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Abstract Let G = (V, E) be a graph withp vertices andj edges. A grapl® is analytic odd
mean if there exist an injective functioh: V — {0,1,3,5...,2q- 1} with an induce edge
labeling f* : E — Z such that for each edge/with f(u) < f(v),

—“V)Z—(;(“)“)ﬂ if f(u) %0

Fuy) =4t ,
] if f(u) =0

is injective. We say that is an analytic odd mean labeling Gf In this paper we prove that path
Pn, cycleC,, complete graplK,, Wheel graph\,,, complete bipartite grapKm, flower graph
Fl,, ladder graph.,, combP, © K3, the graph_, © K; and the grapit,, U C, are analytic odd
mean graph.

1 Introduction

Throughout this paper we consider only finite, simple and undirectgzh@a= (V, E) with
p vertices and) edges and notations not defined here are used in the sense of Hjrdrgfaph
labeling is an assignment of integers to the vertices or edges or both;idolgertain conditions.
There are several types of labeling. An excellent survey of gragiteis available in [2]. The
concept of mean labeling was introduced in [3]. A grdpls called a mean graph if there is
an injective functionf : V — {0,1,2,3..., g} with an induce edge labelin§i : E — Z given
by f*(uv) = [M] is injective. The concept of analytic mean labeling was introduced in
[4]. A graphG is analytic mean graph if it admits a bijectidn: V — {0,1,2,..., p— 1} such
that the induced edge labelirf : E — Z given by f*(uy) = [M} with f(u) > f(v) is
injective. Motivated by the results in [4], we introduced a new mean labebiigd analytic odd
mean labeling. A grapls is an analytic odd mean if there exist an injective functfonV —
{0,1,3,5...,2q - 1} with an induce edge labelinf® : E — Z such that for each edges with
{7””2*(;(“)”’1 if £(u) # 0
f < fW), v = o
v .
] if f(u) =0
odd mean labeling db.
We use the following definitions in the subsequent section to prove the results

is injective. We say thaf is an analytic

Definition 1.1. A graphG is complete if every pair of its vertices is adjacent. A complete graph
onn vertices is denoted big,,.

Definition 1.2. A bipartite graph is a graph whose vertex $€6G) can be partitioned into two
subsetsv/; andV; so that every edge of G has one endvinand the other end iN; (V1, V2)

is called a bipartition of5. If every vertex ofV; is joined to all the vertices d¥,, G is called

a complete bipartite graph. The complete bipartite graph with bipartian\Vg) such that
[Vi] = mand|V,| = nis denoted byKm .

Definition 1.3. Let u andv be (not necessarily distinct) vertices of a gr&bA u— v walk of G

is a finite, alternating sequenaoe= ug, €, Uy, €, . .., €y, Uy = V Of vertices and edges beginning
with vertexu and ending with vertexsuch thag = ui_1u;,i = 1,2,...,n. The numbenis called
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the length of the walk. The walk is said to be open @ndv are distinct vertices; otherwise it is
closed. A walkug, €1, Uz, &, Uy, ..., €, Uy is determined by the sequengg uy, Uy, . .., U, Of its
vertices and hence we specify this walk loyg, (1, Uy, . . ., Up). A walk in which all the vertices
are distinct is called a path. A closed walk,(uz, Uy, ..., Uy = Ug) in Which ug, Uy, Uy, ..., Un_1
are distinct is called a cycl€, denotes a path amvertices andC,, denotes a cycle omvertices.

Definition 1.4. A wheel graph\V, is obtained from a cycl€, by adding a new vertex and joining
it to all the vertices of the cycle by an edge. The new edges are calledspbivheel.

Definition 1.5. The union of two graph§&; andG; is a graphG; U G, with V(G1 U Gp) =
V(G1) U V(Gy) andE(Gy U Gy) = E(G1) U E(Gy).

Definition 1.6. The ladder graph., is the Cartesian produ®, x P, of a path on two vertices
and another path amvertices.

Definition 1.7. The flower graptrl, is constructed from a whe®, by attaching a pendent edge
at each vertex of the- cycle and by joining each pendent vertex to the central vertex.

Definition 1.8. The coronds; © G, of two graph€5; andG; is defined as the graph obtained
by taking one copy of; (which hasp vertices) ancg copies 0fG, and then joining thé" vertex
of G; to every vertex in thé" vertex ofG,.

2 Main Results

In this section we prove that paf,, cycleC,, complete grap,, complete bipartite graph
Kmn, Wheel graphi, flower graphFl,, ladder graph.,, combP, © K;, graphL, ® K; and
union of two cycles are analytic odd mean graphs.

Theorem 2.1.Every path R is an analytic odd mean graph.

Proof.Let the vertex set and edge set of path\{®,)) = {u; : 0 <i < n-1}andE(P,) =
{Uui,1: 0<i<n=-2}

Now [V(P,)| = nandE(G)| = n- 1.

We define an injective map: V(S,) — {0,1,3,5,...,2n - 3} by

f(u) =0andf(u)=2i—-1forl<i<n-1.

The induced edge labelinfj is defined as follows:

f*(u_) =2i—1forl<i<n-1.

We observe that the edge labels are distinct and odd . Hepeelmits an analytic odd mean
labeling. An analytic odd mean labeling B§ is shown in Figure 1.

Figure-1
Theorem 2.2.The cycle G is an analytic odd mean graph.

Proof.Let the vertex set and edge set of cycle\WWE,) = {vi : 1 <i < nfandE(C,) =
{(ViVisr s 1<i<n=1U{wnva}.

Now [V(Cp)l = n = [E(Cp)I.

We define an injective map: V(C,) — {0,1,3,5,...,2n- 1} by

f()=2i—1forl<i<n

The induced edge labelinfj is defined as follows:

f*(vivig1) =2+ 1forl<i<n-1

f*(Vavy) = 2n° — 2n— 1.

We observe that the edge labels are distinct and odd. Hepeglmits an analytic odd mean
labeling.

An analytic odd mean labeling @fs is shown in Figure 2.
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Theorem 2.3.The complete graph Kis an analytic odd mean graph.

Proof.Let the vertex set and edge set of complete grapi(pg) = {vi : 0 <i < n-1}and
E(Kn) ={vv;: 0<i<j<n-1}.

Now [V(Kp)| = nand|E(K,)| = @

We define an injective map: V(G) — {0,1,3,5,...,ni* = n—-1} by

f(vo) =0andf(v) =4i—3forl<i<n-1.

The induced edge labelinfy is defined as follows:

f*(vovi) = 8i2- 12 +5forl<i<n-1

andf*(vvj) =4j(2j-3)-8i(i-1)+3forl<i<n-2andi+1<j<n-1.

We observe that the edge labels are odd and distinct. Hépeamits an analytic odd mean
labeling.

An analytic odd mean labeling & is shown in Figure 3.
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Figure-3

Theorem 2.4.The wheel graph Wis an analytic odd mean graph.

Proof.Let the vertex set and edge set of wheel grapVf#&,) = {v,: 0<i < n}andE(W,) =
MVi: 1<i<nu{vviir: 1<i<n=1U{vavi}.

Now [V(W,)| = n+ 1 and|E(W,)| = 2n.

We define an injective map: V(W,) — {0,1,3,5,...,4n— 1} by

f(vo) =0andf(v)=4i—-3forl<i<n.

The induced edge labelinfy is defined as follows:

f*(vov) = 8i2- 12 +5for1<i<n

f*(viviz1) =12 —1forl<i<n-1

f*(vav1) = 8n? —12n + 3.

We observe that the edge labels are odd and distinct. H&f@dmits an analytic odd mean
labeling.

An analytic odd mean labeling &g is shown in Figure 4.
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Theorem 2.5.Every complete bipartite graphy; for any integer = m > 1is an analytic odd
mean graph .

Proof.Let the vertex set and edge set of complete bipartite graph(Kg,,) = {Uj,Unj : 0 <
i<n-landl< j<miandE(Knp) = {uUlnj: O<i<n-landl1<j<m.

Now [V(G)| = m+ nand|E(G)| = mn

We define an injective map: V(Kmn) — {0,1,3,5,...,2mn-1} by f(ug) = O andf(u;) = 2i-1
for 1 <i < n-1and labemyvertices by Znn—2m+ 1, 2mn-2m+ 3,2mn-2m+5,...,2mn- 1.
Thatisf(Uyj) =2mn-2m+2j—-1forl< j<m.

The induced edge labelinfj is defined as follows:

. i—1)2 .
£*(Uns jUo) = B2 2D L for 1 < j < mand

£ (Unsjuy) = Gon-2me2iDP@)Pd _ @mn2noAf4l | g omn— 2m—1)+2j2 - 2i2for 1 <i < n—1
and 1< j<m

We observe that for fi)§, the edge labels decreases h$,20,14, ..., asi increases from 0 to
n-1. Asj increases tg + 1, f(unsjUo) < f(Unsj+1Un-1). So all the edge labels are distinct and
odd. Hence the complete bipartite graph, admits an analytic odd mean labeling.

An analytic odd mean labeling of complete bipartite gr&@h is shown in Figure 5.

0 1 3 5

Figure-5

Theorem 2.6.The flower graph Fjis an analytic odd mean graph.

Proof.Let the vertex set and edge set WeFl,) = {u,u,v, : 1 < i < n}andE(FIl,) =
{fus,uv,uvi : 1<i<nU{Uuz1: 1<i<n-1}U{uau}.

HencelV| = 2n + 1 and|E| = 4n.

We define an injective map: V(FI,) — {0,1,3,5,...,8n -1} by
f(u=0f(u)=4i-3forl<i<n

f(v) =4(n+i)-3forl<i<n

The induced edge labelinfy is defined as follows:

f*(uu) =8i2-12 +5forl<i<n

f*(uv) =4(n+i)[2n+2i —3]+5forl<i<n

f*(uv)) =4n(2n-3)+4i(dn-1)+3forl<i<n

f*(uuiy) =12 - 1forl<i<n-1

and f*(u,u;) = 80 — 12n + 3.

Clearly the edge labels are odd and distinct. Hence the flower digpddmits an analytic odd
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mean labeling.
An analytic odd mean labeling of flower grapth is shown in Figure 6.

45

Figure-6

Theorem 2.7.The ladder graph j.for n > 2 is an analytic odd mean graph.

Proof.Let the vertex set and edge set\ig,) = {u;,vi : 1 <i <n}andE(L,) = {Uiliy1, ViVisr 0 1<
i<n-1uU{uyv: 1<i<n.

HencelV| = 2nand|E| = 3n - 2.

We define an injective map: V(L,) — {0,1,3,5,...,6n -5} by

f(u)=2i—1forl<i<n

andf(v)=2n+2i —1forl<i<n.

The induced edge labelinfj is defined as follows:

f*(uuis)) =2 +1forl<i<n-1

f*(vivip1) =2n+2i+1forl<i<n-1

andf*(viu)) = 2n(n-1)+ 2i(2n-1)+ 1forl<i <n.

Clearly the edge labels are odd and distinct. Hence the ldddadmits an analytic odd mean
labeling.

An analytic odd mean labeling of laddkg is shown in Figure 7.

1 3 5 7 9
3 5 7 9 u®
83 105 127 149 171 193
13 B 17 17 19 19 21, 23 5
Figure-7

Theorem 2.8.The n-bistar B, is an analytic odd mean graph.

Proof.Let the vertex set and edge set WéB,,) = {u,vi : 0 < i < n} andE(B,n) =
{UgVo, UiUg, ViVp : 1 <i < n}.

HencelV|=2n+ 2 and|E| = 2n+ 1.

We define an injective map: V(B,,) — {0,1,3,5,...,4n + 1} by

f(up) =0, f(u)=2i—1forl<i<n

f(Vo) =4n+landf(v) =2i+2n-1forl<i<n.

The induced edge labelinfy is defined as follows:

f*(UoVo) = 8N +4n+ 1

f*(Uug) =212 -2i+1forl<i<n

andf*(vivg) =6n° —4n(i —1) - 2i?+ 1for1<i <n.

Clearly the edge labels are odd and distinct. Hence the n-lidgtedmits an analytic odd mean
labeling.

An analytic odd mean labeling of 4-bistBj 4 is shown in Figure 8.
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Theorem 2.9.The graph G, U C, for any m> 3and3 < n < n? — 2m - 1is an analytic odd
mean graph.

Proof.Let the vertex set and edge set of complete bipartite graph(@g U C)) = {u,vj : 1
i<mand 1< j<nandE(CLUC)) = {Uiliz1 : 1<i<m—-1U{UhUn} U{vjVjua: 1<
n— 1} U {vivn}.

HencelV| = m+n = |E|.

We define an injective map: V(C,,UC,) — {0,1,3,5,...,2m+ 2n- 1} by
f(u)=2i—-1forl<i<m

andf(vj) =2m+2j-1forl<j<n

The induced edge labelinfj is defined as follows:

f*(uu;) =2+ 1forl<i<m-1

f*(uum) = 27 —2m-1

f*(vjviz1) =2m+2j+1forl<j<n-1

andf*(vyvn) = 2n(n—1) + 2m(2n - 3) — 1.

Clearly the edge labels are odd and distinct. H&geC,, admits an analytic odd mean labeling.
An analytic odd mean labeling &g U Cg is shown in Figure 9.
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Figure-9

Theorem 2.10.The comb Re Kj is an analytic odd mean graph.

Proof.Let the vertex set and edge setWP, © K1) = {Ug, Uz, ... Un_1,V1, Vo, - - Vu} @andE(P, ©
K)={u_U: 1<i<n-1U{u_1vi: 1<i<nh.

HencelV| = 2nand|E| = 2n - 1.

We define an injective map: V(P,© K1) - {0,1,3,5,...,4n - 3} by
f(u)=0,f(uy)=2i—1forl<i<n-1

andf(v)=2n+2i - 3forl<i<n

The induced edge labelinfj is defined as follows:

f*(u_u)=2i—1forl<i<n-1

andf*(u_v) =2 -2n+1+2(2n-1)(i - 1) for1<i <n.

Clearly the edge labels are odd and distinct. Hence the deyr K; admits an analytic odd
mean labeling.

An analytic odd mean labeling & © K; is shown in Figure 10.
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Figure-10
Theorem 2.11.The graph |, ® Ky is an analytic odd mean graph.

Proof.Let the vertex set and edge setWd., © K;) = {uj,vi : 1 <i < 2n}andE(L, ®© K;) =
{Uuiz1 : 1<i<2n—-1andi # N} U {UUnsi, UiVi, UnsiVinei - 1 <0 <N

Hence|V| = 4n and|E| = 5n - 2.

We define an injective map: V(Lo K;) = {0,1,3,5,...,10n - 5} by
f(u)=2i—-1forl<i<2n

andf(v)=4n+2i—1forl<i<2n.

The induced edge labelinfy is defined as follows:

f*(uu,) =2i+1forl<i<2n-1landi #n

f*(Uung) =2n(n-1)+ 2i(2n-1)+1forl<i<n

and f*(uvi)) = 4n(2n- 1)+ 2i(dn- 1)+ 1for 1 <i < 2n.

Clearly the edge labels are odd and distinct. HdneeK, admits an analytic odd mean labeling.
An analytic odd mean labeling &f © K;is shown in Figure 11.
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Figure-11
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