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Abstract The aim of this paper is to present a unique fixed point result for weak B-contractions
in 2-metric spaces and an example is also given to illustrate the result. Further, from the par-
ticular cases of weakly B- contractive mappings, one can obtain weakly C-contractive, weakly
S-contractive mappings etc., and the theorem proved herein is true for these cases as well. In
fact, weak B-contraction is a generalization of all these so-called weak contractions.

1 Introduction and preliminaries
V.S. Bright in [12], [2] and [3] introduced the notions of B-contraction and weak B-contraction.

Definition 1.1. [12]: A mapping T : X — X, where (X, d) is a metric space, is called a B-
contractive if there exist positive real numbers «, 3, such that 0 < o + 28 + 2 < 1 for all
z,y € X the following inequality holds:

d(Tz, Ty) < ad(z,y) + Bld(z, Tz) + d(y, Ty)] + y[d(z, Ty) + d(y, Tz)] (1.1)
This notion was also generalized to a weak B- contraction by V.S. Bright in [12]

Definition 1.2. ( [12], definition 1.7): A mapping T : X — X, where (X, d) is a metric space, is
said to be weakly B-contractive or a weak B- contraction if for all z,y € X such that

d(Tx,Ty) < ad(z,y) + Bld(z, Tx) + d(y, Ty)| + ~[d(z, Ty) + d(y, Tx)]

(1.2)
—ld(z,y),d(z,Tx),d(y, Ty),d(z, Ty), d(y, Tz)]
where 1 : [0,00)% — [0, 00) is a continuous mapping such that 0 < o+ 28 +2v < 1 and o, 3
and ~ are non-zero positive real numbers.
¥(z,y,z,u,v) =0ifandonlyifr =y=2=u=v=0

Note 1. If we take ¢ (z,y, z,u,v) = a1z + B1(y + 2) + 71 (u + v),

where 0 < a + 281 + 27 < 1 with @ > «y, 8 > p; and v > =, and a1, 5| and ~; are non-zero
positive real numbers, and that (1.2) reduces to (1.1).

That is, weak B-contraction is a generalization of B-contraction.

In [12], V.S. Bright et al, proved if X is a complete metric space, then every weak B-
contraction has a unique fixed point, see ( [12] theorem 2.1). This result was generalized to a
complete, partially ordered metric space in [2]; see [ [2], theorem 2.2, 2.3, 2.6 and 3.2]

There were some generalizations of a metric, namely, 2 - metric, a D-metric, a G-metric,
a cone metric, a complex valued metric, dislocated metric space and dislocated quasic - metric
space [1].

The notion of a 2-metric has been introduced by Gihler in [7]. Nevertheless, a 2-metric
is not a continuous function of its variable as in the case of ordinary metric. This enabled Dhage
to introduce the notion called a D-metric is [5]. However, in [13] Mustafa and Sims proved
that most of topological properties of D-metric were not fulfilled. In [14] Mustafa and sims
introduced the notion of G-metric to overcome certain flaws of a D-metric and therefore many
fixed point theorems on G-metric spaces have been established.
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Note that there was no easy relationship between results obtained in 2-metric spaces and

metric spaces. In fact, the fixed point theorem on 2-metric spaces and metric spaces may be
unrelated easily.
The purpose of the paper is to prove unique fixed point result for weak B - contraction in a
complete 2 - metric space.A simple example is also given to illustrate the theorem followed by
discussing some particular cases of weak B-contraction in 2-metric spaces, which in turn, are
true to this theorem.

Now we recall some definitions and lemmas which are useful in what follows.

Definition 1.3. [7] Let X be a non empty setand d : X x X x X — R be a map satisfying the
following conditions:

(i) For every pair of distinct point z, y € X , there exists a point z € X such that d(z, y, z) # 0.
(ii) If at least two of three points z, y, z are the same, then d(z,y,z) =0
(iii) The symmetry: d(z,y, z) = d(y,x,2) = d(y, z,x) = d(z, z,y) = d(z,z,y) = d(z,y, x).
(iv) The rectangle inequality: d(z,y,2) < d(z,y,t) +d(y, z,t) + d(z,z,t) forall z,y, 2, t € X.

Then d is called 2-metric on X and (X, d) is called a 2-metric space which will be sometimes
denoted by X if there is no confusion. For each element x € X is called a point in X.

Definition 1.4. [7] Let (X, d) be a 2-metric space and a,b € X, r > 0. The set
B(a,b,r) ={z € X : d(a,b,x) <r}

is called a 2-ball centred at a and b with radius r. The topology generated by the collection of all
2-balls as a subbasis is called a 2-metric topology on X.

Definition 1.5. [9] Let {x,,} be a sequence in a 2-metric space (X, d).

(i) {z,} is said to be convergent to z in (X,d), written lim z,, = =z, if for all « € X,
n—oo
lim d(zp,z,a) = 0.
n—oo
(ii) {x,} is said to be Cauchy in X if foralla € X, lim d(xy,,2z,,a) = 0, that is, for each
m,n— 00

e > 0, there exists ng such that d(z,,, z,, a) < € for all m,n > ny.

(iii) (X, d) is said to be complete if every Cauchy sequence is a convergent sequence.

Definition 1.6. ( [11], definition 8) : A 2-metric space (X,d) is said to be compact if every
sequence in X has a convergent subsequence.

Lemma 1.1. ( [11], lemma 3): Every 2-metric space is a T space.

Lemma 1.2. ([11], lemma4): le Tn, = x ina 2-metric space (X, d) if and only if le Ty =T

in the 2-metric topological space X.

Lemma 1.3.( [11], lemma 5): If T : X — Y is a continuous map from 2-metric space X to a

2-metric space Y, then

lim z, =z in X implies lim Tz, =Tz inY.

n—oo n—oo

Note 2. (i) It is straight forward from definition (1.3) that every 2-metric is non-negative and
every 2 - metric space contains at least three distinct points.

(i) A convergent sequence in a 2-metric spaces need not be a Cauchy sequence [ [15], remark
1 and example 1].

(iii) In a 2-metric space (X, d), every convergent sequence is a Cauchy sequence if d is contin-
uous [ [15], remark 2].

(iv) There exists a 2-metric space (X, d) such that every convergent sequence is a Cauchy se-
quence but d is not continuous [ [15], remark 2 and example 2].
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2 Main results
We shall first introduce the notion of a Weak B-contraction in 2-metric space.

Definition 2.1. ( [12], [2] and [3]) Let (X, d) be a 2-metric space and 7' : X — X be a map.
Then T is called a Weak B-contraction if there exists 1 : [0,00)> — [0, 00) which is continuous
and ¢ (z,y, z,u,v) = 0if and only if z = y = 2 = u = v = 0 such that
d(Tz,Ty,a) < ad(z,y,a) + Bld(z, Tz,a) + d(y, Ty, a)]
+v[d(z, Ty, a) + d(y, Tz,a)] — Y[d(z,y,a), (2.1)
d(z,Tz,a),d(y, Ty, a),d(z, Ty, a),d(y, Tz,a)]

forall z,y,a € X and 0 < oo + 28 + 2y < 1 and «, # and +y are non-zero positive real numbers.
The following example gives an example of 1 in definition (2.1), see ( [12], example 2.3) and
other example see ( [12], definition 1.7)
Example 2.1.

1
¥(a,b,c,d,e) = gmax{a, b,c,d,e}.

In this section we are going to prove in a complete 2-metric space a weak B-contraction
has a unique fixed point and we support it by an example. Also some particular cases of B-
contraction and weak B-contraction have been given, which had been proved by different au-
thors, can easily be drawn as corollaries of weak B-contraction.

Theorem 2.1. Let (X, <,d) be a complete 2 - metric space and T : X — X be a weak B-
contraction. Then T has a unique fixed point.

Proof. Letzp € X andn > 1
Tyl = Txy 2.2)
If x, = 41 = Tx,, then x,, is a fixed point of T'. So we assume z,, # z,. Putting z = x,,_,
and y = z,, in (2.1), we have foralln = 1,2, ...
d(Tpt1, Tny @)
=d(Tzp, Trp_1,a)
< ad(Tp, p-1,a) + Bld(xn, Tan,a) + d(zp—1, Txp_1,0a)]
+ y[d(zn, Top—1,0) + d(xpn_1,TT0,a)] — Y[d(Tn, Tn_1,a),
d(xp, Ty, a),d(xn_1, TTn_1,0),d(Tn, TTn_1,0a),
d(zp—1,Txy,a)]
= ad(zp, Tn_1,a) + Bld(xn, Tni1,a) + d(Tp_1,Tn,a)]
+ y[d(xn, Tpya) + d(xn_1, Tpet,a)] — ld(Tn, Th_1,a),
d(xn, Tnt1, ), d(Tp—1,Tn,a), d(Tn, Ty, a),
]

d(l‘n 1) Tntl, @ )

= ad(xy, Tp—1,a) + Bld(zpn, Tni1,a) + d(Tp_1, Tn,a)]
+ 0+ d(@n—1, 2011, 0)] = Y[d(zn, 21, a), d(@n, Tni1, a),
d(Tp_1,Tn,a),0,d(xp_1,Tns1,0)] (2.3)
< ad(Tp, Tn-1,a) + Bld(xn, Tnt1,a) + d(zp_1, T, a))
+ y[d(Tn-1, Tnt1,a)] 2.4)

for all a € X. By choosing a = z,,_ in (2.4), we have

d(xn-&-lvxmxn—l) < ﬁd(xmxnﬂaxn—l)v
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that is d(zp+1, T, Tp—1) <0
This implies that
d(-T'nJr] y Tny xn—l) =0 (25)

It follows from (2.4) by using (2.5) that

d(Tpi1,2n,0) < ad(p, Tn_1,a) + Bld(n, Tnt1,a) + d(Tp_1, T, a)]

+ V[d(xn—lv Tn+1, xn) + d($n+1, Tn,, G,)

+ d(x'ru Tn—1, a)]
= ad(xp, xp—1,a) + Bld(zp, Tpnir1,a) + d(Tp_1,2n,a)]
+’Y[d($n+1,$n,a) + d(l‘n,.fn_l,a)]. (26)

It implies that

a—f—ﬁ-i—’y)
d'rn y Ln,y @ S 5 o dxnvxn— , @
@erna) < (5550 ) dlonenr,a)
But
a+26+2v<1
sa+pf+v<1-8—~
atbty
1—8—v
Then
(T, Tnt1,0) < d(Tp_1, Tn,a) 2.7

Therefore {d(zn,zn11,a)} is a decreasing sequence of non-negative real numbers and hence
it is convergent. Let
lim d(zp,%ni1,0) =7 (2.8)

n—oo

Taking the limit as n — oo in (2.4),(2.6) and using (2.8), we get

r<ar+(B2r+- li_>m d(Tp—1,Tnt1,0) < ar+ B2r +~2r

l—-a-2
M < lim d(xy_1,Tne1,a) < 21
/y n—oo
But
a+28+2y<1
l—-a-2
Y
s 2r< le d(Tp—1,Tnt1,a) < 2r.
That is,
lim d(zp_1,%n41,a) =2r 2.9)
n— o0

Taking the limit as n — oo in (2.3) and using (2.8) and (2.9), we get

r<ar 4 B2 +92r = (r,r,r,0,2r)
= (428 +27)r —(r,r,,0,2r)
<r—1(r,rr072r), since a+2+2y<1

r<r—u(r,rr02r)<r as >0



430 V. S. Bright and M. Marudai

That is,
(r,r,r,2r,0) =0
=r=0

Thus (2.8) becomes

lim d(zp.1,%n,a) =0 (2.10)

n—oo

From (2.7),we have if d(z,,—1, zn, a) = 0 then d(z,, Tp+1,a) = 0.
Since d(xg, 1, %0) = 0, we have d(z,, Tni1,20) = 0 foralln € N.
Since d(xm—1, Tm, Tm) = 0, we have

(T, Ty Tm) =0

d(Tp, Tpi1,om) =0 forall n>m—1 (2.11)
For 0 <n < m — 1, noting that m — 1 > n + 1,from (2.11) we have
A(Tm—1, Tm, Tnt1) = d(Tm—1, Tm, Tn) =0
Now, by rectangle inequality, it follows that

d(znaxn,+17$m) < d(xnvanrlazm—l) + d<xn+laxm7xm—l>
+d(xm7xnaxm71)
- d(xnaxn+laxmfl) (212)

Since d(xyn, Tni1, Tm—1) = 0form — 1 > n + 1, from (2.12) it follows that
d(Tp, Tpy1,2m) =0 forall 0<n<m-—1 (2.13)
From (2.11)and (2.13) it follows that d(x,,, Zp+1, Tm) = 0 for all m,n € N.

Now for all ¢, j, k € N with i < j, we have d(z;_1, 2, z;) = d(z;j_1,xj,zx) = 0.
Now,

d(zi,zj,xr) < d(xg,xj, 1) + d(zj, g, zj—1) + d(Tg, T, Tj—1)
<d(xi,zj_1,x6) < ... <d(zi,x;,z) =0
This show that for all 4, j, k € N

d(zi,zj,25) =0 (2.14)

Next we show that {x,,} is a cauchy sequence. Suppose to the contrary {x, } is not a cauchy
sequence. Then there exists € > 0 for which we can find subsequences {z,()} and {z,)},
where n(k) is the smallest integer such that n(k) > m(k) > k and

d(Ty k), Tm(k), @) > €, forall ke N andforall ac X (2.15)

Therefore
A (k)—15 T, @) < € (2.16)

By using (2.14),(2.15)and (2.16),we have

€ < d(Zn()s T(k), @)
< d(Z (k) T(k)—1>0) + A Tik)y—15 Tm()> @) + AT (), Tonh)s Tr(h)—1)
< (@ (k) Tr(k)=1, @) + AT (k)—15 Tim(k) @)
< (T k), Tr(r)—1,0) + €. 2.17)
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Taking limit as £ — oo in (2.17)using (2.10) we have

lim d( n(k)s Tm(k)> @ ) lim d( n(k)— ,zm(k),a) =¢£. (218)

k—o0 k—o00

Also, using (2.14),we have

d(mm(k)7 Ln(k)—1s a) < d(xm(k)a Lm(k)—1> (Z) + d(‘rm(k)—l » Ln(k)—1> CL)
1)

+ A @m(k) k)15 (1) -
= d(Tm (k) T (k) ) A(@ (k)15 Tn(k)—-1, @)
< d(Tn(k)s Tr(k) 15 @) + AT (k)15 Tn(k)— 1> (k)
+ d(Tp() -1, Tn(r) @) + d(%m m(k)-1, @)
= d(T(k)s Trm(k)—1, @) + AT (k)—1, Tnr), @)
+ d(T k), Tin(r)—1, @) (2.19)

and

A (k) =15 Tn(k)s @) < AT (k)—1> T (k) @) + A (k)s Ton(i)> @)
+ A(@mk) -1 Tnk) Tmk))
= d(Zm(k)—1> Tm(k), @) + AT ()s Ton(r), @) (2.20)
Taking limit as £ — oo in (2.19),(2.20)using (2.10),(2.18), we get

€ < M (2, (0)—1, Tn(r), @) < €

k—o0
Hence
lim d( m(k)— l,xn(k),a) = €. (221)

k—o0

Since n(k) > m(k) and from (2.15) by using (2.1),we have
e <d(z, k)s @)
= d(Txn<k)_1,Txm(k)_l ,a)
< ad(T (k)15 T (k)1 @) + BlA(@n(k)=1, Tr(r)> @) + AT (k)—15 Ton()> @)
+ V[d(zn(k)—laxm(k)v a) + d(l’m(k)—l s (k) @) = Y[A(@ (k) =15 Tn(r) -1, @),

d(xn(k)fl y Ln(k)s a)7 d(xm(k)fh L (k)s a’)7 d(xn(k)fh Tm(k)s Cl), d(xm(k)fla Ln(k)s a)]
2.22)

Taking limit as & — oo in (2.22) and using (2.21), (2.18),(2.10) and the continuity of v, we have

€ <a lim d( n(k)—1 Tm(k)—1s a) + ﬂ[klggo d(xn(k)—l y Tn(k)s a)

k—o0

+ lim d( m(k)— 17xm(k)aa)] + 726 - w(kll)nc}o d(xn(k)—lvxm(k)—laa)aoa 036,6) (223)

k—o0

Now we shall show

lim d( n(k ),l,xm(k),l,a) =€

k—o0
Now
ATy (k)= 15 T (k)s @) < AT ()—15 Ton(k)s Tn(k)—1) T+ ATrm(ie)s T (k) -1 @)
+ d(T (k)= 15 Tin(k)—1, @)
= d(Tpn(k), Trm(k)—15 @) + AT (k)—15 Tn(k)—1, @)
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Now from (2.18), we have

€= kli_g)lo A(T k)~ 15 Trm(k)> @)
< klggo AT (k)= 15 T (k) -1, @) + klggo AT ()= 15 T (k) @)
< kILIgO AT (k)15 Tr(k)—1, @)
< Bim - d(@ )1, Ta()-1 ) + MA@ (e -1 T, 0)
+ klgglo d(T k), Tr(k)—1, @) (2.24)

using (2.21) and (2.14) in (2.24) we get

< i <
€> klgfc}o d(mm(k)—laxn(k)—lva) S €

lim d(mm(k)fla ‘rn(k)fh a) =€ (225)

k—o0

In (2.23), using (2.25) and the continuity of v, we get

€ < ae+2ey —1(c,0,0,¢,¢)
€< (a+27)e—1(€,0,0,¢,€)
since « + 23 4+ 2y < 1 and since «, 3, are non zero real numbers, it follows that o 4+ 2y < 1.

Therefore,
e<e—1(60,0,¢€) <e¢ sincery >0

= 1(€,0,0,6,6) =0 =€ =0,

which is a contradiction. This proves that {x,,} is a Cauchy sequence.

Since X is complete, there exists z € X such that lim z,, = z.
n— o0

Next, we show that lim,, oo d(zp11,T2,a) = d(Tz, z,a) forall a € X.
By rectangle inequality, we have

d(zps1,Tz,a) < d(xps1,T2,2) +d(Tz,z,a) + d(zpi1,2,a) for n=0,1,2,... (2.26)

Since limy, 00 Ty, = 2,Jimy, 00 d(xp, z,a) =0 forall a € X.
Taking n — oo in (2.26) we have

lim d(zp11,T2,a) <d(Tz,z2,a) 2.27)

n—o0

Again,
d(Tz,z,a) <d(Tz,xn+1,2) + d(z,0,Tps1) + d(T2, xpt1,a) forn =0,1,2,...
Taking n — oo in the above inequality, we have d(T'z, z,a) < lim,, o d(T'2, Tn41, a) That is,

d(Tz,z,a) < lim d(zp.1,Tz,a) (2.28)
n— oo

From (2.27) and (2.28) it follows that

lim d(zpi1,T2,a) =d(Tz,z,a)forall a€ X. (2.29)

n— oo
Now in the following rectangle inequality and using (2.1) and (2.10), we have
d(z,Tz,a) <d(2,Tz,2ne1) + d(2, Tns1,0) + d(Tpt1, T2, a)
=d(z,Tz,xn+1) + d(z,2n11,0) + d(T2y, Tz, a)
<d(z,Tz,Tps1) + d(z, Tpnt1,a) + ad(zy, 2, a)
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+ Bld(z, Txn,a) + d(z,Tz,a)] +y[d(zn, Tz, a) + d(z, Txn, a)]
—Yld(zp, 2,a),d(xn, Ty, a),d(z,Tz,a),d(xn, Tz, a),d(z, Tz, a))

Taking n — oo on either side and using (2.29), we get
d(z,Tz,a) < Bd(2,Tz,a) +vd(z,Tz,a) —[0,0,d(z,Tz,a),d(z,Tz,a),0]

That is,
d(z,Tz,a) < (B +7)d(z,Tz,a), since ¢ > 0.
That is,
[1—(B+4+7)]d(z,Tza) <0.
Since 1 — (84 ) > 0, we have d(z,Tz,a) =0foralla € X
=>Tz=z.
Next we shall establish the fixed point z is unique. Let z; and 2, be two fixed points of 7.
d(z1,22,a) = d(Tz,Tz,a)
< ad(z1, z2,a) + Bld(z1,T21,a) + d(z2, T2, a)]
+7(d(z1,T22, a) + d(22, T21, a)]
- w[d(zb 22, a)7 d(zh TZ], CL), d(z27 TZZa (1), d(zh T227 a)7 d(ZZa TZ], a)]
= ad(z1,22,a) + Bld(z1,21,a) + d(22, 22, a)]
+9[d(21, 22, a) + d(22, 21, a)]

—ld(z1,22,0a),d(z1, 21,a),d(22, 22, a),d(z1, 22, a), d(22, 21, a))
= (a+ 27)d(z1, 22, a) — Y[d(21,22,a),0,0,d(z1, 22, a), d(22, 21, a)]
< d(z1,22,a) — ¥[d(z1, 22,a),0,0,d(z1, 22, a),d(22, z1,a)],since  (a+2v) < 1
< d(z1,22,a), since >0
= [d(21,22,0a),0,0,d(21,22,a),d(z, 21,a)] =0
= d(z1,2,a) =0 forall a€X
=21 = 2.
This completes the proof. O

The above theorem can be illustrated by the following example.
Example 2.2. Let X = {a,b,c}. Let d be a 2-metric on X defined by a symmetry of all three
variables and
1, if
Ay z)= {0 NIV
0, otherwise

Let T : X — X be define by T'(a) = ¢, T(b) = ¢, T(c) = c. It is easy to see that X is complete
and T is a weak B-contraction by defining ¢ as in example 2.1 . Here 7" has a unique fixed point.

Note 3.In 2.1)if wetakea =0, =0then2y <1 =~ < % Therefore, we have
d(Txa Ty7 a’) S ’y{d(l’, Ty7 (J,) + d(ya TLL', a)} - w{d(w7 Ty7 (L)7 d(ya TQ?, a)}a
v € (0,%] forall 2,y,a € X, where ¢ : [0,00)> — [0, 00) is continuous and ¥ (s, t) = 0 if and

only if s =t = 0 and in particular, if we take v = %, we get,

A(T2. Ty,a) < 1 {d(x. Ty.a) + d(y. T, )} — w{d(x. Ty.a). d(y. Tz.a))

for all x,y,a € X, which is a weak C-contraction [4], [6]. In a similar manner, if we take in
(2.1) and give g8 = 0 with the condition 0 < a4+ 25+ 2y < land o = v, we get 0 < 3a < 1.
This implies 0 < a < 1, ie, o € (0, 1] and the corresponding v : [0,00)* — [0, c0) continuous
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and ¢ (s, t,u) = 0if and only if s = ¢t = v = 0 and in particular, if we take « = v = %, the weak

B-contraction (2.1) turns out to be

d(Tz,Ty,a) < %{d(z, y,a) +d(z,Ty,a) +d(y,Tz,a)}
- Ql){d(l', Y, a’)a d(l’7 Tya a’)a d<y7 T.’t, a)}

for all z,y,a € X, which is known as weak S-contraction [18]. So also, if we take (2.1) and put
B = 0, v = 0 with the condition 0 < a+ 25 + 2+ < 1 and this « in turn becomes 0 < o < 1. ie,
a € (0,1] and in particular, if 3 = 0, v = 0 and a = 1 in (2.1), it becomes weakly contractive
mappings [16].

Further, in (1.1) if we take & = 0 and v = 0 in the condition 0 < « + 25 + 2+ < 1 it becomes
0 <28 < l.ie, B €[0,%) and it becomes similar to Kannan type mappings [17] [19].

From the proof of theorem, it is clear that for all the aforesaid particular cases of weak B-
contraction such as weak C-contraction [4], weak S-contraction [18] and Kannan contraction
[17] are hold good for this theorem.

Also from note(1) it may be recalled that weak B-contraction becomes B-contraction and hence
the above theorem is true for this case as well.

Hence weak B-contraction is a generalization of all the so-called contractions.
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