biharmonic maps. In the first section of this paper, we present some properties for a
conformal mapping ¢ : (M",g) — (N, h), we prove that the stress bi-energy tensor depend
only on the dilation (Theorem 2.1) and we calculate the bitension field of ¢ (Theorem 2.2). In
the last section we study the biharmonicity of some maps on the warped product (Theorem 3.1
and 3.2), with this setting we obtain new examples of biharmonic non-harmonic maps.

2 Some properties for conformal maps.

We study conformal maps between equidimensional manifolds of the same dimension n > 3.
Note that by a result in [5], any such map can have no critical points and so is a local conformal
diffeomorphism. Recall that a mapping ¢ : (M™, g) — (N™, h) is called conformal if there exist
a C* function X : M — R such that for any X,Y € ['(TM) :

h(do(X),dg(Y)) = Ng(X,Y).

The function A is called the dilation for the map ¢. The tension field and the stress energy tensor
for a conformal map are given by (see [1]):

Proposition 2.1. Let ¢ : (M™, g) — (N, h) be a conformal map of dilation A, we have

(1) divS(¢) = (n—2)X\2dIn A, 2.1

(i5) divh(r(¢),d¢) = (2 — n) <2>\2 lgradln A® + A2Aln )\) . 2.2)
(iii) 7(¢) = (2 — n)do(gradin \). (2.3)

(iv) |7(¢)] = (2 = n)*A*|gradin A|* . (2.4)

Note that the conformal map ¢ : (M™,g) — (N™, h) of dilation A is harmonic if and only if
n = 2 or the dilation A is constant.

In the first, wa calculate the stress bi-energy tensor for a conformal map ¢ when we prove
that S»(¢) depend only the dilation.

Theorem 2.1. Let ¢ : (M™,g) — (N, h) be a conformal map with dilation A, then we have
Sa(e) = (2 —n) \2 { ("gz lgradIn A]* + Aln A) g—2Vdln )\} : (2.5)

and the trace of S»(¢) is given by

TrSy(8) = — (2 — n)? )\2{%|gmdln)\|2—|—A1n/\}. (2.6)



82 Seddik Ouakkas

To prove Theorem 2.1, we need the following Lemma :

Lemma 2.1.Let ¢ : (M™,g) — (N™ h) be a conformal map with dilation ), then for any
function f € C°°(M) and for any X,Y € T'(T'M), we have

h(Vxdd (gradf) ,do (Y)) = N> (X (InA) Y (f) =Y (InA) X (f)) 07
+ NXVdf (X,Y) 4 NdIn X (gradf) g (X,Y). '

Proof of Lemma 2.1. Let f € C>° (M), forany X,Y € I' (T'M), we have
h(Vxdg (gradf),ds (Y)) = X (XNg (gradf,Y)) — h(de (gradf),Vxdg (V)
=X (N\?) g (gradf,Y) + Ng(Vxgradf,Y) + Ng (gradf, VxY)
= h(d¢ (gradf),Vdep (X,Y)) = h(de (gradf) ,d¢ (VxY))
=X ()\2) g (gradf,Y) + \g (ngradf, )+ Ng (gradf, VxY)
— h(do (gradf),Vde (X,Y)) = Ng (gradf, VxY).

Note that
g (Vxgradf,Y) =Vdf (X,Y),

then we obtain
h(Vxdo (gradf),do (Y)) = 202X (In\) Y (f)+N\2Vdf (X,Y)—h (d¢ (gradf) ,Vde (X,Y)).
By similary, we have
h(Vyde (gradf) ,de (X)) = 2)2Y (In\) X (f)+A\2Vdf (X,Y)—h (d¢ (gradf),Vde (X,Y)).
Then, we deduce that
h(Vxde (gradf),de (Y)) = h(dé (X)), Vyde (gradf))

+2X (X (InA) Y (f) =Y (In\) X (f)).

For the term h (d¢ (X)), Vy dé (gradf)), we have

(2.8)

h(Vydé (gradf),de (X)) = h(Vde (gradf,Y),ds (X)) + Ng (Vygradf, X)
=" (Vgraagrdd (V) ,dé (X)) — Xg (VgraarY, X)
+ Mg (Vygradf, X)
= gradf (\*g(X,Y)) = h (Vgraardd (X),do (Y))
— g (VgraarY, X) + Ng (Vygradf, X)
=2)\2dIn X (gradf) g (X,Y) — h(Vdo (X, gradf) ,dé (Y))
+ X9 (Vygradf,X) .
We deduce that
h(Vydo (gradf) ,dp (X)) = —h (Vxde (gradf) ,de (Y)) 4+ 2X*Vdf (X,Y) 09
+2X2dIn A (gradf) g (X,Y).

Finally, if we replace (2.9) in (2.8), we obtain
h(Vxdé (gradf),do (Y)) = A (X (InA)Y (f) =Y (InX) X (f))
+ NVAf (X,Y) + NdIn X (gradf) g (X,Y).

This completes the proof of Lemma 2.1.
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Remark 2.1. Let ¢ : (M™, g) — (N™, h) be a conformal map with dilation ), then if we consider
f = In ), the equation (2.7) gives

h(Vxde (gradin \),de (Y)) = A2 (len/\ (X,Y) +|gradin A g (X, Y)) .
Proof of Theorem 2.1. By definition, the stress bi-energy tensor is given by :
1 .
52(6) = (=3 17 (@) + divh (+(6),40) ) g ~ 2symh (Vr(e). o). (210

Using the equations (1.2) et (1.4) for the Proposition 2.1, we have

—%|T(¢)‘2+di’vh(7'(¢),d¢):( n) A2 ( lgradln A]* +Aln)\> (2.11)

Calculate now symh (V7(¢), d¢p), we have by definition for any X,Y € I'(T'M)

symh (V7(¢),d¢) (X,Y) =5 (h (Vx7(¢),do (Y)) + 1 (VyT(4),d¢ (X)))

NN\*—‘

— — " h(Vxde (gradInX) ,de (YV))

+ Z_Tnh (Vy (gradIn)),d¢ (X)).

By Lemma 2.1, we have

h(Vxde (gradin \),de (Y)) = (len/\(X Y) + |gradin A]” ¢ (X, Y))

and
h(Vydd (gradin ), dé (X)) = N> (len A(X,Y) + |gradin A g (X, Y)) :

then
symh (V7(¢),do) (X,Y) = (2 — n) \2 (len A(X,Y) +|gradin A? g (X, Y)) . @12)
If we substitute (2.11) and (2.12) in (2.10), we conclude that

S2(¢) = (2—n) A2 { <ng2 |g7"ozdln)\|2 +Aln)\> g— ZVdIn)\}

Calculate now the trace of stress bi-energy tensor. Let (e;)1<;<,, be an orthonormal frame on M,

we have
Try$s(9) = S2(6)(es, e:)

=(2—n)\ ( lgradIn \|* +A1n)\> (e:,€:)

—2(2—n))\2len)\(ei,ei)

=(2—-n)n\? ( lgradIn A]* +A1n)\>

—2(2-n) X (Aln))

2 [n(n—2) 2

=2-n)A #|gradln)\| +(n—2)AlnX;.

Then

TrSy(¢) = — (2 —n)? N2 {% lgradln A|* + Aln )\} .
By calculating the Laplacian of the function A% and by using
ME = D)3 ( lgradin A]* + Aln A)

we obtain immediately the following corollary
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Corollary 2.1. Let ¢ : (M™,g) — (N™, h), (n # 2) to be a conformal map of dilation \, then
the trace of Sy(¢) is zero if and only if the function A* is harmonic.

The bi-tension field of the conformal map is given by

Theorem 2.2. Let ¢ : (M™,g) — (N™,h), (n > 3) to be a conformal map of dilation ), then
bi-tension field of ¢ is given by :

n(¢) = (n—2)de (H)

where

H = gradAln \ — (n—6) grad <|gmd In )\|2> + 2Ricci™ (gradin \)
2 (2.13)

— (2 (AlnX) + (n—2) |gradln )\|2> gradln .

To prove the Theorem 2.2, we need two Lemmas. In the first Lemma, we give a simple

formula of the term 7'r, (V¢)2 d¢ (gradry) for a conformal map ¢ : (M™,g) — (N™, k) (n > 3)
of dilation X and for any function vy € C*° (M).

Lemma 2.2. Let ¢ : (M™,g) — (N™,h) (n > 3) to be a conformal map of dilation A, then for
any function v € C*° (M), we have

Tr, (V¢)2 do (grady) = d¢ (gradAy) +4do (V graam rgrady) + do (RicciM (grad'y))
+ (AIn ) do (grady) — 2 (Ay) do (gradIn X)

—(n—2)dIn X (grady) de¢ (gradln X).
(2.14)

Proof of Lemma 2.2. Let v € C*° (M), by definition, we have
Tr, (v¢)2 d¢ (grady) = V& V? de (grady) — v@evei(w (grady). (2.15)

(Here henceforth we sum over repeated indices.) Let us start with the calculation of the term
V¢ V¢ dg (grady) , we have

Ve.dg (grady) = Vde (e;, grady) + do (Ve grady) .
It is known that (see [3])

Vdg (ei, grady) = e; (InX) d¢ (grady) + dIn A (grady) d¢ (e;) — e; () dp (gradIn A) ,

then V¢ d¢ (grady) = e; (In\) d¢ (grady) + dIn X (grady) dé (e;) 2.16)
—¢; (v)d¢ (gradIn ) + d¢ (Ve, grady) .
It follows that
Ve Ve do (grady) = VE, {ei (In\) do (grady)} + VE, {dIn A (grady) d (e:)} e

— V¢ {e; (v)do (gradIn \)} + V& do (Ve,grady) .

We will study term by term the right-hand of this expression. For the first term
V¢ {e; (In\) do (grady)}, we have

V¢ {e; (InX) do (grady)} = e; (In\) V¢ do (grady) + e; (e; (In X)) d¢ (grady) .
By using the equation (2.16), we deduce that

ij {e; (InX\) do (grady)} = e; (InX) e; (In\) do (grady) + e; (In X) dIn X (grady) de (e;)
—e;i(InX)e; (7)do (gradlnX) + e; (InX) do (Ve, gradry)
+ei(e; (In X)) do (grady) ,
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then, we obtain

Vfi {e; (In\) do (grady)} = |gradln )\\2 do (grady) + do (Vgraamrgrady)

(2.18)
+ei(e; (In X)) do (grady) .

For the second term V¢ {dIn X (grady) d¢ (e;)}, a similar calculation gives

V¢ {dIn X (grady) d¢ (e;)} = dIn X (grady) VZ de (e;) + e; {g (gradIn X, grady)} dé (e;)
=dIn )\ (grady) Vfi do (e;) + g (Ve,gradIn X, gradry) dé (e;)
+ g (gradln X\, V., grady) d¢ (e;)
= dIn X (grady) V2 de (e;) + g (Vgraargradln X, e;) do (e;)
+ 9 (Vgraamagrady,e;) do (e;)

it follows that

V¢ {dIn X (grady) de (e;)} = dIn X (grady) VE d (e;) + do (VgraaygradIn \)

(2.19)
+ d¢ (Vgradln Agrad’y) .

For the third term V? {e; (v) d¢ (gradIn\)}, by using the same calculation method and the
equation (2.16), we have
VZ {e; (v)d¢ (gradIn N)} = ¢; () V‘i do (gradlnX) + e; (e; (7)) do (gradIn X)
e; () e; (InX)de (gradIn X)) + e; () dIn A (gradIn X) d¢ (e;)
(v) ei (InX) dop (gradIn X) + e; () do (Ve,gradIn X)
(ei (7)) d¢ (gradIn A),

— €

+ €
which gives us

V¢ {ei (v) dg (gradln \)} = |grad In AP do (grady) + dé (Vgraaygrad In A)
+e;(ei (7)) dp (gradin X).

(2.20)

Now let us look at the last term Vg’i d¢ (Ve,grady), a simple calculation gives

V¢ de (Ve,grady) = e; (InX) do (Ve,grady) + dIn X (Ve,grady) d (e;)

— g (e, Ve, grady)dé (gradlnX) + d¢ (Ve, Ve, grady)
= 2d¢ (Vgradamrgrady) — (Ay) dé (gradln X)
+do (Ve, Ve grady) ,

then

V¢ dg (Ve,grady) = dé (Ve, Ve, grady) + 2de (Vgraam rgrady)
— (Ay)do (gradln ).
If we replace (2.18), (2.19), (2.20) and (2.21) in (2.17), we obtain

2.21)

Vfi Vfi do (grady) = 4de (V graamagrady) + e; (e; (In X)) do (gradry)
+dIn X (grady) V2 do (e;) — e; (ei (7)) dé (gradIn ) (2.22)
+do (Ve, Ve, grady) — (Ay) do (gradln X).

To complete the proof, it remains to investigate the term V e d¢ (gradry), we have

v@eiei de (grady) = Vd¢ (Ve,ei, grady) + dé (Vv e, grady)
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Therefore, by using the equation (2.16), we obtain
V@eiei d¢ (grady) = Ve,e; (InX) d¢ (grady) + dIn X (grady) do (Ve,e;)
—Ve,ei (7) do (gradinX) + dg (Ve grady)
By substituting (2.22) and (2.23) in (2.15), we deduce

(2.23)

Tr, (V¢)2 d¢ (gradry) = Vf_iVZ’i deo (gradry) — V%erei dg¢ (gradr)

= d¢ (TryV2grady) +4de (V graam rgrady)
+ (Aln\) do (grady) + dIn X (grady) 7 (¢)
—2(Ay)d¢ (gradln X).
Finally, using the fact that (see [13])
Tr,V*grady = gradAy + Ricci™ (grady)

and
7(¢) =(2—=n)do(gradln ),
we conclude that

Try (V¢)2 do (grady) = d¢ (gradAy) +4do (Vgraamrgrady) + do (RicciM (grady))
+ (Aln ) d¢ (grady) — 2 (Ay) do (gradIn X)
—(n—2)dInX(grady) d (gradin X).

This completes the proof of Lemma 2.2. Now, in the second Lemma, we will calculate
Try RN (d¢ (grady) , d¢) d¢ for a conformal maps ¢ : (M™, g) — (N™, h) (n > 3) of dilation \
and for any function v € C>° (M)

Lemma 2.3.Let ¢ : (M™,g) — (N™,h) (n > 3) to be a conformal map of dilation ), then for
any function v € C*° (M), we have

TryRN (d¢ (grady) ,de) dp = dp (Ricci™ (grady)) — (n — 2) do (VgradygradIn )
— (Aln A+ (n—2)|gradln )\|2) de¢ (grady) (2.24)
+ (n—2)dIn X (grady)d¢ (gradln\)
Proof of Lemma 2.3. Let v € C* (M), by definition we have
TryRYN (do (grady) ,d¢) dp = RN (d¢ (grady),d¢ (e;)) dg (e;) (2.25)
but we know that (see [3])
RicY (dg (X),d¢ (Y)) = Ric™ (X,Y) + (n—2) X (In\) Y (In)\)
— (n—2)|gradln \* g (X,Y)
—(n—2)VdInA(X,Y) — (AlnX) g (X,Y).
Then
RicN (d¢ (gradry) ,dé (e;)) = Ric™ (grady, e;) + (n —2) grady (InX\) e; (In )
— (n—2) |gradn A]* g (grad-, e;)
—(n—=2)VdlIn X (grady,e;) — (Aln)) g (gradry, e;)
it follows that
RicN (d¢ (grady) ,dé (e;)) = Ric™ (grady, e;) + (m — 2) dIn X (grady) e; (In \)
— (n—2)|gradln A ¢; (v) — (n — 2) VdIn A (grady, e;) (2.26)
—(AlnX)e; (7).
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If we replace (2.26) in (2.25), we deduce that
TryR" (d¢ (grady) ,do) dp =R" (do (grady) ,de (e:)) do (e;)
=d¢ (RicciM (grady)) + (n —2)dIn X (grady) d¢ (gradIn X)
— (n —2) |gradIn A d¢ (grady) — (Aln X) d¢ (grad-)
— (n—=2)VdIn X (grady,e;) do (e;) .
To complete the proof, we will simplify the term Vd In A (grad-, e;) d¢ (e;), we obtain

VdIn X (grady,e;) do (e;) = {e; (g (gradln X, grady)) — dIn X (V. grady)} dé (e;)
= g(Ve,gradln X, grady) d¢ (e;)
= g (Vgradygradln X, e;) do (e;)
=d¢ (VgraaygradlnX) ,

which finally gives
TrgRN (d¢ (grady) ,d¢) dp = d¢ (Ricei™ (grady)) — (n —2) d¢ (Vgraaygradln \)
- (Aln)\ + (n—2)|gradin )\|2> d¢ (grady)
+ (n —2)dIn X (grady) d¢ (gradln X) .

This completes the proof of Lemma 2.3. We are now able to prove Theorem 2.2.
Proof of Theorem 2.2. By definition, the bitension field is given by

™ (9) = Ty (V9)" 7 (9) = TryRY (7 (6) , do) do

The tension field of the conformal map ¢ is given by
() = (2 — n) dé (gradin \)

it follows that

7 (¢) = (n—2) (Trg (V%)? do (gradn \) + TryRY (de (gradln \) , do) d¢) .2
By Lemma 2, we have
Try (V9)* dé (gradin \) = do (gradAln X) + 2d¢ (gmd (| gradln >\|2)>

— (Aln\) d¢ (gradIn X) + d¢ (Ricci™ (gradIn X)) (2.28)
— (n—2)|gradin \|* d¢ (gradln \) .

By using lemma 2.3 and the fact that V,qqmagradIn A = %gmd (|gmd In )\|2)

TryRN (d¢ (gradIn ), d¢) dp = d¢ (Ricci™ (gradIn\)) — (AlnX) d¢ (gradin \)

(n—2)
2

If we replace (2.28) and (2.29) in (2.27), we deduce that

(2.29)

do (grad (|grad In /\|2)) .

%ﬂdd) (grad (|g7‘adln )\|2)>

~(n—2) (2 (AlnX) + (n — 2) |gradln /\\2) d (gradIn \)

> (6) = (n — 2) dé (gradAin n) — =2 ("

+2(n—2)d¢ (Ricci™ (gradIn\)) .
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Then the bi-tension field of ¢ is given by :
n(¢) = (n —2)de (H)

where

-6
H = gradAln \ — (n 3 )grad (|g7’ad In )\|2> + 2Ricci™ (gradin \)

— (2(A ) + (n - 2) lgradn AP) grad1n A

The proof of Theorem 2.2 is complete. By application of Theorem 2.2, we get the following
result (see [5]).

Theorem 2.3. ([5]) Let ¢ : (M"™,g) — (N™, h) (n > 3) to be a conformal map of dilation A,
then ¢ is biharmonic if and only if the dilation A satisfies

grad (Aln\) — (2 (AlnA) + (n—2) |gradln )\|2> gradln\

6—n

+ grad (|g7’ad In /\|2> + 2Ricci™ (gradln \) = 0.

In particular, we prove that the biharmonicity of the conformal map ¢ : (R™, g) — (N™, k)
(n > 3) where the dilation \ is radial (In A = a (r) ,r = |z|and o € C* (R, R)) is equivalent to
an ordinary differential equation of the second order. More precisely, we have

Corollary 2.2.Let ¢ : (R™,g) — (N™, h) (n > 3) to be a conformal map of dilation A when
we suppose that In X is radial (InA = a(r),r = |z|and o € C*° (R, R)). Then ¢ is biharmonic
if and only if § = o satisfies the following ordinary differential equation :

-1 -1 2(n—1
6//_(n_4)ﬁ6/+nr ﬂ/_ nrz ﬁ_ (n )ﬂZ_(n_z)ﬂfi:O (230)

,
Proof of Corollary 2.2 Let ¢ : (R", g) — (N™, h) (n > 3) to be a conformal map of dilation
A such that In A = « (r). By Theorem 2.3, ¢ is biharmonic if and only if the dilation X satisfies
grad (AlnX) — (2 (AlnX) + (n — 2) [gradIn )\|2) gradln

6—n

2

+ grad (|grad In )\|2) + 2Ricci™ (gradIn \) = 0.

A direct calculation gives

gradln X = a’%,

lgradIn A|* = (0/)2 ,

grad <|grad In )\|2) = Za’a”%,

n—1,
!

Aln )\ =do" +

and

-1 n—1 0
d A] )\ — " n I !/ .
grad (Aln ) (a + —a 3 a>8r
Therefore ¢ is biharmonic if and only if the function « satisfies the following differential equa-
tion
-1 —1 2(n—1
o — (n —4) oo + n o — n o — (n ) (a/)Z _ (n ~2) (O/)3 —o.

r 1"2 r
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If we denote 8 = ¢/, the biharmonicity of ¢ is equivalent to the differential equation

B_Z(n—l)

r2 r

,,_(n_4)ﬂ6,+n;1ﬂ,_n—l

B —(n-2)p=0.

As a consequence of the Corollary 2.2, We will present some remarks which we give a particular
solutions of the equation (2.30) that allows us to construct a biharmonic non-harmonic maps.

Remark 2.2. . Looking for particular solutions of type 3 = % (a € R*). By (2.30), we deduce
that ¢ : (R",g) — (N™, h) (n > 3) is biharmonic if and only if a is a solution of the algebraic
equation

(n—2)a>+(n+2)a+2n—-2=0.

This equation has real solutions if and only if n € {3,4}.

_(5=v11 _ (51T
(i) Ifn=23,wefinda = _s%mora: %m,so/\:Cr (=) orA=Cr (%) (Ce
5—V1T7
R*). It follows that any conformal map ¢ : (R?, g) — (N?, h) of dilation A = Or7< )

— (HW) C . .
or\=Cr >/ is biharmonic non-harmonic.

(i) Ifn =4, wefinda = —lora = -2,s0\ = % or A = % (C € R%). Then, in this
case any conformal map ¢ : (R*,g) — (N*, h) of dilation A = & or A = < is biharmonic
non-harmonic.

Remark 2.3.. Looking for particular solutions of type 3 = £ (a € R*). By (2.30), ¢ :
(R™, g) = (N™, h) (n > 3) is biharmonic if and only we have

(n—2)a> +(n+2)a+2n-2=0
and
3(n—2)a+2n+4=0.
Cr

These two equations gives a = —2 and n = 4, it follows that the dilation is equal to A = =5

(C € R%). Then, all conformal maps ¢ : (R*, g) — (N*, h) of dilation A = TQCJ:I are biharmonic
non-harmonic.

3 Biharmonic maps and the warped product

Let (M™,g) and (N™, h) two Riemannian manifolds and let f € C'>° (M) be a positive function.
The warped product M x ¢ N is the product manifolds M x N endowed with the Riemannian
metric G defined, for X, Y e I' (T (M x N)), by

G (X,Y) =g (dr (X),drn (Y))+ (fom)’ h(dn(X),dn(Y)),

where 7 : M x N — M andn : M x N — N are respectively the first and the second
projection. The function f is called the warping function of the warped product. Let X,Y €
I'T'(M xN)), X =(X1,X2),Y = (Y1,Y2) . Denote by V the Levi-Civita connection on the
Riemannian product M x NN . The Levi-Civita connection V of the warped product M x ¢ N is
given by

VxY =VxY 4+ X, (Inf) (0,Y2) + Y1 (In f) (0, X3) — f2h (X,,Y3) (gradln f,0).  (3.1)

In the first, we consider a smooth map ¢ : (M™,g) — (PP, k) and we defined the map b :
(M™ xy N",Gy) — (PP, k) by ¢ (z,y) = ¢ (z). We will study the biharmonicity of ¢. By
calculating the tension field of ¢, we obtain the following result :

Proposition 3.1. Let ¢ : (M™,g) — (PP, k) be a smooth map. The tension field of the map
¢ (M™xy N",Gy) — (PP, k) defined by ¢ (z,y) = ¢ (z) is given by

- (;5) = 7(8) + nd (gradIn f) (3.2)
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Proof of Proposition 3.1. Let us choose {e;},_,,, to be an orthonormal frame on A/ and
{fiti<j<, to be an orthonormal frame on N. An orthonormal frame on M x; N is given

by {(ei, 0), % (0, fj)}. Note that in this case we have d¢ (X,Y) = (d¢ (X),0) for any X €
I'(TM)andY €T (TN). By definition to the tension field, we have

r (Es) = Trq, Vd

—v?

(es,

~ 1 _3 ~
0)d¢ (ei,O) + szbo)fj)dd) (07 f])
1

—dé (6(@,0) (61,0)) 2

@9 (Vio.1 (0.4)))
A simple calculation gives ~
Vi 040 (€:,0) = VE.do (e)

and

Vio.s, 10 (0. 5) =0,
By using the equation (3.1), we deduce that
Ve, (€,0) = (Ve,e:,0)

and N
V., 0, f;) = (0, f;) — nf* (gradIn £,0).
It follows that _
T (¢) - vfid(b (e:) — do (ngei) + nd¢ (gradin f),

then, we obtain

#(3) = 7(6) + ndo (gradin ).

Remark 3.1.If ¢ : (M™,g) — (P™,k) (m > 3) is a conformal map with dilation A, the
tension field of ¢ is given by

T (Zﬁ) = (2 —m)de (gradin \) + nde (gradin f) = dp (gradln (N>~ f)) .

Then ¢ is harmonic if and only if the function A>~™ f™ is constant.
We will now calculate the bitension field of the map ¢ : (M™ x ; N™, Gy) — (PP, k).

Theorem 3.1.Let ¢ : (M™,g) — (PP, k) be a smooth map. The bitension field of the map
¢ (M™ xy N",Gy) — (PP, k) defined by ¢ (z,y) = ¢ (x) is given by

. (:ﬁ) =1 (¢) — n (TryV3de (gradn f) + TryRP (d (gradin f) , do) do)

(3.3)
— 0V graam £7 (6) — 1°Vgradm rdd (gradin f).
Proof of Theorem 3.1. By definition of the bitension field, we have
- N2 e SN
™ (¢) — Trg, (v¢) T (¢) ~ Trg,RY (T (¢) ,d¢) dé (3.4)

For the first term T'rg, (Va)z T (3)), we have
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We will study term by term the right-hand of this expression. A simple calculation gives

Ve oVioT (5) =V Vi o7 (®) 1V, Vi o do(gradin f)
= Vi VET(9) +nVEVEds (gradn f)

and

¢ ¢ 7\
v(07fj)v(0,fj)7— <¢) =0.
By using the equation (3.1), we obtain

¢ 7\ _ uo ¢
ve(ei,o)@ivo)/r <¢> o vvé\/i[ei/r (¢) + nvvé&feb d¢ (g/rad lnf> ’

and

¢ PATE 2y 2 L2\
Ve 00" (2) = =0/2Vratta ™ (9) = 0212V ara 46 (gradin ).

Then, we deduce that

Tra, (Vg)z T (a) =Tr, (V¢)2 7(¢) +nTry (V¢)2 d¢ (gradln f) 33)

+ nvjﬂldln fT (¢) + nzvjradln fd¢ (gTad lnf) .

To complete the proof, we will simplify the term Trg, RP (T (&) ,da) da, we have
Tre, RY (T @) 7d$) dp = RP (T @) ,do (e, 0)) dé (e;,0)

+ 45 ((3) . d3.0.1) 450, 5)
= R (7(3) .46 (e:,0)) dd (e,0)
= RV (7(¢) ,d¢ (e5)) do (e:)
+nR” (d¢ (gradln f),d¢ (e;)) dé (e;) -
It follows that
Tre, RY (T (&) ,d&) dd = TryRP (1 (¢),d¢) dp + nTryRP (do (gradin f) ,dd) do. (3.6)

If we replace (3.5) and (3.6) in (3.4), we obtain

) (5) =12 (¢) —n (TryV?de (gradin f) 4+ TryRP (dé (gradIn f) , d¢) do)
- nvgradln fT (¢) - nzvgradln fd¢ (grad lnf) .
The proof of Theorem 3.1 is complete. As a consequence, if ¢ is harmonic, we have

Corollary 3.1. Let ¢ : (M™, g) — (PP, k) a harmonic map. the map ¢ : (M™ x5 N™,Gp2) —>
(PP, k) defined by ¢ (z,y) = ¢ («) is biharmonic if and only if

Tr,V?d¢ (gradln f) + TryRP (dé (gradIn f) ,d¢) dé + nV graam do (gradin f) = 0.
In the following we shall present an example of biharmonic non-harmonic maps.

Example 3.1.Let ¢ : R™ \ {0} xy N* — R™ \ {0} defined by ¢ (z,y) = £ when we

Eds
suppose that In f is radial (In f = « (r)). Then by Theorem 3.1, we deduce that the map @ :
R™\ {0} xy N™ — R™\ {0} is biharmonic if and only if the function « satisfies the following
differential equation

— — 2n? -2 -4
na'” + n(mr 5)0// . 3n (3:;‘ 7)0/—1—n2a'0/' _ % (0/)2 . 8 (m T)S(m )

=0.
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Let 8 = o/, this equation becomes

_ _ 2
T T T

Looking for particular solutions of type 3 = ¢ (a € R*), then » : R™\ {0} x; N* — R™\ {0}
is biharmonic if and only if

(m—2)(m—4)
3

np" + =0.

r

3n2a® +2n (5m — 14)a + 8 (m — 2) (m — 4) = 0.
4(4—m)
3n
(i) Fora = #=2™ we obtain f (r) = Cr*=" and in this case p : R™\{0} x s N" — R™\{0}
is harmonic so biharmonic.

(ii) For a = 4(43;7”), we obtain f (r) = Cr “5 and in this case @ : R™\ {0} xy N* —

R™ \ {0} is biharmonic non-harmonic.

42m

This equation has two solutions a = anda =

Now, we consider a smooth map ¢ : (N",g) — (PP, k) and we define the map Vo
(M™ xy N",Gy) — (PP,k) by ¢ (x,y) = 9 (y). We will study the biharmonicity of ¢,
we obtain the following result :

Theorem 3.2. Let b : (N™, h) — (PP, k) be a smooth map, we define 1) : (M™ xp N",Gp) —
(PP, k) by ¢ (x,y) = 1 (y) . The tension field and the bitension field of ¢ are given by

7 (9) = rer @) (3.7)

fron

and

™ («7)) R ((Alnf + (n—2)|gradln f|2) o 77) (). (3.8)

fior fPor

Proof of Theorem 3.2. In the first, we calculate the tension field of of 17) By definition, we
have By definition to the tension field, we have

T <1z> =Trg, Vdi?}

~ 1 ~
_ ¥ W
= Vie.o @ (€,0) + 2o ﬂvw,mdw (0. £5)

—di (Ve (e1,0)) -

By using the equation (3.1), we obtain

f2 dw ( (0,£5) (07fj)) .

T(ﬂ)) Por Vi v (f;) - For ™ (Vi 1) = o7,
then 1
r(9) = T ).

By this expression, we deduce that i is harmonic if and only if ¢ is harmonic. Now, we will
calculate the bitension field of . By definition, we have

n (9) = ~Tre, (v@)z 7 (8) = Tra, R (7 () . dib) di. (3.9)

For the first term T'rg, (V:/’)z T (1%), we have

Tre, (V@)zT (¢) VZﬁ o>VZ~ii,o>T @) + fziloﬁvz%,m%,fﬂ @)

- v%%,meimT @) - leo wv%(,,fj)(o,ff @) :
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A long calculation gives

Vio Vo (9) = 7oz ((2loradin P~ i es (m ) o) 7 (4)

and

L vo vo 7 1 oy
fTﬁV(o,fj)V(o,fj)T (1/’> = i Vi, VT (@).

Finally, by (3.1), we obtain

¥ ~ 2
vé(ei,o)(euo)T (dj) T 2o (Veiei ((ln f)) o 7‘—) T (¢)

from
and
1 ’lZ' ~\ 1 P 2TL 2
fio TV%((),fj)(vaj>T (1/)) ~ f4o vafj 57 (W) + fiom ((|grad In /| ) ° W) T(¥).
Which gives us
N2/~ I 2
Tra, (V7)) 7 (¥) = FroR VT (W)~ ((Am s+ =2)lgradin 1) o) 7 ()
(3.10)
Finally for the first term T'rg, RP (7‘ (1}) ,d@) dqz, it is easy to verify that
P AN Wy 1 P
Tre, R (T (1/)) ,d1/)> A = TR (7 (9), dy) do. 3.11)

If we substitute (3.11) and (3.11) in (3.9), we obtain
~ 1 2
T (1/1) = ]"4707772 (v) — Fon <(Alnf +(n—-2) |gradlnf|2) ow) 7 (¥).

This completes the proof of Theorem 3.2. An immediate consequence of Theorem 3.2 is given
by the following corollary :

Corollary 3.2. Let ¢ : (N",h) —s (PP, k) a biharmonic non-harmonic map. The map ¢ :
(M™ xy N™ Gj.) — (PP, k) defined by v (z,y) = ¢ (y) is biharmonic if and only if the
function f™2 is harmonic.
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