
Palestine Journal of Mathematics

Vol. 8(Special Issue: I, 2019), 475–481 © Palestine Polytechnic University-PPU 2019

δ-PRIMARY IDEALS IN LATTICES

Shriram K. Nimbhorkar and Jaya Y. Nehete

Communicated by M. R. Pournaki

MSC 2010 Classifications: Primary 06B10.

Keywords and phrases: Ideal, prime ideal, ideal expansions,δ-primary ideal,δ-zero-divisor,δ-nilpotent element,δ-
domainlike lattice, weaklyδ-primary ideal,δ-twin-zero

Abstract In this paper we define an ideal expansion on a lattice. Also we define aδ-primary
ideal and a weaklyδ-primary ideal with the help of an ideal expansion and investigate some
properties of these ideals. We show that for an expansion functionδ, an ideal isδ-primary if and
only if that ideal is stronglyδ-primary ideal of lattice. Also we define aδ-twin-zero and prove
some results based onδ-twin-zero.

1 Introduction

The study of expansions of ideals andδ-primary ideals for commutative rings is carried out by
Zaho Dongsheng [4] where δ is a mapping with some additional properties. The aim of this
paper is to generalize these results to lattices. In section 2, we introduce the concept of an ideal
expansionδ whereδ is a mapping that assigns to each idealI an idealδ(I) of the same lattice.
We define aδ-primary ideal with respect to such an expansion. In section 3, we investigate ideal
expansions satisfying some additional conditions and some properties ofδ-primary ideals with
respect to homomorphisms. The study of aδ-zero-divisor, aδ-nilpotent element is done by Atani
[1]. In this paper we introduce these concepts in a lattice. In section 4, we define a weaklyδ-
primary ideal with respect to such an expansion. Also we define aδ-twin-zero and prove some
results based onδ-twin-zero.

Throughout in this paperL denotes a lattice with a least element 0. It is known thatId(L) the
set of all ideals of a latticeL is a lattice under set inclusion see Grätzer [2, p. 22]. The undefined
concepts related to lattice theory are from Grätzer [2].

2 Expansions of ideals andδ-primary ideals

The notion of the radical of an idealI in a lattice, denoted by
√
I, can be found in Wasadikar

and Gaikwad [3],
√
I =

⋂{P ∈ Id(L)|P is a prime ideal, I ⊆ P}.
In this section, we introduce an ideal expansionδ and define aδ-primary ideals with respect

to such an expansion.

Definition 2.1.An expansion of ideals, or an ideal expansion, is a function
δ : Id(L) → Id(L), satisfyingI ⊆ δ(I), andP ⊆ Q impliesδ(P ) ⊆ δ(Q).

Example 2.2. (i) The identity functionδ0 : Id(L) → Id(L), is an expansion of ideals.

(ii) The functionB that assigns the biggest idealL to each ideal is an expansion of ideals.

(iii) For a proper idealP , the mappingM(P ) : Id(L) → Id(L), where
M(P ) = ∩{I ∈ Id(L)|P ⊆ I, I is a maximal ideal other thanL}, andM(L) = L. Then
M is an expansion of ideals.

(iv) For each idealI defineδ1(I) =
√
I. Thenδ1 is an expansion of ideals.

Definition 2.3.Given an expansionδ of ideals, an idealI of L is calledδ-primary if for all
a, b ∈ L, a ∧ b ∈ I anda /∈ I thenb ∈ δ(I).

The definition of aδ-primary ideal can be stated as: ifa ∧ b ∈ I anda /∈ δ(I), thenb ∈ I for
all a, b ∈ L.
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Example 2.4.Consider the lattice shown in Figure 1. From Example2.2, for the idealP =
{0, a, c, e}, δ0(P ) = P , δ1(P ) = P , M(P ) = P andB(P ) = L. ThusP is a δ0-primary,
δ1-primary,M-primary,B-primary ideal. However the idealI = {0, a}, satisfiesδ0(I) = I,
δ1(I) = I, M(I) = I andB(I) = L, f ∧ e = a ∈ I andf /∈ I but e /∈ δ0(I), e /∈ δ1(I),
e /∈ M(I). ThusI is not aδ0-primary,δ1-primary,M-primary ideal but it is aB-primary ideal.
Also the ideal{0} is not aδ0-primary,δ1-primary,M-primary ideal but it is aB-primary ideal.
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Lattice showing primary ideals
Figure 1

In general, the intersection of twoδ-primary ideals is notδ-primary. The idealsN = {0, a, b, d},P =
{0, a, c, e} in Figure 1 areδ-primary butN ∩ P = {0, a} is notδ-primary.

Lemma 2.5.An idealI is δ0-primary if and only if it is if prime.

Proof. First assume thatI is δ0-primary thena ∧ b ∈ I anda /∈ I imply b ∈ δ0(I) = I. Hence
we geta ∧ b ∈ I impliesa ∈ I or b ∈ I, for all a, b ∈ L. ThereforeI is a prime ideal.

Conversely, assume thatI is a prime ideal. Leta ∧ b ∈ I anda /∈ I asI is prime we get
b ∈ I = δ0(I) thusI is δ0- primary.✷

Lemma 2.6.An idealI of L is δ1-primary if and only if it is primary.

Proof. If I is δ1-primary, thena ∧ b ∈ I anda /∈ I imply b ∈ δ1(I) =
√
I. ThereforeI is a

primary ideal.
Conversely, assume thatI is a primary ideal. Leta ∧ b ∈ I anda /∈ I. Then asI is primary,

we getb ∈
√
I = δ1(I). ThusI is δ1- primary.✷

Example 2.7.Every ideal isB-primary.

Lemma 2.8.If δ andγ are two ideal expansions andδ(I) ⊆ γ(I) for each idealI, then every
δ-primary ideal is alsoγ-primary. Thus, in particular, a prime ideal isδ-primary for every ideal
expansionδ.

Proof. Let P be aδ-primary ideal. Suppose thata ∧ b ∈ P for somea, b ∈ L anda /∈ P . If P is
δ-primary, thenb ∈ δ(P ) ⊆ γ(P ). SoP is γ-primary.
Next, suppose thatP is a prime ideal then by Lemma2.5, P is δ0-primary ideal.
For any ideal expansionδ, P ⊆ δ(P ), soδ0(P ) = P ⊆ δ(P ). Thus we getδ0(P ) ⊆ δ(P ) andP
is δ0-primary. ThereforeP is δ-primary.✷

In the following Lemma we prove that the intersection of two ideal expansions is an ideal
expansion. Generally intersection of any collection of ideal expansions isan ideal expansion.

Lemma 2.9.Given two ideal expansionsδ1 andδ2, defineδ(I) = δ1(I) ∩ δ2(I). Thenδ is also
an ideal expansion.

Proof. Let δ : Id(L) → Id(L) be a function, defined byδ(I) = δ1(I) ∩ δ2(I).
As δ1 andδ2 are expansions of ideals, we getI ⊆ δ1(I) ∩ δ2(I)
and ifP ⊆ Q thenδ1(P ) ∩ δ2(P ) ⊆ δ1(Q) ∩ δ2(Q) which impliesδ(P ) ⊆ δ(Q).
Thusδ is an ideal expansion.✷
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Remark 2.10.Let δ be an ideal expansion.
DefineEδ(P ) = ∩{J ∈ Id(L)|P ⊆ J, J is a δ− primary ideal}. ThenEδ is an ideal expansion.
For example,Eδ0 = δ1, EM = M andEδ1 = δ1.

Proposition 2.11.Let {Ji|i ∈ D} be a directed collections ofδ-primary ideals ofL, thenJ =
∪i∈DJi is δ-primary.

Proof. Let a ∧ b ∈ J anda /∈ J , then there exists an idealJi with a ∧ b ∈ Ji anda /∈ Ji, asJi
δ-primary, we getb ∈ δ(Ji), and also we haveδ(Ji) ⊆ δ(J) which impliesb ∈ δ(J). HenceJ is
δ-primary.✷

Definition 2.12.Let δ be an expansion of ideal. A proper idealP of L is called stronglyδ-
primary if I ∧ J ⊆ P andI * P thenJ ⊆ δ(P ). wheneverI, J ∈ Id(L).

The definition of stronglyδ-primary ideals can be also stated as: ifI ∧ J ⊆ P andI * δ(P ),
thenJ ⊆ P .

In the following result, we show that an idealP is δ-primary if and only ifP is strongly
δ-primary ideal ofL.

Lemma 2.13.An idealP is δ-primary if and only ifP is a stronglyδ-primary ideal ofL.

Proof. LetP be aδ-primary ideal. Suppose thatI ∧J ⊆ P andI * P , now suppose on contrary
J * δ(P ) then we can choosea ∈ I − P andb ∈ J − δ(P ), then we geta ∧ b ∈ I ∧ J ⊆ P but
a /∈ P andb /∈ δ(P ), which contradictsP is δ-primary. ThusJ ⊆ δ(P ). HenceP is a strongly
δ-primary ideal ofL.
Conversely, suppose thatP is a stronglyδ-primary ideal ofL, for any two elementsa andb.
Supposea∧b ∈ P anda /∈ P . Then(a]∧(b] ⊆ P and(a] * P which implies(b] ⊆ δ(P ). Hence
b ∈ (b] ⊆ δ(P ) impliesb ∈ δ(P ). ThusP is aδ-primary ideal ofL. ✷

Definition 2.14.Let P andQ be ideals of a latticeL, the residual division ofP by Q is defined
to be the idealP : Q = {x ∈ L|x ∧ y ∈ P for all y ∈ Q}.

Theorem 2.15.Let δ be an ideal expansion. Then
(1) if P is a δ-primary ideal andI is an ideal withI * δ(P ), then(P : I) = P ;
(2) for anyδ-primary idealP and non-empty subsetN of L, P : N is also aδ-primary ideal.

Proof. (1) ClearlyP ⊆ P : I. By the definition ofP : I, we haveI ∧ (P : I) ⊆ P , since
I * δ(P ), we get(P : I) ⊆ P . Therefore(P : I) = P .
(2) Let a ∧ b ∈ P : N and a /∈ P : N then there isn ∈ N such thata ∧ n /∈ P , but
a ∧ n ∧ b = a ∧ b ∧ n ∈ P implies (a ∧ n) ∧ b = (a ∧ b) ∧ n ∈ P anda ∧ n /∈ P andP
is δ-primary then we getb ∈ δ(P ) ⊆ δ(P : N) impliesb ∈ δ(P : N). ThusP : N is aδ-primary
ideal.✷

3 Expansions with extra properties

In this section we investigateδ-primary ideals whereδ satisfies additional conditions and prove
more results with respect to such expansions.

Definition 3.1.An ideal expansionδ is intersection preserving if it satisfiesδ(I∩J) = δ(I)∩δ(J)
for anyI, J ∈ Id(L).

Definition 3.2. An expansion is said to be global if for any lattice homomorphismf : L → K,
δ(f−1(I)) = f−1(δ(I)) for all I ∈ Id(K).

The expansionsδ0 andB are both intersection preserving and global.
The following lemma shows that ifL is a distributive lattice then, the expansionM has the
intersection preserving property.
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Lemma 3.3.LetL be a distributive lattice. For each idealI, letM(I) = ∩{H ∈ Id(L)|I ⊆ H,
H is a maximal ideal}. ThenM(I ∩ J) = M(I) ∩M(J) holds for any two idealsI andJ .

Proof. Let ℜ1 = {H |I ∩ J ⊆ H, H is a maximal ideal},
ℜ2 = {H |I ⊆ H or J ⊆ H , H is a maximal ideal}.
Then∩ℜ1 = M(I ∩ J) and∩ℜ2 = M(I) ∩M(J).
Let H ∈ ℜ1 thenI ∩ J ⊆ H, andH is a maximal ideal so it is prime. HenceI ⊆ H or J ⊆ H
impliesH ∈ ℜ2. Thusℜ1 ⊆ ℜ2.
Let H ∈ ℜ2 thenI ⊆ H or J ⊆ H andH is maximal ideal, so we haveI ∩ J ⊆ I ⊆ H or
I ∩ J ⊆ J ⊆ H which impliesI ∩ J ⊆ H impliesH ∈ ℜ1 thus we getℜ2 ⊆ ℜ1. Therefore
ℜ1 = ℜ2, soM(I ∩ J) = M(I) ∩M(J). ✷

Lemma 3.4.Let δ be an intersection preserving ideal expansion. IfQ1, Q2, . . . , Qn are δ-
primary ideals ofL, andP = δ(Qi) for all i, thenQ =

⋂n

i=1Qi is δ-primary.

Proof. Let x ∧ y ∈ Q andx /∈ Q. Then, for somei = k, x /∈ Qk. But x ∧ y ∈ Q ⊆ Qk, so we
gety ∈ δ(Qk) but δ(Q) = δ(

⋂n

i=1 Qi) =
⋂n

i=1(δ(Qi)) = P = δ(Qk). Thusy ∈ δ(Q), soQ is
δ-primary.✷
In the following lemma, we prove that the inverse image of aδ-primary ideal ofL under a
homomorphism is again aδ-primary ideal.

Lemma 3.5.If δ is global andf : L → K is a lattice homomorphism, then for anyδ-primary
ideal I of K, f−1(I) is a δ-primary ideal ofL.

Proof. Let a, b ∈ L with a ∧ b ∈ f−1(I) anda /∈ f−1(I). Thenf(a) ∧ (b) ∈ I andf(a) /∈ I
but I is δ-primary then we getf(b) ∈ δ(I), sob ∈ f−1(δ(I)) = δ(f−1(I)). Hencef−1(I) is
δ-primary.✷
Next result gives a characterization for aδ-primary ideal.

Lemma 3.6.Let f : L → K be a surjective lattice homomorphism. LetI be an ideal ofL such
thatker(f) ⊆ I. ThenI is a δ-primary ideal if and only iff(I) is a δ-primary ideal ofK.

Proof. First suppose thatf(I) is aδ-primary andI containsker(f) we have
f−1(f(I)) = I. Then by Lemma3.5, I is δ-primary.
Conversely, suppose thatI is δ-primary. If a, b ∈ k anda ∧ b ∈ f(I) anda /∈ f(I), then there
existx, y ∈ L such thatf(x) = a andf(y) = b, thenf(x ∧ y) = f(x) ∧ f(y) = a ∧ b ∈ f(I)
impliesx ∧ y ∈ f−1(f(I)) = I andf(x) = a /∈ f(I) impliesx /∈ I, soy ∈ δ(I) and henceb =
f(y) ∈ f(δ(I)). Now δ(I) = δ(f−1(f(I))) = f−1(δ(f(I))) which impliesf(δ(I)) = δ(f(I)).
Thusf(I) is δ-primary.✷

Definition 3.7.An element of a latticeL is calledδ-nilpotent ifa ∈ δ({0}).
The set of allδ-nilpotent elements ofL is denoted bynilδ(L).

Definition 3.8.Let L be a lattice with an ideal expansionδ. An elementx ∈ L is calledδ-zero-
divisor if there existsy ∈ L with y /∈ δ({0}) such thatx ∧ y ∈ δ({0}).

The set of allδ-zero-divisors elements ofL is denoted byZδ(L).
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Lattice showing showing sets of nilpotent elements
Figure 2
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Example 3.9.In the latticeL shown in Figure 2, for ideal expansionδ0 in Example2.2, δ0({0}) =
{0}, set of all nilpotent element ofL with ideal expansionδ0 is nilδ0(L) = {0}, and set of all
δ0-zero-divisors ofL is Zδ0(L) = {0, a, b, c, d, e, f, g}.
For ideal expansionM in Example2.2, M({0}) = {0, c}, the set of all nilpotent element of
L with ideal expansionM is nilM = {0, c} and set of allM-zero-divisors ofL is ZM(L) =
{0, a, b, c, d, e, f, g}.
Next, for ideal expansionδ1 in Example2.2 see Figure 4,δ1({0}) = {0}, nilδ1(L) = {0}, and
set of allδ1-zero-divisors ofL is Zδ1(L) = {0, a, b, c, d, e, f, g}.

Proposition 3.10.Let δ be an ideal expansion such thatδ({0}) 6= L. Then the following hold:
(i) nilδ(L) is an ideal ofL with nilδ(L) ⊆ Zδ(L).
(ii) If Zδ(L) is an ideal ofL, thenZδ(L) is δ-primary.

Proof. (i) Let x, y ∈ nilδ(L) andr ∈ L thenx, y ∈ δ({0}), sox∨y ∈ δ({0}) andx∧r ∈ δ({0}),
sinceδ({0}) is an ideal ofL. Hencex ∨ y ∈ nilδ(L) andx ∧ y ∈ nilδ(L). Thusnilδ(L) is an
ideal ofL.
Letx ∈ nilδ(L). Sincex = x∧1 ∈ δ({0}) and 1/∈ δ({0}. Thus we havex ∈ nilδ(L). Therefore
nilδ(L) ⊆ Zδ(L).
(ii) Let x, y ∈ L be such thatx ∧ y ∈ Zδ(L). Then there existsz ∈ L such thatz /∈ δ({0}) and
x ∧ y ∧ z ∈ δ({0}). Therefore ify ∧ z ∈ δ({0}), theny ∈ Zδ(L) and ify ∧ z /∈ δ({0}) then
x ∈ Zδ(L). ThusZδ(L) is aδ-primary ideal ofL. ✷

Definition 3.11.A latticeL with an ideal expansionδ is called aδ-domainlike lattice ifZδ(L) ⊆
nilδ(L).

Example 3.12.In the latticeL shown in Figure 3,δ0({0}) = {0}, the set of all nilpotent element
of L with ideal expansionδ0 is nilδ0(L) = {0}, and set of allδ0-zero-divisors ofL with ideal
expansionδ0 is Zδ0(L) = {0, a}. Zδ0(L) * nilδ0(L). ThusL is notδ0-domainlike lattice.
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1

Lattice which is notδ0 like domain
Figure 3

Next, M({0}) = {0, a, b}. The set of all nilpotent element ofL with ideal expansionM is
nilM = {0, a, b} and set of allM-zero-divisors ofL with ideal expansionM is ZM(L) = {0}.
ThusZM(L) ⊆ nilM. Also δ1({0}) = {0, a}, the set of all nilpotent element ofL with ideal
expansionδ1 is nilδ1(L) = {0, a}, and set of allδ1-zero-divisors ofL with ideal expansionδ1 is
Zδ1(L) = {0}. Zδ1(L) ⊆ nilδ1(L). HenceL is aM-domainlike lattice andδ1-domainlike lattice.

Theorem 3.13.A latticeL with an ideal expansionδ such thatδ(δ(I)) = δ(I), for every idealI
of L. Then the following hold:
(1) δ({0}) is a δ-primary ideal ofL if and only ifZδ(L) = nilδ(L). In particular,if δ({0}) is a
δ-primary thenZδ(L) is a δ-primary ideal ofL.
(2) δ({0}) is δ-primary if and only ifL is δ-domainlike lattice.
(3) If L is δ-domainlike lattice thenZδ(L) is the unique minimalδ-primary ideal ofL.

Proof. (1) δ({0}) is aδ-primary ideal ofL. Let x ∈ Zδ(L) then there is somey /∈ δ({0}) such
thatx ∧ y ∈ δ({0}). Sinceδ({0}) is δ-primary then
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x ∈ δ(δ({0})) = δ({0}). ThusZδ(L) ⊆ nilδ(L). By Proposition3.10, we have equality.
Conversely, leta, b ∈ L be such thata ∧ b ∈ δ({0}) but b /∈ δ({0}) then
a ∈ Zδ(L) = nilδ(L), soa ∈ δ(δ({0})) = δ({0}) and henceδ({0}) is aδ-primary.
(2) Follows from (1).
(3) To prove (3), asZδ(L) = nilδ(L) by (1). We have thatZδ(L) is δ-primary ideal ofL. Since
δ({0}) is δ-primary. Now ifJ is δ-primary ideal, thenZδ(L) = nilδ(L), as required.✷

4 Weakly δ-primary ideals

Definition 4.1.Given an expansionδ of ideals, an idealI of L is called weaklyδ-primary if for
all a, b ∈ L, 0 6= a ∧ b ∈ I anda /∈ I thenb ∈ δ(I).

The definition of weaklyδ−primary ideals can be also stated as: if 06= a∧b ∈ I anda /∈ δ(I),
thenb ∈ I for all a, b ∈ L.

Example 4.2.Consider the lattice shown in Figure 4. From Example2.2, for the idealI =
{0, a, c, e, g, i}, δ0(I) = I, δ1(I) = I, M(I) = I andB(I) = L. ThusI is a weaklyδ0-primary,
weaklyδ1-primary, weaklyM-primary, weaklyB-primary ideal. However the idealJ = {0, c},
satisfiesδ0(J) = J , δ1(J) = J , M(J) = J andB(J) = L, e ∧ g = c ∈ J andg /∈ J but
e /∈ δ0(J), e /∈ δ1(J), e /∈ M(J). ThusJ is not a weaklyδ0-primary, weaklyδ1-primary, weakly
M-primary ideal but it is a weaklyB-primary ideal.
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Lattice with a weakly primary ideal
Figure 4

Lemma 4.3.Everyδ-primary ideal ofL is a weaklyδ-primary ideal ofL.

Proof. Suppose thatI is δ-primary ideal ofL. Let for a, b ∈ L, 0 6= a ∧ b ∈ I anda /∈ I. As I is
δ-primary ideal ofL, then we haveb ∈ δ(I). ThusI is a weaklyδ-primary ideal ofL. ✷

The following example shows that the converse of Lemma4.3does not hold.

Example 4.4.Consider the lattice shown in Figure 4. Here for the ideal{0}, δ0({0}) = {0},
δ1({0}) = {0}, M({0}) = {0, c}. {0} is a weaklyδ0-primary, weaklyδ1-primary, weaklyM-
primary ideal but it is not aδ0-primary,δ1-primary,M-primary ideal, asa ∧ f = 0 ∈ {0} and
a /∈ {0} but f /∈ δ0({0}), f /∈ δ1({0}), f /∈ M({0}).
Theorem 4.5.LetL be a lattice. IfI is a weaklyδ-primary ideal ofL then either(I : x) = I or
(I : x) = ({0} : x) for everyx /∈ δ(I).

Proof. Let y ∈ (I : x) for somex /∈ δ(I). Thenx ∧ y ∈ I. If x ∧ y = 0, theny ∈ ({0} : x). If
x∧y 6= 0,x /∈ δ(I), theny ∈ I, asI is a weaklyδ-primary ideal ofL. Thus(I : x) ⊆ I∪({0} : x).
Now let y ∈ I ∪ ({0} : x). If y ∈ I, thenx ∧ y ∈ x ∧ I ⊆ I, So we getx ∧ y ∈ I implies that
y ∈ (I : x). If y ∈ ({0} : x) thenx ∧ y = 0, which is contradiction toI is a weaklyδ-primary
ideal ofL. ThusI ∪ ({0} : x) ⊆ (I : x). So we get(I : x) = I ∪ ({0} : x). As (I : x) is an ideal
of L, so we conclude that either(I : x) = I or (I : x) = ({0} : x) for everyx /∈ δ(I). ✷
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Definition 4.6.Let I be a weaklyδ-primary ideal ofL. We say that(a, b) is aδ-twin-zero ofI,
if a ∧ b = 0, a /∈ I andb /∈ δ(I).

Remark 4.7.If I is a weaklyδ-primary ideal ofL that is notδ-primary ideal ofL, thenI has a
δ-twin-zero of(a, b), for somea, b ∈ L.

Theorem 4.8.Let I be a weaklyδ-primary ideal of a distributive latticeL. Suppose that(a, b)
is a δ-twin-zero ofI, for somea, b ∈ L. Thena ∧ I = b ∧ I = 0, wherex ∧ I = {x ∧ y|y ∈ I}.

Proof. Suppose thata ∧ I 6= 0 then there exist an elementi ∈ I such thata ∧ i 6= 0.
(a ∧ b) ∨ (a ∧ i) 6= 0 implies thata ∧ (b ∨ i) 6= 0 and 0 6= a ∧ (b ∨ i) ∈ I anda /∈ I, asI
is a weaklyδ-primary ideal ofL, we conclude thatb ∨ i ∈ δ(I) which implies thatb ∈ δ(I),
which is a contradiction to(a, b) is aδ-twin-zero ofI. Thusa ∧ I = 0.
Similarly, we show thata ∧ I = 0. ✷

Theorem 4.9.LetL be a distributive lattice. LetI be a weaklyδ-primary ideal ofL. If I is not
δ-primary ideal ofL, thenI2 = 0, whereI2 = {a ∧ b : a 6= b; a, b ∈ I}.

Proof. Let I be a weaklyδ-primary ideal ofL that is notδ-primary ideal ofL. ThenI has a
δ-twin-zero(a, b), for somea, b ∈ L. Suppose thati1 ∧ i2 6= 0, for somei1, i2 ∈ I. Consider
(a∨ i1)∧ (b∨ i2) = (a∧ b)∨ (a∧ i2)∨ (b∧ i1)∨ (i1∧ i2) = i1∧ i2 6= 0, since(a, b) is δ-twin-zero
and by Theorem4.8. Thus(a∨ i1) ∧ (b ∨ i2) = i1 ∧ i2 ∈ I andI be a weaklyδ-primary ideal of
L anda∨ i1 /∈ I, asa /∈ I andi1 ∈ I. Thus we getb∨ i2 ∈ δ(I) implies thatb ∈ δ(I), which is a
contradiction to(a, b) is aδ-twin-zero ofI. ThusI2 = 0. ✷

Theorem 4.10.Let L be a distributive lattice. LetI be a weaklyδ-primary ideal ofL and
suppose that(a, b) is a δ-twin-zero ofI, for somea, b ∈ L. If a ∧ r ∈ I for somer ∈ L then
a ∧ r = 0.

Proof. Suppose that 06= a∧r ∈ I for somer ∈ L. If (a∧b)∨(a∧r) 6= 0, then 06= [a∧(b∨r)] ∈ I.
As a /∈ I andI be a weaklyδ-primary ideal ofL, we getb ∨ r ∈ δ(I). Henceb ∈ δ(I), which is
a contradiction to(a, b) is aδ-twin-zero ofI. Thusa ∧ r = 0. ✷
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