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Abstract In this paper, we introduce the FI-projective module and the FI-projective dimen-
sions of modules and rings. An R-module M is called FI-projective if Ext1

R(M,F ) = 0 for any
FP-projective module F . We show that a module is FI-projective if and only if it is a cokernel
of an FP-projective preenvelope f : A → B with B is projective. Also we see that rings over
which all modules are FI-projective are exactly the semisimple rings. Furthermore, we study the
FI-projective dimension of modules over short exact sequences and we characterize the heredi-
tary ring using the FI-projective dimension of rings. Finally, we see the relation between these
dimensions and other homological dimensions.

1 Introduction

Throughout this paper all rings are commutative with identity element and all modules are unital.
For an R-module M , we denote by pdR(M), idR(M) and fdR(M), the usual projective, injective
and flat dimension of M respectively, and gdim(R) wdim(R) are the classical global and weak
(global) dimension of R.

We first recall some known notions and facts needed in the sequel. Let R be a ring, an R-
module F is called FP-projective [6], if Ext1

R(F,B) = 0 for any FP-injective R-module B. The
FP-projective dimension of F, denoted by FP − pdR(F ), is defined to be the smallest integer
n ≥ 0 such that Extn+1

R (F,B) = 0 for any FP-injective R-module B (if no such that n exists,
set FP − pdR(F ) =∞) and the FP-projective dimension of the ring R, denoted FP − dim(R),
is defined by FP − dim(R) = sup{FP − pdR(M)/M is an R-module}.

The class of FI-injective (resp. FI-flat) modules was introduced in (2007) by L. Mao and N.
Ding in [7] as a generalization of injective (resp. flat) modules. To complete this concept, in
this paper, we introduce the class of FI-projective modules and dimension as a generalization of
projective modules and dimension. Also we we’ll try to give similar results as in [1, 3, 4, 7] .

In section 2, we give a characterization of the class of FI-projective modules, and we prove
that this class is closed under direct sum. Also, we discuss the relationship between FI-projective
modules and projective modules. Furthermore, in Theorem 2.8 we prove that every R-module is
FI-projective if and only if R is a semisimple ring. In section 3 we introduce the FI-projective
dimension of modules and we give its characterization and we study the FI-projective dimension
over short exact sequences Theorem 3.4. In section 4 we study the FI-projective dimension of
rings, in Proposition 4.5 we prove that R is hereditary if and only if FI-projective dimension of
ring less than or equal to 1 and every FI-projective ideal is projective. Furthermore, we show
that over an hereditary ring R every FI-projective R-module is projective.

2 FI-projective modules.

In this section we will introduce the class FI-projective modules and we study their properties
and we give their characterization.

Definition 2.1. A module M is called FI-projective if Ext1
R(M,F ) = 0 for any FP-projective

module F .
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The following theorem gives a characterization of FI-projective modules.

Theorem 2.2. Let M be a module the following statements are equivalent:

1) M is FI-projective.

2) ExtnR(M,F ) = 0 for all n ≥ 1 and all FP-projective modules F.

3) For every exact sequence 0 −→ K −→ P −→M −→ 0, where P is FP-projective, K −→ P
is an FP-projective preenvelope of K.

4) M is a cokernel of an FP-projective preenvelope f : A −→ B of a module A with B is
projective.

5) M is projective with respect to every exact sequence 0 −→ N −→ L −→ C −→ 0 where N
is an FP-projective module.

Proof. 1)⇒ 2) Let M be an FI-projective module, if we apply the functor HomR(., F ) to the se-
quence 0→M →M → 0, where F is FP-projective, we obtain ExtiR(M,F ) ∼= Exti+1

R (M,F )
for all i ≥ 1. Then by indiction ExtiR(M,F ) = 0 for all i ≥ 1.

2)⇒ 1) Obvious.
1) ⇒ 3) Suppose that M is FI-projective and let 0 −→ K −→ P −→ M −→ 0 be an exact

sequence of modules where P is FP-projective. Applying the long exact sequence of the functor
HomR(., F ′) with F ′ is FP-projective, we get:

HomR(P, F
′) −→ HomR(K,F ′) −→ Ext1

R(M,F ′).

Since M is FI-projective we have Ext1
R(M,F ′) = 0, then HomR(P, F ′) −→ HomR(K,F ′) is

surjective for any FP-projective module F ′. Therefore K −→ P is an FP-projective preenvelope
of K.

3) ⇒ 4) Let 0 −→ K −→ P −→ M −→ 0 be an exact sequence of modules with P is
projective. By hypothesis K −→ P is an FP-projective preenvelope.

4) ⇒ 1) Suppose that M is the cokernel of an FP-projective preenvelope f : A −→ B of
a module A with B is projective. Let G be an FP-projective module, applying the long exact
sequence of the functor HomR(., G) to the exact sequence 0 −→ A −→ B −→ M −→ 0, we
get the exact sequence:

HomR(B,G) −→ HomR(A,G) −→ Ext1
R(M,G) −→ · · · .

By hypothesis HomR(B,G) −→ HomR(A,G) −→ 0 is exact, then Ext1
R(M,G) = 0 and

hence M is FI-projective.
1) ⇒ 5) Let 0 −→ N −→ L −→ C −→ 0 be an exact sequence of modules, where N is

FP-projective. By hypothesis Ext1
R(M,N) = 0, Thus HomR(M,L) −→ HomR(M,C) −→ 0

is exact. Therefore M is projective with respect to the exact sequence 0 −→ N −→ L −→
C −→ 0.

5) ⇒ 1) Let G be an FP-projective module, there exists an exact sequence 0 −→ G −→
E −→ L −→ 0 with E is injective. Applying the long exact sequence of the functor HomR(M, .)
we get:

HomR(M,E) −→ HomR(M,L) −→ Ext1
R(M,G) −→ 0.

By hypothesis, HomR(M,E) −→ HomR(M,L) −→ 0 is exact. Thus Ext1
R(M,G) = 0 for

any FP-projective module G, so M is FI-projective.

In the following proposition we show that FI-projective is stable under direct sum and we
study the FI-projectivity over short exact sequence.

Proposition 2.3. (i) Let I be an index set and let (Mi)i∈I be a family of modules. Then ⊕Mi

is FI-projective if and only if Mi is FI-projective for any i ∈ I .

(ii) Let 0 −→ N −→ B −→ L −→ 0 be an exact sequence of modules where L is FI-projective.
Then N is FI-projective if and only if B is also FI-projective.

Proof. (i) Follows from [8, Theorem 7.13] since Ext1
R(⊕i∈IMi, F ) ∼= ⊕i∈IExt1

R(Mi, F ).
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(ii) Let 0 −→ N −→ B −→ L −→ 0 be an exact sequence and let F be FP-projective.
Applying the long exact sequence of the functor HomR(., F ), we get:

0 = Ext1
R(L,F ) −→ Ext1

R(B,F ) −→ Ext1
R(N,F ) −→ Ext2

R(L,F ) = 0,

where the first term and the last term are zero, since L is FI-projective. Therefore Ext1
R(B,F ) ∼=

Ext1
R(N,F ), so B is FI-projective if and only if N is also FI-projective.

It is easy to see that every projective module is FI-projective, result we see when we have
equivalence.

Proposition 2.4. Let R be a coherent ring, then the following statements are equivalent:

1) M is projective.

2) M is FI-projective and FP − pdR(M) ≤ 1.

Proof. 1)⇒ 2) Obvious.
2)⇒ 1) Suppose that M is an FI-projective module and FP −pdR(M) ≤ 1, then there exists

an exact sequence of modules 0 −→ K −→ P −→ M −→ 0 where P is projective. Since R is
a coherent ring and by [6, Proposition 3.1] we have K is FP-projective. Applying the long exact
sequence of the functor HomR(.,K) we obtain:

HomR(P,K) −→ HomR(K,K) −→ Ext1
R(M,K) −→ · · · .

Since M is FI-projective we have Ext1
R(M,K) = 0, and hence the exact sequence 0 −→ K −→

P −→ M −→ 0 splits, then P ∼= K ⊕M , so M is projective as direct summand of a projective
module.

Proposition 2.5. Let M is FI-projective module, then HomR(P,M) and P ⊗R M are FI-
projective for any finitely generated projective module P .

Proof. Let N be an FP-projective module, for any finitely generated projective module P , the
result follows from the following isomorphism: P ⊗RExt1

R(M,N) ∼= Ext1
R(HomR(P,M), N)

and Ext1
R(P ⊗R M,N) ∼= HomR(P,Ext1

R(M,N)).

In the following proposition we show when the kth syzygy is FI-projective.

Proposition 2.6. Let n ≥ 0 be an integer and let M be a module such that ExtiR(M,F ) = 0 for
any FP-projective module F and 1 ≤ i ≤ n+ 1. Then the kth syzygy of M is FI-projective for
any 0 ≤ k ≤ n.

Proof. Follows since Ext1
R(Lk, F ) ∼= Extk+1

R (M,F ) = 0 where F is an FP-projective module
and Lk is the kth syzygy of M 0 ≤ k ≤ n [8, Corollary 6.19].

In [6, Corollary 4.3] they show that a ring R is von Neumann regular if and only if it is coher-
ent and every FP-projective module is FP-injective. The following result gives a characterization
of von Neumann regular rings using FI-projective modules.

Proposition 2.7. Let R be a coherent ring, then R is von Neumann regular if and only if every
finitely presented R-module is FI-projective.

Proof. ⇒) Let M be a finitely presented module and let N be an FP-projective module. from [6,
Corollary 4.3] N is FP-injective, then Ext1

R(M,N) = 0, therefore M is FI-projective.
⇐) Conversely, let M be a finitely presented module, by hypothesis M is FI-projective. Then

for any FP-projective module N we have Ext1
R(M,N) = 0, since M is arbitrary it follows that

N is FP-injective. So since R is coherent and from [6, Corollary 4.3], R is von Neumann regular
as desired.

The following theorem gives a characterization of semisimple rings using FI-projective mod-
ules.

Theorem 2.8. Let R be a ring. Then the following are equivalent:
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1) R is semisimple.

2) Every FP-projective is injective.

3) Every R-module is FI-projective.

Proof. 1)⇒ 2) It is obvious by [8, Proposition 4.13].
2) ⇒ 1) Let P be a projective module, by hypothesis P is injective. Then from [2, Theo-

rem 31.9] R is a Quasi-Frobenius ring which means that R is Notherian. From [6, Proposition
2.6] every module of R is FP-projective and by hypothesis every module is injective and R is
semisimple.

1)⇒ 3) Obvious.
3) ⇒ 2) Let F be an FP-projective module, by hypothesis for any R-module M we have

Ext1
R(M,F ) = 0, and so F is injective.

Corollary 2.9. Let R be a Notherian ring, then every FI-projective module is projective.

Proof. From [6, Proposition 2.6], R is Notherian if and only if every module is FP-projective.
And this complete the proof.

3 The FI-projective dimension of modules.

In this section we introduce the FI-projective dimension of modules which is a generalization of
the projective dimension of modules.

Definition 3.1. Let R be a ring. The FI-projective dimension of a module M is denoted FI −
pdR(M), and defined to be the smallest integer n ≥ 0 such that Extn+1

R (M,F ) = 0 for any
FP-projective R-module F .

The following result gives a characterization of the FI-projective dimension of modules.

Theorem 3.2. Let M be a module and n ≥ 0 be an integer. Then the following conditions are
equivalent:

(i) FI − pdR(M) ≤ n,

(ii) Extn+1
R (M,F ) = 0 for any FP-projective module F ,

(iii) Extn+j
R (M,F ) = 0 for any FP-projective module F and for any integer j ≥ 1,

(iv) There exists an exact sequence 0→ Pn → Pn−1 → · · · → P0 →M → 0, where each Pi is
FI-projective.

Proof. The proof is straightforward.

Proposition 3.3. Let 0 −→ N −→ P −→M −→ 0 be an exact sequence of modules where P is
FI-projective. If M is FI-projective, then N is FI-projective, if not we have:

FI − pdR(M) = FI − pdR(N) + 1.

Proof. Suppose that M is not FI-projective and let F be an FP-projective R-module. Using the
long exact sequence of the functor HomR(., F ) to the short exact sequence we obtain:

(*) Extn+1
R (P, F ) = 0 −→ Extn+1

R (N,F ) −→ Extn+2
R (M,F ) −→ Extn+2

R (P, F ) = 0

The first and the last terms are zero since P is FI-projective and F is FP-projective so: Extn+2
R (M,F ) ∼=

Extn+1
R (N,F ), and from Theorem 3.2 FI − pdR(M) = FI − pdR(N) + 1.

Now, if M is FI-projective and for n = 0 in (∗) we obtain: Ext2
R(M,F ) = Ext1

R(N,F ) = 0
So N is FI-projective.

The following theorem is a generalization of Proposition 3.3 above.

Theorem 3.4. Let 0 −→ A −→ B −→ C −→ 0 be an exact sequence of modules. If two of
FI − pdR(A), FI − pdR(B) and FI − pdR(C) are finite, so is the third. Moreover:
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(i) FI − pdR(A) ≤ max{FI − pdR(B), F I − pdR(C)− 1}.

(ii) FI − pdR(C) ≤ max{FI − pdR(B), F I − pdR(A) + 1}.

(iii) FI − pdR(B) ≤ max{FI − pdR(A), F I − pdR(C)}.

Proof. We prove only assertion (i) and the other assertions can be proved similarly. Let k =
max{FI−pdR(B), F I−pdR(C)−1} and let N be an FP-projective module, using the long exact
sequence of the functor HomR(., N) to the short exact sequence we obtain: 0 = Extk+1

R (B,N) −→
Extk+1

R (A,N) −→ Extk+2
R (C,N) = 0, the first and the last term vanish by hypothesis, so

Extk+1
R (A,N) = 0 and FI − pdR(A) ≤ k = max{FI − pdR(B), F I − pdR(C)− 1}.

The next corollary study the FI-projective dimension of the direct sum of modules.

Corollary 3.5. Let I be an index set and let (Mi)i∈I be a family of modules. Then FI −
pdR(⊕Mi) = max{FI − pdR(Mi)/ Mi R-module}.

Proof. Follows from [8, Theorem 7.13] since ExtnR(⊕i∈IMi, F ) ∼= ⊕i∈IExtnR(Mi, F ). Then
we can deduce the result using Theorem 3.2.

4 The global FI-projective dimension of rings.

In this section we introduce the global FI-projective dimension of rings and we give its charac-
terization. Also we characterize semisimple and hereditary rings using this dimension.

Definition 4.1. The global FI-projective dimension of R is the supremum of FI-projective di-
mensions of all R-modules, denoted:

FI − pdim(R) = sup{FI − pdR(M)/ M is an R-module}.

The following result gives a characterization of the FI-projective dimension of rings.

Proposition 4.2. Let R be a ring and let n ≥ 0 be an integer. Then the following conditions are
equivalents:

(i) FI − pdim(R) ≤ n.

(ii) Extn+1
R (M,N) = 0 for any R-module M and any FP-projective R-module N.

(iii) Extn+j
R (M,F ) = 0 for any integer j ≥ 1, and R-module M and for any FP-projective

R-module N.

(iv) idR(N) ≤ n for any FP-projective R-module N .

(v) FI − pd(M) ≤ n for any R-module M .

Proof. The proof is obvious it follows from the definition and Theorem 3.2.

Corollary 4.3. A ring R is semisimple if and only if FI − pdim(R) = 0

Proof. follows from Proposition 4.2 and Theorem 2.8.

The following theorem gives a characterization of the ring of FI − pdim(R) ≤ 1.

Theorem 4.4. Let R be a ring. Then the following are equivalent:

1) FI − pdim(R) ≤ 1.

2) Every submodule of an FI-projective R-module is FI-projective.

3) Every submodule of a projective R-module is FI-projective.

4) Every FP-projective R-module has an injective dimension at most 1.
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Proof. 1)⇒ 2) Let N be a submodule of an FI-projective R-module M , applying the long exact
sequence of the functor HomR(., F ), where F is an FP-projective module, to the short exact se-
quence 0→ N → M → M/N → 0, we get: Ext1

R(M,F )→ Ext1
R(N,F )→ Ext2

R(M/N,F ).
The first term vanish since M is FI-projective and the last term vanish by hypothesis. Hence
Ext1

R(N,F ) = 0 and N is FI-projective.
2)⇒ 3) Obvious since every projective R-module is FI-projective.
3) ⇒ 4) Let M be an R-module and let 0 → K → P → M → 0, be a short exact

sequence of modules where P is projective. Applying the long exact sequence of the functor
HomR(., F ) where F is FP-projective, we get: Ext1

R(K,F )→ Ext2
R(M,F )→ Ext2

R(P, F ) =
0. By hypothesis Ext1

R(K,F ) = 0 which implies that Ext2
R(M,F ) = 0 hence idR(F ) ≤ 1.

4) ⇒ 2) Let N be a submodule of an FI-projective R-module M . Applying the long exact
sequence of the functor HomR(., F ), where F is an FP-projective R-module to the short exact
sequence 0→ N →M →M/N → 0, we get:

Ext1
R(M,F ) −→ Ext1

R(N,F ) −→ Ext2
R(M/N,F ).

We have Ext1
R(M,F ) = 0 since M is FI-projective and Ext2

R(M/N,F ) = 0 since idR(F ) ≤ 1
by hypothesis. Therefore Ext1

R(N,F ) = 0, and hence N is FI-projective.
3) ⇒ 1) For any R-module M, consider an exact sequence of R-modules 0 → K → P →

M → 0 with P is projective. Applying the long exact sequence of the functor HomR(., F ),
where F is an FP-projective R-module we get Ext1

R(K,F ) → Ext2
R(M,F ) → Ext2

R(P, F ) =
0. The first term is zero since K is FI-projective as a submodule of the projective module P and
the last term is zero since P is projective. Thus Ext2

R(M,F ) = 0 and hence FI − pdR(M) ≤ 1,
so FI − pdim(R) ≤ 1.

In the following proposition we see a characterization of hereditary rings using FI-projective
dimensions of rings.

Proposition 4.5. Let R be a ring. Then the following are equivalent:

1) R is hereditary.

2) FI − pdim(R) ≤ 1 and every FI-projective ideal of R is projective.

Proof. 1)⇒ 2) Obvious.
2) ⇒ 1) Let I be an ideal of R and consider the exact sequence 0 → I → R → R/I → 0.

Since FI − pdim(R) ≤ 1 so FI − pdR(R/I) ≤ 1 and I is FI-projective by Theorem 4.4 so I is
projective by hypothesis and R is hereditary.

Corollary 4.6. If R is hereditary, then every FI-projective R-module is projective.

Proof. Let M be an FI-projective R-module, for any R-module N we consider the exact se-
quence 0 → K → P → N → 0, where P is projective. Since K is a submodule of P and R
is hereditary, so K is projective. Applying the long exact sequence of the functor HomR(M, .)
we get the exact sequence: Ext1

R(M,P )→ Ext1
R(M,N)→ Ext2

R(M,K), then since M is FI-
projective we have Ext2

R(M,K) = 0 and since P is FP-projective, Ext1
R(M,P ) = 0. Therefore

Ext1
R(M,N) = 0 and hence M is projective.

Recall that finitistic projective dimension of a ring R is defined as:

FPD(R) = sup{pdR(M)|M is an R-module with pdR(M) ≤ ∞}.

Proposition 4.7. For any ring R we have:

FPD(R) ≤ FI − pdim(R) ≤ gldim(R)

with equality if wdim(R) <∞.

Proof. Since every projective R-module is FP-projective it is obvious that FI − pdim(R) ≤
gldim(R). On the other hand, suppose that FI − pdim(R) = n <∞ and let F be an R-module
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with pdR(F ) = m < ∞. We claim that m ≤ n, otherwise, suppose that m > n and for any R-
module N we consider the exact sequence 0→ K → P → N → 0 with P projective. Applying
the long exact sequence of the functor HomR(F, .) we get:

ExtmR (F, P ) −→ ExtmR (F,N) −→ Extm+1
R (F,K).

The first term is zero since m > n, and the last term is zero since pdR(F ) = m. Thus
ExtmR (F,N) = 0, which implies that pdR(F ) < m, contradiction, so m ≤ n.

Now if wdim(R) <∞, from [5, Corollary 4] we have FPD(R) = gldim(R).
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