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Abstract The aim of this paper is to characterise Noetherian and Artinian Gamma rings by
complex fuzzy ideals.

1 Introduction

The I'-rings which are generalizations of classical rings was constructed by Barnes [6] in 1966.
Since then many mathematicians have been trying to extend known results in the setting of rings
to the setting of I'-ring (see e.g. [5, 8, 10, 11, 12, 16, 20, 24]).

The notion of complex fuzzy sets which is a generalization of the notion of the traditional fuzzy
sets (due to Zadeh [25] in 1965) was introduced by Ramot and Milo [18] in 2002. Further for
the work concerning complex fuzzy sets and their applications we refer to [18, 17, 23]. Fuzzy
and complex fuzzy set theories have been applied in various algebra structures by many authors
(seee.g. [1,2,3,4,7, 19, 22] and references therein).

We introduced the concept of complex fuzzy sets to Gamma rings in [22]. In this paper we
examine some properties of complex fuzzy ideals of Gamma Rings. We use these to characterize
Gamma rings with chain conditions in terms of complex fuzzy Gamma rings.

2 PRELIMINARIES

Suppose that I" and R are additive abelian groups. Then R is a I'-ring (due to Barnes) if there is
a map
RxT'x R— R: (z,a,y) — zay

such that
) (z+y)az =zaz +yaz, z(a+ 8)z = zaz + 0z, zaly + 2) = zay + zaz,
(i) (zay)Bz = za(yBz),

forevery z,y,z € Rand a, 5 €T.
It is clear that the notion above generalizes the notion of a ring. Let R be a I'-ring. An element
e € R (unique) is called a unity of R corresponding to o € I'if aage = eapa = a forall a € R.
In this case, we say R is a I'-ring with unity.
A nonempty subset S of aI'-ring R is a sub-I'-ring of Rifa—b € S and aad € S forany a,b € S
and o € I'. A subset I of the I'-ring R is a left (right) ideal of R if I is an additive subgroup of
Rand RI'T = {raa|a € R,a € I';a € I} (IT'R) is contained in I. If I is both a left and a right
ideal of I, then we say that [ is an ideal (or two-sided ideal) of R. For more details on Gamma
Rings we refer the reader to [5, 6, 8, 10, 11, 12, 16, 20, 24].
Let [E? denotes the set {(a,b) | a> + b* < 1} (C R?). A complex fuzzy set on a nonempty set X
is a function

pa:X = E% e rA(a:)ei“’A(m),
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where i = v/—1,74(z) € [0,1], and wa(z) € [0,27]. If wa(z) = O for all z € X, then we
return back to the traditional fuzzy set (due to Zadeh [25]).

Fort; = Tleiwl,tz = roe2 ¢ E? O <ryrm<land 0 < wp,w; <2m), we say that t; =< ¢, if
and only if ry < 7 and w; < w;.

A complex fuzzy set 4 on X is homogeneous if for all x1, x; € X we have r(z;) < r(z;) if and
only if w(z1) < w(z,). Throughout this paper all complex fuzzy sets are homogeneous. Thus if
14 is a complex fuzzy set on X, then for each z1,z, € X we either have pa(z;) < pa(x,) or
pa(x2) = pa(zr).

A complex fuzzy set uy on a I'-ring R is a complex fuzzy sub-I'-ring if pa(z; — x2) =
pa(@) A palazs) Emin{pa(2)), pa(e2)}) and pa(ziazs) = pa(2r) A palas), forall zy, 2, €
R and a € T. If the second identity is replaced by pa(ziazs) = pa(zi) V pa(z) (=
max{pa(z), pa(x2)}), then u 4 is called a complex fuzzy ideal of R ([22]).

3 Characterizations of Artinian Gamma Rings in Terms of Complex Fuzzy
Ideals

Lemma 3.1. (/22]) Let ua be a complex fuzzy subset of a U'-ring R. Then pa is a complex
fuzzy ideal of R if and only if for each s + ti € Im(ua) the upper level U(pa,s + ti) =
{z € R|pa(x) = s+ ti} is an ideal of R.

In 2002, Ozturk, Uckun, and Jun proved that If every fuzzy ideal of a I'-ring has finite number
of values, then it is Artinian ([14]) Next, in 2003, they proved the converse ([15]). The following
theorem extends their results to complex fuzzy sets. There is analogous result for rings and Lie
algebras in terms of fuzzy ideals.

Theorem 3.2. Every homogeneous complex fuzzy sub-I'-ring (ideal) p 4 defined on I'-ring R
has a finite number of values if and only if every descending chain of sub-I'-rings (ideals) of R
terminates at finite step.

Proof. Suppose that every complex fuzzy ideal of a I'-ring R has a finite number of values, then,
in particular, every fuzzy ideal of R has a finite number of values. Hence R is Artinian; that is
every descending chain of ideals of R terminates at finite step.

Conversely suppose that every descending chain of ideals of a I'-ring R terminates at finite step.
Let ;14 be a complex fuzzy ideal of R. Suppose to the contrary that Im(y 4) is infinite. Because
(4 is homogeneous, we have every infinite subset of Im(pu4) C E? contains either a strictly
increasing or strictly decreasing infinite sequence. Let

st +tit<sy+try<---

be a strictly increasing sequence in Im(p4). According to Lemma 3.1 we have the following
descending chain of ideals of R:

U(,LLA,Sl +t14) 2 U(;LA,SZ —i—tzi) D

Since R is Artinian, there is ng € N such that U (jua, sny +1tnyi) = U(ta, Sne+j +tng+;) for each
j > 1. Note that since s,,, + tn,i € Im(u4), there is € R with pa(z) = sy, + tn,i. Then for
each j > 1 we have © € U(ua, Sny+j + Yng+jt)- Hence s,y + tnyi = pa(z) > Sngtj + tngtji-
Similarly we can find s,,,1j 4 tn,+j¢ = Spn, + tn,i for each j > 1. Therefore for each j > 1 we
have s,y + tny+ji = Sp, + tn,?. Contradiction (since all (s; + t;¢)’s are distinct). If

S1+tyin +tat > -
is a strictly decreasing sequence in Im(z4 ), then
U(pa,s1+t13) CU(pa, 82 +t2i) C -+

is an ascending chain of ideals of R. It is known that every Arinian I'-ring is also Noetherian, so
there is ng € N such that U(pa, Spy+tnyt) = U(pa, Sng+j+1tne+;) foreach j > 1. Hence s, +
ng+jt = Sny + tn,i for each j > 1 (since sy + t5i € Im(p4) for each k € N). Contradiction. O
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Let 1 be a complex fuzzy ideal of a I'-ring R. We denote by ,, the family of all upper levels
of R with respect to u. Also, for a set X, we denote by | X| the cardinality of X. The following
two corollaries was obtained in [13] and [15] in the setting of fuzzy rings and fuzzy I'-rings. The
theorem above helps us to extend them to the case of complex fuzzy I'-rings. The proofs are
very similar to the proofs of analogous results for fuzzy (I"-)rings, so we omit them.

Corollary 3.3. Let R be an Artinian I'-ring, and let 11 be a homogeneous complex fuzzy ideal of
R. Then || = [Im(y)|.

Corollary 3.4. Let R be an Artinian I'-ring, and let 14 and pp be homogeneous complex fuzzy
ideals of R. Then

Q,, =9Q,, andIm(ps) =Im(pp)if and only if s = pp.

4 Characterizations of Noetherian Gamma Rings in Terms of Complex
Fuzzy ideals

Let R be an Artinian I'-ring. Then R is Noetherian ([9]). Hence, and according to Theorem 3.2,
if every complex fuzzy ideal of a I'-ring R is finite valued, then R is Noetherian. There is an
example shows that there is a Noehterian I'-ring with an infinite valued of complex fuzzy ideal
([13, Example 3.4]).

Lemma4.1. Let p1 4 be a homogeneous complex fuzzy subset defined onU-ring R and let Tm(p4) =
{0, so + toi, s1 + t14,. ..}, where

e =80+ tol =81+t = sy +itri=--- = 0.
If Xo C X1 C Xp C --- are sub-T'-rings (ideals) of R such that pa(Xy \ Xg—1) = {sx + txi}
fork =0,1,2,... where X_| = ® and pa(R\ U, Xr) = {0}, then pa is a complex fuzzy
sub-I'-ring (ideal) of R.

Proof. We consider the case when all X, are subalgebras. Let x;,2p € Rand o € T. If
ziowy € R\ |, X, then also at least one of z; or z; is in R\ |J,, Xi (otherwise z1,z, and
r1ax, Will be in some Xj). So, in this case

pa(ziors) =0 = pa(z) A pa(er).
If 10y € J,, Xk, then there exists my such that zjaxs € X, \ X,n,—1. Hence we have either

21 ¢ Xmg—1 OF 23 ¢ Xpo—1. Without loss of generality we may assume x; ¢ X,,,—1. Now if
X ¢ U X}, then

pa(x) Apa(zz2) =0 = Sy + timgt = pa(ziaxs).
Otherwise there is ng (> mg) such that x; € X,,, \ X,,,—:. In this case we find
pA(Z1022) = Sy + tmgl = Sng + tngt = pra(@1) A pa(a).
Almost in the same way we can prove that 4 (z1 —x2) = pa(z1) Apa(z,) forevery z1, 2, € R.
Next let all X; be ideals and let zjaxs € X, \ Ximy—1 (@ € I'). Then x; and z;, are not in
Xmo—1. Indeed if 2| or x; is in X,,,_1, then zjax, € X,,,— because X,,,_; is ideal. Thus
pa(z1) Vpa(z) X Smy + tmet = pa(zi0z?).

If zyoxy € R\ U, Xy, then also 1, 22 ¢ J,, X, and so

pa(riams) = pa(@1) V pa(@2).
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The set of ideals of a given I'-ring is a poset with the usual inclusion C as the partial order.
Let (S, <) be a poset. A subset X of S is called a chain if for all z,y € X, we have either
z <yory <z If (5,<) is a poset, and A C S, we say = € A is a smallest element of A if
xz < yforally € A. A poset (S, <) is said to be well ordered if every nonempty subset of S
has a smallest element. It is well known (.9, <) is well-ordered if and only if it does not contain
infinite descending chains, that is there does not exist a sequence ag, aj,a; ... in S such that
apg > ayp >ay > -,

Oztiirk, M. Uckun and Y. B. Jun ([14]) proved that A I'-ring R is (left) Noetherian if and only if
the set of values of any fuzzy (left) ideal of R is a well ordered subset of [0, 1]. Here we extend
the result to the case of complex fuzzy I'-rings

Theorem 4.2. Every ascending chain of sub-T'-rings (ideals) of a I'-ring R terminates at finite
step if and only if the set of values of any homogeneous complex fuzzy sub-I"-ring (ideal) of R is
a well-ordered subset of E2.

Proof. Suppose that the set Im(p4) of values of a complex fuzzy sub-I'-ring (ideal) p4 for a
I'-ring R is not well ordered. Then there is a strictly decreasing sequence {s; + ¢;i} such that
sj +tji = pa(r;) for some r; € R. Butin this case U(ua, s; + t;i) form a strictly ascending
chain of sub-I"-rings (ideals) of R, which is a contradiction because R is Noetherian.
Conversely suppose that every ascending chain of sub-I'-rings (ideals) of a I"-ring R terminates
at finite step. Suppose that there exists a strictly ascending chain

SiCcS,cS3C---

of sub-I'"-rings (ideals) of R. Then one can easily see that S = [ J,, Sk is a sub-I'-ring (ideal) of
R. Define a complex fuzzy subset on R such that p4(Sk\ Sk—1) = {% + %z} fork=1,2,...and
with Xo = ® and pa(R\ S) = {0}. According to the lemma above we have p 4 is a complex
fuzzy sub-I"-ring (ideal) of R. Also since the chain S} C S, C --- is not terminating, 114 has
a strictly descending sequence of values. This contradicts with the assumption that the set of
images any complex fuzzy sub-I'-ring (ideal) of R is well-ordered. O

Corollary 4.3. Let '
2™ = so 4 toi = S|+ tii = sy +tai = - =0

be a strictly decreasing in B*. Then a T-ring R is Noetherian if and only if for each homogeneous
complex fuzzy ideal p of R with Im(u) C {so + toi, s1 + t1%, $2 + tai, -+ ,0} there is mg € N
such that Im(p) C {so + tot, $1 + t1dy ..y Smy + tmgi} U {0}

Proof. If R is Noetherian, then according to the theorem above for each complex fuzzy ideal
of R the set Im(y) is a well ordered subset, and a set is well ordered if and only if it does not
contain any infinite descending sequence.

Conversely suppose to the contrary that R is not Noetherian I'-ring. Let

XoCcXiCcX,C---

be a strictly ascending chain of ideals of R. Then, using Lemma 4.1 the complex fuzzy subset 14
defined by 14 (Xp\Xi—1) = {sp+tpi} fork =0,1,2,... where X_; = ®and s (R\U, X) =
{0} is a complex fuzzy ideal and does not satisfy our assumption. O
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