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Abstract In this paper we define an ideal expansion on a lattice. Also we defir@ianary
ideal and a weakly-primary ideal with the help of an ideal expansion and investigate some
properties of these ideals. We show that for an expansion fung&timideal isy-primary if and
only if that ideal is strongly-primary ideal of lattice. Also we define&twin-zero and prove
some results based drtwin-zero.

1 Introduction

The study of expansions of ideals afwprimary ideals for commutative rings is carried out by
Zaho Dongshengd] where s is a mapping with some additional properties. The aim of this
paper is to generalize these results to lattices. In section 2, we introducenitept of an ideal
expansiony whered is a mapping that assigns to each idéaln ideals(7) of the same lattice.
We define a&-primary ideal with respect to such an expansion. In section 3, wetigagsideal
expansions satisfying some additional conditions and some propertiegrishary ideals with
respect to homomorphisms. The study éfzero-divisor, a-nilpotent element is done by Atani
[1]. In this paper we introduce these concepts in a lattice. In section 4, weedefiveaklys-
primary ideal with respect to such an expansion. Also we defiivwan-zero and prove some
results based of+twin-zero.

Throughout in this papel denotes a lattice with a least element 0. It is known 1lWat.) the
set of all ideals of a latticé is a lattice under set inclusion see GratZ&d. 22]. The undefined
concepts related to lattice theory are from Grat2gr [

2 Expansions of ideals and-primary ideals

The notion of the radical of an idedlin a lattice, denoted by/I, can be found in Wasadikar
and Gaikwad 3], /T =N{P € Id(L)|Pis a prime ideal  C P}.

In this section, we introduce an ideal expansicand define &@-primary ideals with respect
to such an expansion.

Definition 2.1. An expansion of ideals, or an ideal expansion, is a function
§:Id(L) — Id(L), satisfyingl C §(I), andP C Q implies§(P) C 6(Q).

Example 2.2. (i) The identity functiondp : Id(L) — Id(L), is an expansion of ideals.
(i) The functionB that assigns the biggest iddato each ideal is an expansion of ideals.

(iii) For a proper idealP, the mappingVI(P) : Id(L) — Id(L), where
M(P) = n{I € Id(L)|P C I,Iisamaximal ideal other thah}, andM(L) = L. Then
M is an expansion of ideals.

(iv) For each ideal defines;(I) = +/I. Thend; is an expansion of ideals.

Definition 2.3.Given an expansion of ideals, an ideal of L is calledé-primary if for all
a,be L,anbeIanda ¢ Ithenbe i(I).

The definition of &-primary ideal can be stated asuif\ b € I anda ¢ (1), thenb € I for
alla,b e L.
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Example 2.4.Consider the lattice shown in Figure 1. From Examplg for the idealP =
{0,a,c,e}, 5o(P) = P, 61(P) = P, M(P) = P andB(P) = L. ThusP is a dp-primary,
d1-primary, M-primary, B-primary ideal. However the idedl = {0, a}, satisfiesio(I) = I,
() =I1I,M{I) =TandB(I) =L, fAe=ac Tandf ¢ I bute ¢ 6(I), e ¢ 61(1),
e ¢ M(I). ThusI is not adp-primary, d;-primary, M-primary ideal but it is @8-primary ideal.
Also the ideal 0} is not ado-primary,é1-primary, M-primary ideal but it is @8-primary ideal.

Lattice showing primary ideals
Figure 1

In general, the intersection of tweprimary ideals is nai-primary. The idealsv = {0,a,b,d},P =
{0, a,c, e} in Figure 1 arg-primary butN N P = {0, a} is notd-primary.

Lemma 2.5.An ideall is do-primary if and only if it is if prime.

Proof. First assume that is dp-primary thena A b € T anda ¢ I imply b € 6o(I) = I. Hence
we geta Ab € I impliesa € Torb e I, foralla,b € L. Thereforel is a prime ideal.

Conversely, assume théatis a prime ideal. Let A b € T anda ¢ I asI is prime we get
b e I=do(I)thusIis do- primary. 0

Lemma 2.6.An ideall of L is §;-primary if and only if it is primary.

Proof. If I is §;-primary, thena A b € I anda ¢ I imply b € 61(I) = /1. Thereforel is a
primary ideal.

Conversely, assume thais a primary ideal. Let A b € T anda ¢ I. Then adl is primary,
we getb € /T = 61(I). ThusI is 6;- primary. O

Example 2.7.Every ideal isB-primary.

Lemma 2.8.If § and~ are two ideal expansions and) C ~(I) for each ideall, then every
d-primary ideal is alsoy-primary. Thus, in particular, a prime ideal isprimary for every ideal
expansiory.

Proof. Let P be ad-primary ideal. Suppose thatA b € P for somea,b € L anda ¢ P. If Pis
d-primary, therb € 6(P) C v(P). S0P is v-primary.

Next, suppose tha? is a prime ideal then by Lemnma5, P is dp-primary ideal.

For any ideal expansiofy P C §(P), sodp(P) = P C 6(P). Thus we gebto(P) C §(P) andP
is do-primary. ThereforeP is 5-primary. O

In the following Lemma we prove that the intersection of two ideal expassi®an ideal
expansion. Generally intersection of any collection of ideal expansiarsigeal expansion.

Lemma 2.9.Given two ideal expansions andd,, defines(7) = §1(1) N 62(I). Thend is also
an ideal expansion.

Proof. Letd : Id(L) — Id(L) be a function, defined by(1) = 61(1) N §2(1).
As §; andd, are expansions of ideals, we de€ 61(1) N (1)

and if P C @ thend1(P) Nd2(P) C 61(Q) N d2(Q) which impliesd(P) C 6(Q).
Thusd is an ideal expansiorn]
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Remark 2.10.Let § be an ideal expansion.
DefineEs(P) =n{J € Id(L)|P C J,J is ad — primary idea}. ThenEj; is an ideal expansion.
For exampleEs, = 1, Em = M andE5, = 6.

Proposition 2.11.Let {J;|¢ € D} be a directed collections @Fprimary ideals ofZ, thenJ =
Uiepd; IS d-primary.

Proof. Leta Ab € J anda ¢ J, then there exists an ided] with a A b € J; anda ¢ J;, asJ;
d-primary, we geb € 6(.J;), and also we hav&(.J;) C §(.J) which impliesb € §(J). HenceJ is
d-primary. O

Definition 2.12.Let § be an expansion of ideal. A proper idealof L is called stronglys-
primary if I A J C Pandl ¢ PthenJ C §(P). whenevet, J € Id(L).

The definition of strongly-primary ideals can be also stated asf if J C P and! € §(P),
thenJ C P.

In the following result, we show that an ideBlis §-primary if and only if P is strongly
d-primary ideal ofL.

Lemma 2.13.An ideal P is ¢-primary if and only ifP is a stronglys-primary ideal ofL.

Proof. Let P be aj-primary ideal. Suppose that\J C P and! ¢ P, now suppose on contrary
J ¢ §(P) then we can choosee I — P andb € J — §(P),thenwe get Abe I AJ C P but

a ¢ Pandb ¢ §(P), which contradicts” is §-primary. ThusJ C §(P). HenceP is a strongly
d-primary ideal ofL.

Conversely, suppose th&t is a stronglys-primary ideal ofL, for any two elements andb.
Suppose:Ab € P anda ¢ P. Then(a] A (b] € P and(a] ¢ P which implies(b] C §(P). Hence
b€ (b] C 4(P)impliesb € 6(P). ThusP is ad-primary ideal ofL. O

Definition 2.14.Let P and(@ be ideals of a latticd., the residual division of by @ is defined
tobetheideaP : Q ={z € Lz Ay € Pforally € Q}.

Theorem 2.15.Let§ be an ideal expansion. Then
(1) if P is ad-primary ideal and! is an ideal with ¢ §(P), then(P : I) = P;
(2) for anyé-primary ideal P and non-empty subsét of L, P : N is also ad-primary ideal.

Proof. (1) ClearlyP C P : I. By the definition ofP : I, we havel A (P : I) C P, since
I¢Z6§(P),weget(P:1I)C P.Therefore(P: 1) =P.

(2) Letanb € P: Nanda ¢ P : N then there is» € N such thate A n ¢ P, but
aAnAb=aAbAn € Pimplies(aAn)Ab = (aAb)An € PandaAn ¢ PandP
is §-primary then we get € §(P) C 6(P : N) impliesb € 6(P : N). ThusP : N is ad-primary
ideal. O

3 Expansions with extra properties

In this section we investigateprimary ideals wheré satisfies additional conditions and prove
more results with respect to such expansions.

Definition 3.1. An ideal expansiod is intersection preserving if it satisfié6lNJ) = 6(1)N(J)
foranyI,J € Id(L).

Definition 3.2. An expansion is said to be global if for any lattice homomorphjsmZ — K,
S(f~YI) = f~Y(6(1)) forall I € Id(K).

The expansiong, andB are both intersection preserving and global.
The following lemma shows that if. is a distributive lattice then, the expansidi has the
intersection preserving property.
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Lemma 3.3.Let L be a distributive lattice. For each ided| let M(/) = N{H € Id(L)|I C H,
H is amaximal idealf. ThenM(I n.J) = M(I) N M(J) holds for any two idealg and J.

Proof. Let®, = {H|I N J C H, H is a maximal idea},

R, ={H|I C HorJC H, His amaximal ideal.

ThennRy = M(I N J)andnNRy = M(1) N M(J).

Let H € Ry thenI nJ C H, andH is a maximal ideal so it is prime. HendeC H orJ C H
impliesH € R,. Thusi; C Ry.

Let H € R thenl C H orJ C H and H is maximal ideal, so we havenJ C I C H or
INnJ CJ C Hwhich impliesIn.J C H implies H € R, thus we gett, C R;. Therefore
R1 =Rz, soM(INJ)=M(I)NM(J). O

Lemma 3.4.Let 6 be an intersection preserving ideal expansion. Q, Q»,...,Q, are -
primary ideals ofL, and P = §(Q;) for all 7, thenQ = (", Q; is 5-primary.

Proof. Letz Ay € Q andz ¢ Q. Then, for some =k, z ¢ Qx. Butz Ay € Q C Qi, SO we
gety € 3(Qx) butd(Q) = 6(MiZy Qi) = NiL1(3(Q:)) = P = 6(Qx). Thusy € §(Q), s0Q is
J-primary. O

In the following lemma, we prove that the inverse image af-primary ideal of L under a
homomorphism is again&primary ideal.

Lemma 3.5.1f § is global andf : L — K is a lattice homomorphism, then for adyprimary
ideal I of K, f~%(I) is ad-primary ideal ofL.

Proof. Leta,b € Lwitha Ab € f~1(I)anda ¢ f~Y(I). Thenf(a) A (b) € T andf(a) ¢ I
but I is 5-primary then we gef(b) € §(I), sob € f~1(6(1)) = §(f~1(1)). Hencef—(I) is
S-primary. O

Next result gives a characterization fos-gprimary ideal.

Lemma 3.6.Let f : L — K be a surjective lattice homomorphism. Lebe an ideal ofZ such
thatker(f) C I. ThenI is ad-primary ideal if and only iff (1) is ad-primary ideal of K.

Proof. First suppose that(7) is ad-primary andl containsker(f) we have

F7Y(f(I)) = I. Then by Lemma.5, I is §-primary.

Conversely, suppose thats §-primary. Ifa,b € kanda Ab € f(I) anda ¢ f(I), then there
existz,y € L such thatf(x) = a andf(y) = b, thenf(z Ay) = f(z) A f(y) =aAbe f(I)
impliesz Ay € f~Y(f(I)) =T andf(x) = a ¢ f(I)impliesxz ¢ I, soy € §(I) and henceé =

f(y) € f(8(1)). Now &(I) = 6(f~*(f(1))) = f~*(a(f(I))) which implies f(3(1)) = 6(f(1)).
Thusf(I) is §-primary. O

Definition 3.7. An element of a lattice. is calleds-nilpotent ifa € 6({0}).
The set of alb-nilpotent elements of is denoted byuils(L).

Definition 3.8.Let L be a lattice with an ideal expansiéonAn elementz € L is calledj-zero-
divisor if there existg € L with y ¢ §({0}) such that: Ay € §({0}).

The set of alb-zero-divisors elements df is denoted byZs(L).

0

Lattice showing showing sets of nilpotent elements
Figure 2
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Example 3.9.In the latticeL shown in Figure 2, for ideal expansidgin Example2.2, 5o({0}) =
{0}, set of all nilpotent element aof with ideal expansiomy is nils,(L) = {0}, and set of all
do-zero-divisors ofL is Zs,(L) = {0, a,b,c,d, e, f,g}.

For ideal expansioM in Example2.2 M({0}) = {0, ¢}, the set of all nilpotent element of
L with ideal expansioM is nilpg = {0, ¢} and set of allM-zero-divisors ofL is Zy (L) =
{0,a,b,c,d,e, f,g}.

Next, for ideal expansion; in Example2.2 see Figure 4§1({0}) = {0}, nils,(L) = {0}, and
set of alld;-zero-divisors ofL is Zs, (L) = {0, a,b, ¢, d, e, f, g}

Proposition 3.10.Let§ be an ideal expansion such th&t{0}) # L. Then the following hold:
(i) nils(L) is an ideal ofL with nils(L) C Zs(L).
(i) If Zs(L) is an ideal ofL, thenZs(L) is é-primary.

Proof. (i) Let 2, y € nils(L) andr € Lthenz,y € 6({0}), sozVy € §({0}) andz Ar € §({0}),
sinced({0}) is an ideal ofL. Hencez V y € nils(L) andz Ay € nils(L). Thusnils(L) is an
ideal of L.

Letz € nils(L). Sincex = x A1 € 6({0}) and 1¢ §({0}. Thus we have: € nils;(L). Therefore
nil(s(L) - Z(;(L).

(i) Let 2,y € L be such that Ay € Z5(L). Then there exists € L such that ¢ 4({0}) and
z Ay Az € §({0}). Therefore ify A z € §({0}), theny € Zs;(L) and ify A = ¢ 6({0}) then
x € Zs(L). ThusZs(L) is ad-primary ideal ofL. O

Definition 3.11.A lattice L with an ideal expansiodis called aj-domainlike lattice ifZ;(L) C
nila(L).

Example 3.12.In the latticeL shown in Figure 3§o({0}) = {0}, the set of all nilpotent element
of L with ideal expansiord is nils,(L) = {0}, and set of albp-zero-divisors ofL with ideal
expansionyy is Zs,(L) = {0,a}. Zs,(L) € nils,(L). ThusL is notdo-domainlike lattice.

0

Lattice which is notyg like domain
Figure 3

Next, M({0}) = {0,a,b}. The set of all nilpotent element df with ideal expansiorM is
nilym = {0, a, b} and set of allM-zero-divisors ofL with ideal expansioM is Zy (L) = {0}.

Thus Zy (L) C nilp. Also §1({0}) = {0,a}, the set of all nilpotent element &f with ideal
expansiony; is nils, (L) = {0,a}, and set of alb;-zero-divisors ofL with ideal expansion; is
Zs, (L) = {0}. Zs,(L) C nils,(L). HenceL is aM-domainlike lattice and;-domainlike lattice.

Theorem 3.13 A lattice L with an ideal expansion such thaty(§(1)) = §(I), for every ideall
of L. Then the following hold:

(1) 5({0}) is ad-primary ideal ofL if and only if Zs(L) = nils(L). In particular,if 6({0}) is a
d-primary thenZs(L) is ad-primary ideal ofL.

(2) 6({0}) is 5-primary if and only ifL is 5-domainlike lattice.

(3) If L is 6-domainlike lattice ther¥s(L) is the unique minimai-primary ideal ofL.

Proof. (1) §({0}) is ad-primary ideal ofL. Letz € Z5(L) then there is somg ¢ 4({0}) such
thatz A y € 6({0}). Sinced({0}) is 5-primary then
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x € 6(6({0})) =6({0}). ThusZs(L) C nils(L). By Proposition3.10 we have equality.
Conversely, let,b € L be such that A b € 6({0}) butb ¢ §({0}) then

a € Zs(L) = nils(L), soa € 6(6({0})) = 6({0}) and hence({0}) is as-primary.

(2) Follows from (1).

(3) To prove (3), a%Zs(L) = nils(L) by (1). We have thaZ;(L) is 6-primary ideal ofL. Since
5({0}) is é-primary. Now if J is §-primary ideal, therZ;(L) = nils(L), as requiredd

4 Weakly -primary ideals

Definition 4.1. Given an expansiodi of ideals, an ideal of L is called weakly-primary if for
alla,be L,0# aAbe Ianda ¢ Ithenb € §(1).

The definition of weakly—primary ideals can be also stated as: #@Ab € T anda ¢ §(1),
thenb e I forall a,b € L.

Example 4.2.Consider the lattice shown in Figure 4. From Exampl2 for the ideall =
{0,a,¢,e,g,i},00(L) =1,01(I) =1, M(I) = I andB(I) = L. ThusI is a weaklydo-primary,
weakly 41-primary, weaklyM-primary, weaklyB-primary ideal. However the idedl = {0, ¢},
satisfiesio(J) = J, 01(J) = J, M(J) = JandB(J) = L,eANg = ¢ € Jandg ¢ J but
e do(J), e ¢ d1(J), e ¢ M(J). ThusJ is not a weaklyo-primary, weaklyd;-primary, weakly
M-primary ideal but it is a weaklB-primary ideal.

Lattice with a weakly primary ideal
Figure 4

Lemma 4.3.Everyd-primary ideal ofL is a weaklys-primary ideal ofL.

Proof. Suppose thai is §-primary ideal ofL. Letfora,b € L,0£aAbe Tanda ¢ I. ASTis
d-primary ideal ofZ, then we haveé € §(7). ThusI is a weaklys-primary ideal ofL. O

The following example shows that the converse of Lerdn3aoes not hold.

Example 4.4.Consider the lattice shown in Figure 4. Here for the idg3l, 5o({0}) = {0},
51({0}) = {0}, M({0}) = {0, c}. {0} is a weaklydo-primary, weaklys,-primary, weaklyM-
primary ideal but it is not &q-primary, j;-primary, M-primary ideal, ast A f = 0 € {0} and

a ¢ {0} butf ¢ do({0}), f ¢ 01({0}), f & M({0}).

Theorem 4.5.Let L be a lattice. If] is a weaklys-primary ideal ofL then either(7 : zz) = I or
(I:x)= ({0} :x)foreveryx ¢ &(I).

Proof. Lety € (I : x) for somex ¢ §(I). Thenz Ay € I. If z Ay =0, theny € ({0} : z). If
zAy # 0,z ¢ §(I),theny € I, asI is aweaklys-primary ideal ofL. Thus(I : z) C TU({0} : z).
Now lety € TU ({0} : z). If y € I, thenz Ay € 2 AT C I, So we getr Ay € I implies that
ye (I:z). Ifye ({0}:x)thenxz Ay = 0, which is contradiction td is a weaklys-primary
ideal of L. ThusI U ({0} : z) C (I : z). Sowe ge(] : z) = IU ({0} : z). As (I : x) is an ideal
of L, so we conclude that eithéf : ) = I or (I : z) = ({0} : x) for everyz ¢ §(I). O
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Definition 4.6. Let I be a weaklys-primary ideal ofZL. We say thata, b) is ad-twin-zero of1,
ifanb=0,a¢ Iandb ¢ o(I).

Remark 4.7.1f I is a weaklys-primary ideal ofZ that is notj-primary ideal ofL, thenl has a
d-twin-zero of(a, b), for somea,b € L.

Theorem 4.8.Let I be a weaklys-primary ideal of a distributive lattice.. Suppose thafa, b)
is ad-twin-zero off, for someu,b € L. Thena AT =bA T =0,wherex AT ={z Ayly € T}.

Proof. Suppose thatt A I # 0 then there exist an elemente I such thata A i # O.
(a Ab)V (aNi) # 0implies thata A (bV i) # 0and 0# a A (bVi) € I anda ¢ I, as]
is a weaklyd-primary ideal ofL, we conclude thab v i € §(I) which implies thath € §(1),
which is a contradiction t@a, b) is ad-twin-zero of . Thusa A I = 0.

Similarly, we show thatt A 7 = 0. O

Theorem 4.9.Let L be a distributive lattice. Lef be a weaklys-primary ideal of L. If I is not
s-primary ideal ofL, thenI? = 0, wherel? = {a A b: a # b;a,b € I}.

Proof. Let I be a weaklys-primary ideal ofL that is noté-primary ideal ofL. ThenI has a
d-twin-zero(a,b), for somea,b € L. Suppose thay A i, # O, for someiy,ip € I. Consider
(aVit) A (bViz) = (aAb)V (aNiz)V(bAi1) V(i1 Nig) = i1 Aig # 0, since(a, b) is §-twin-zero
and by Theorerd.8 Thus(a Vi1) A (bV i2) = i1 Az € I andI be a weaklys-primary ideal of
LandaVii ¢ I,asa ¢ I andi; € I. Thus we gebV iy € 6(I) implies thath € §(I), whichis a
contradiction tq(a, b) is ad-twin-zero ofI. Thusi? = 0. O

Theorem 4.10.Let L be a distributive lattice. Lef be a weaklys-primary ideal of L and
suppose thata, b) is a j-twin-zero off, for somea,b € L. If a A7 € I for somer € L then
aNr=0.

Proof. Suppose that & aAr € I forsomer € L. If (aAb)V(anr) # 0O, then O [aA(bVr)] € 1.
Asa ¢ I andI be a weaklys-primary ideal ofZ, we geth vV r € §(I). Henceb € §(I), which is

a contradiction tda, b) is ad-twin-zero ofI. Thusa Ar = 0.0
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