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Abstract Let G = (V,E) be a graph withp vertices andq edges. A graphG is analytic odd
mean if there exist an injective functionf : V → {0, 1, 3, 5 . . . , 2q− 1} with an induce edge
labeling f ∗ : E→ Z such that for each edgeuvwith f (u) < f (v),

f∗(uv) =























⌈

f (v)2−( f (u)+1)2

2

⌉

if f (u) , 0
⌈

f (v)2

2

⌉

if f (u) = 0

is injective. We say thatf is an analytic odd mean labeling ofG. In this paper we prove that path
Pn, cycleCn, complete graphKn, Wheel graphWn, complete bipartite graphKm,n, flower graph
Fln, ladder graphLn, combPn ⊙ K1, the graphLn ⊙ K1 and the graphCm ∪Cn are analytic odd
mean graph.

1 Introduction

Throughout this paper we consider only finite, simple and undirected graphG = (V,E) with
p vertices andq edges and notations not defined here are used in the sense of Harary [1]. A graph
labeling is an assignment of integers to the vertices or edges or both, subject to certain conditions.
There are several types of labeling. An excellent survey of graph labeling is available in [2]. The
concept of mean labeling was introduced in [3]. A graphG is called a mean graph if there is
an injective functionf : V → {0, 1, 2, 3 . . . , q} with an induce edge labelingf ∗ : E → Z given
by f ∗(uv) =

⌈

f (u)+ f (v)
2

⌉

is injective. The concept of analytic mean labeling was introduced in
[4]. A graphG is analytic mean graph if it admits a bijectionf : V → {0, 1, 2, . . . , p− 1} such

that the induced edge labelingf ∗ : E → Z given by f ∗(uv) =
⌈

f (u)2− f (v)2

2

⌉

with f (u) > f (v) is

injective. Motivated by the results in [4], we introduced a new mean labelingcalled analytic odd
mean labeling. A graphG is an analytic odd mean if there exist an injective functionf : V →
{0, 1, 3, 5 . . . , 2q− 1} with an induce edge labelingf ∗ : E → Z such that for each edgeuv with

f (u) < f (v), f ∗(uv) =























⌈

f (v)2−( f (u)+1)2

2

⌉

if f (u) , 0
⌈

f (v)2

2

⌉

if f (u) = 0
is injective. We say thatf is an analytic

odd mean labeling ofG.
We use the following definitions in the subsequent section to prove the results.

Definition 1.1.A graphG is complete if every pair of its vertices is adjacent. A complete graph
on n vertices is denoted byKn.
Definition 1.2.A bipartite graph is a graph whose vertex setV(G) can be partitioned into two
subsetsV1 andV2 so that every edge of G has one end inV1 and the other end inV2; (V1,V2)
is called a bipartition ofG. If every vertex ofV1 is joined to all the vertices ofV2, G is called
a complete bipartite graph. The complete bipartite graph with bipartition (V1,V2) such that
|V1| = m and|V2| = n is denoted byKm,n.
Definition 1.3.Let u andv be (not necessarily distinct) vertices of a graphG. A u− v walk of G
is a finite, alternating sequenceu = u0, e1, u1, e2, . . . , en, un = v of vertices and edges beginning
with vertexuand ending with vertexvsuch thatei = ui−1ui , i = 1, 2, . . . , n. The numbern is called
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the length of the walk. The walk is said to be open ifu andv are distinct vertices; otherwise it is
closed. A walku0, e1, u1, e2, u2, . . . , en, un is determined by the sequenceu0, u1,u2, . . . , un of its
vertices and hence we specify this walk by (u0, u1, u2, . . . , un). A walk in which all the vertices
are distinct is called a path. A closed walk (u0, u1, u2, . . . , un = u0) in which u0, u1, u2, . . . , un−1

are distinct is called a cycle.Pn denotes a path onn vertices andCn denotes a cycle onn vertices.

Definition 1.4.A wheel graphWn is obtained from a cycleCn by adding a new vertex and joining
it to all the vertices of the cycle by an edge. The new edges are called spokes of wheel.

Definition 1.5.The union of two graphsG1 andG2 is a graphG1 ∪ G2 with V(G1 ∪ G2) =
V(G1) ∪ V(G2) andE(G1 ∪G2) = E(G1) ∪ E(G2).

Definition 1.6.The ladder graphLn is the Cartesian productP2 × Pn of a path on two vertices
and another path onn vertices.

Definition 1.7.The flower graphFln is constructed from a wheelWn by attaching a pendent edge
at each vertex of then- cycle and by joining each pendent vertex to the central vertex.

Definition 1.8. The coronaG1 ⊙G2 of two graphsG1 andG2 is defined as the graphG obtained
by taking one copy ofG1 (which hasp vertices) andp copies ofG2 and then joining theith vertex
of G1 to every vertex in theith vertex ofG2.

2 Main Results

In this section we prove that pathPn, cycleCn, complete graphKn, complete bipartite graph
Km,n, wheel graphWn, flower graphFln, ladder graphLn, combPn ⊙ K1, graphLn ⊙ K1 and
union of two cycles are analytic odd mean graphs.

Theorem 2.1.Every path Pn is an analytic odd mean graph.

Proof.Let the vertex set and edge set of path beV(Pn) = {ui : 0 ≤ i ≤ n − 1} and E(Pn) =
{uiui+1 : 0 ≤ i ≤ n− 2}
Now |V(Pn)| = n and|E(G)| = n− 1.
We define an injective mapf : V(Sn)→ {0, 1, 3, 5, . . . , 2n− 3} by
f (u0) = 0 and f (ui) = 2i − 1 for 1≤ i ≤ n− 1.
The induced edge labelingf ∗ is defined as follows:
f ∗(ui−1ui) = 2i − 1 for 1≤ i ≤ n− 1.
We observe that the edge labels are distinct and odd . HencePn admits an analytic odd mean
labeling. An analytic odd mean labeling ofP6 is shown in Figure 1.

b b b b b b

0 1 3 5 7 9

1 3 5 7 9

Figure-1

Theorem 2.2.The cycle Cn is an analytic odd mean graph.

Proof.Let the vertex set and edge set of cycle beV(Cn) = {vi : 1 ≤ i ≤ n} and E(Cn) =
{vivi+1 : 1 ≤ i ≤ n− 1} ∪ {v1vn}.

Now |V(Cn)| = n = |E(Cn)|.
We define an injective mapf : V(Cn)→ {0, 1, 3, 5, . . . , 2n− 1} by
f (vi) = 2i − 1 for 1≤ i ≤ n.
The induced edge labelingf ∗ is defined as follows:
f ∗(vivi+1) = 2i + 1 for 1≤ i ≤ n− 1
f ∗(vnv1) = 2n2 − 2n− 1.
We observe that the edge labels are distinct and odd. HenceCn admits an analytic odd mean
labeling.
An analytic odd mean labeling ofC8 is shown in Figure 2.
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Theorem 2.3.The complete graph Kn is an analytic odd mean graph.

Proof.Let the vertex set and edge set of complete graph beV(Kn) = {vi : 0 ≤ i ≤ n − 1} and
E(Kn) = {vivj : 0 ≤ i < j ≤ n− 1}.
Now |V(Kn)| = n and|E(Kn)| =

n(n−1)
2 .

We define an injective mapf : V(G)→ {0, 1, 3, 5, . . . , n2 − n− 1} by
f (v0) = 0 and f (vi) = 4i − 3 for 1≤ i ≤ n− 1.
The induced edge labelingf ∗ is defined as follows:
f ∗(v0vi) = 8i2 − 12i + 5 for 1≤ i ≤ n− 1
and f ∗(vivj) = 4 j(2 j − 3)− 8i(i − 1)+ 3 for 1≤ i ≤ n− 2 andi + 1 ≤ j ≤ n− 1.
We observe that the edge labels are odd and distinct. HenceKn admits an analytic odd mean
labeling.
An analytic odd mean labeling ofK6 is shown in Figure 3.
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Theorem 2.4.The wheel graph Wn is an analytic odd mean graph.

Proof.Let the vertex set and edge set of wheel graph beV(Wn) = {vi : 0 ≤ i ≤ n} andE(Wn) =
{v0vi : 1 ≤ i ≤ n} ∪ {vivi+1 : 1 ≤ i ≤ n− 1} ∪ {vnv1}.

Now |V(Wn)| = n+ 1 and|E(Wn)| = 2n.
We define an injective mapf : V(Wn)→ {0, 1, 3, 5, . . . , 4n− 1} by
f (v0) = 0 and f (vi) = 4i − 3 for 1≤ i ≤ n.
The induced edge labelingf ∗ is defined as follows:
f ∗(v0vi) = 8i2 − 12i + 5 for 1≤ i ≤ n
f ∗(vivi+1) = 12i − 1 for 1≤ i ≤ n− 1
f ∗(vnv1) = 8n2 − 12n+ 3.
We observe that the edge labels are odd and distinct. HenceWn admits an analytic odd mean
labeling.
An analytic odd mean labeling ofW8 is shown in Figure 4.
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Theorem 2.5.Every complete bipartite graph Km,n for any integer n≥ m≥ 1 is an analytic odd
mean graph .

Proof.Let the vertex set and edge set of complete bipartite graph beV(Km,n) = {ui , un+ j : 0 ≤
i ≤ n− 1 and 1≤ j ≤ m} andE(Km,n) = {uiun+ j : 0 ≤ i ≤ n− 1 and 1≤ j ≤ m}.
Now |V(G)| = m+ n and|E(G)| = mn.
We define an injective mapf : V(Km,n)→ {0, 1, 3, 5, . . . , 2mn−1} by f (u0) = 0 and f (ui) = 2i−1
for 1 ≤ i ≤ n−1 and labelmvertices by 2mn−2m+1, 2mn−2m+3, 2mn−2m+5, . . . , 2mn−1.
That is f (un+ j) = 2mn− 2m+ 2 j − 1 for 1≤ j ≤ m.
The induced edge labelingf ∗ is defined as follows:

f ∗(un+ ju0) = (2mn−2m+2 j−1)2+1
2 for 1 ≤ j ≤ m and

f ∗(un+ jui) =
(2mn−2m+2 j−1)2−(2i)2

+1
2 =

(2mn−2m−1)2+1
2 +2 j(2mn−2m−1)+2 j2−2i2 for 1 ≤ i ≤ n−1

and 1≤ j ≤ m.
We observe that for fixj, the edge labels decreases by 2, 6, 10, 14, . . . , as i increases from 0 to
n-1. As j increases toj + 1, f (un+ ju0) < f (un+ j+1un−1). So all the edge labels are distinct and
odd. Hence the complete bipartite graphKm,n admits an analytic odd mean labeling.
An analytic odd mean labeling of complete bipartite graphK3,4 is shown in Figure 5.
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Theorem 2.6.The flower graph Fln is an analytic odd mean graph.

Proof.Let the vertex set and edge set beV(Fln) = {u, ui , vi : 1 ≤ i ≤ n} and E(Fln) =
{uui , uvi , uivi : 1 ≤ i ≤ n} ∪ {uiui+1 : 1 ≤ i ≤ n− 1} ∪ {unu1}.

Hence|V| = 2n+ 1 and|E| = 4n.
We define an injective mapf : V(Fln)→ {0, 1, 3, 5, . . . , 8n− 1} by
f (u) = 0, f (ui) = 4i − 3 for 1≤ i ≤ n
f (vi) = 4(n+ i) − 3 for 1≤ i ≤ n.
The induced edge labelingf ∗ is defined as follows:
f ∗(uui) = 8i2 − 12i + 5 for 1≤ i ≤ n
f ∗(uvi) = 4(n+ i) [2n+ 2i − 3] + 5 for 1≤ i ≤ n
f ∗(uivi) = 4n(2n− 3)+ 4i(4n− 1)+ 3 for 1≤ i ≤ n
f ∗(uiui+1) = 12i − 1 for 1≤ i ≤ n− 1
and f ∗(unu1) = 8n2 − 12n+ 3.
Clearly the edge labels are odd and distinct. Hence the flower graphFln admits an analytic odd
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mean labeling.
An analytic odd mean labeling of flower graphFl6 is shown in Figure 6.
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Theorem 2.7.The ladder graph Ln for n ≥ 2 is an analytic odd mean graph.

Proof.Let the vertex set and edge set beV(Ln) = {ui , vi : 1 ≤ i ≤ n} andE(Ln) = {uiui+1, vivi+1 : 1 ≤
i ≤ n− 1} ∪ {uivi : 1 ≤ i ≤ n}.
Hence|V| = 2n and|E| = 3n− 2.
We define an injective mapf : V(Ln)→ {0, 1, 3, 5, . . . , 6n− 5} by
f (ui) = 2i − 1 for 1≤ i ≤ n
and f (vi) = 2n+ 2i − 1 for 1≤ i ≤ n.
The induced edge labelingf ∗ is defined as follows:
f ∗(uiui+1) = 2i + 1 for 1≤ i ≤ n− 1
f ∗(vivi+1) = 2n+ 2i + 1 for 1≤ i ≤ n− 1
and f ∗(viui) = 2n(n− 1)+ 2i(2n− 1)+ 1 for 1≤ i ≤ n.
Clearly the edge labels are odd and distinct. Hence the ladderLn admits an analytic odd mean
labeling.
An analytic odd mean labeling of ladderL5 is shown in Figure 7.
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Theorem 2.8.The n-bistar Bn,n is an analytic odd mean graph.

Proof.Let the vertex set and edge set beV(Bn,n) = {ui , vi : 0 ≤ i ≤ n} and E(Bn,n) =
{u0v0, uiu0, viv0 : 1 ≤ i ≤ n}.
Hence|V| = 2n+ 2 and|E| = 2n+ 1.
We define an injective mapf : V(Bn,n)→ {0, 1, 3, 5, . . . ,4n+ 1} by
f (u0) = 0, f (ui) = 2i − 1 for 1≤ i ≤ n
f (v0) = 4n+ 1 and f (vi) = 2i + 2n− 1 for 1≤ i ≤ n.
The induced edge labelingf ∗ is defined as follows:
f ∗(u0v0) = 8n2

+ 4n+ 1
f ∗(uiu0) = 2i2 − 2i + 1 for 1≤ i ≤ n
and f ∗(viv0) = 6n2 − 4n(i − 1)− 2i2 + 1 for 1≤ i ≤ n.
Clearly the edge labels are odd and distinct. Hence the n-bistarBn,n admits an analytic odd mean
labeling.
An analytic odd mean labeling of 4-bistarB4,4 is shown in Figure 8.
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Theorem 2.9.The graph Cm ∪ Cn for any m≥ 3 and3 ≤ n ≤ m2 − 2m− 1 is an analytic odd
mean graph.

Proof.Let the vertex set and edge set of complete bipartite graph beV(Cm∪Cn) = {ui , vj : 1 ≤
i ≤ m and 1≤ j ≤ n} andE(Cm ∪Cn) = {uiui+1 : 1 ≤ i ≤ m− 1} ∪ {u1um} ∪ {vjvj+1 : 1 ≤ j ≤
n− 1} ∪ {v1vn}.

Hence|V| = m+ n = |E|.
We define an injective mapf : V(Cm∪Cn)→ {0, 1, 3, 5, . . . , 2m+ 2n− 1} by
f (ui) = 2i − 1 for 1≤ i ≤ m
and f (vj) = 2m+ 2 j − 1 for 1≤ j ≤ n
The induced edge labelingf ∗ is defined as follows:
f ∗(uiui+1) = 2i + 1 for 1≤ i ≤ m− 1
f ∗(u1um) = 2m2 − 2m− 1
f ∗(vjvj+1) = 2m+ 2 j + 1 for 1≤ j ≤ n− 1
and f ∗(v1vn) = 2n(n− 1)+ 2m(2n− 3)− 1.
Clearly the edge labels are odd and distinct. HenceCm∪Cn admits an analytic odd mean labeling.
An analytic odd mean labeling ofC8 ∪C6 is shown in Figure 9.

b

b

b

b

b

b

b b

b b

b b

b

b

u6

u5

u4

u3

u2

u1

27

25 23

21

191715

13

11

9

7

5

3

1

v6

v5 v4

v3

v2v1u8

u7

Figure-9

Theorem 2.10.The comb Pn ⊙ K1 is an analytic odd mean graph.

Proof.Let the vertex set and edge set beV(Pn ⊙ K1) = {u0, u1, . . . un−1, v1, v2, · · · vn} andE(Pn ⊙

K1) = {ui−1ui : 1 ≤ i ≤ n− 1} ∪ {ui−1vi : 1 ≤ i ≤ n}.
Hence|V| = 2n and|E| = 2n− 1.
We define an injective mapf : V(Pn ⊙ K1)→ {0, 1, 3, 5, . . . , 4n− 3} by
f (u0) = 0, f (ui) = 2i − 1 for 1≤ i ≤ n− 1
and f (vi) = 2n+ 2i − 3 for 1≤ i ≤ n.
The induced edge labelingf ∗ is defined as follows:
f ∗(ui−1ui) = 2i − 1 for 1≤ i ≤ n− 1
and f ∗(ui−1vi) = 2n2 − 2n+ 1+ 2(2n− 1)(i − 1) for 1≤ i ≤ n.
Clearly the edge labels are odd and distinct. Hence the combPn ⊙ K1 admits an analytic odd
mean labeling.
An analytic odd mean labeling ofP4 ⊙ K1 is shown in Figure 10.
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Theorem 2.11.The graph Ln ⊙ K1 is an analytic odd mean graph.

Proof.Let the vertex set and edge set beV(Ln ⊙ K1) = {ui , vi : 1 ≤ i ≤ 2n} andE(Ln ⊙ K1) =
{uiui+1 : 1 ≤ i ≤ 2n− 1 andi , n} ∪ {uiun+i , uivi , un+ivn+i : 1 ≤ i ≤ n}.
Hence|V| = 4n and|E| = 5n− 2.
We define an injective mapf : V(Ln ⊙ K1)→ {0, 1, 3, 5, . . . , 10n− 5} by
f (ui) = 2i − 1 for 1≤ i ≤ 2n
and f (vi) = 4n+ 2i − 1 for 1≤ i ≤ 2n.
The induced edge labelingf ∗ is defined as follows:
f ∗(uiui+1) = 2i + 1 for 1≤ i ≤ 2n− 1 andi , n
f ∗(uiun+i) = 2n(n− 1)+ 2i(2n− 1)+ 1 for 1≤ i ≤ n
and f ∗(uivi) = 4n(2n− 1)+ 2i(4n− 1)+ 1 for 1≤ i ≤ 2n.
Clearly the edge labels are odd and distinct. HenceLn⊙K1 admits an analytic odd mean labeling.
An analytic odd mean labeling ofL5 ⊙ K1is shown in Figure 11.
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