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Abstract This article is concerned with the existence and uniqueness of solutions of fuzzy
fractional differential equations using fixed point theory. We provide some results answering
when we can expect a solution of the problem.

1 Introduction
Fractional order fuzzy differential equations provide us a tool for modelling which appears to
be better than that of the ordinary differential equations in the sense that the predictions made
using models involving fractional derivatives are more close to nature than the ones done using
ordinary differential equations. To work with models involving fuzzy fractional derivatives one
must be able to tell whether the model is well posed or not that is whether it has a unique solution
or not. Therefore it is necessary to study the restrictions and the properties of the models and to
give some sufficient conditions on them so they possess a unique solution.
Fractional differential equations find its applications in the problems arising in the fields
including but not limited to electrical and mechanical properties of materials, dynamics of turbulence, electrochemistry, viscoelasticity. Literature for fractional calculus can be found in ([13],
[20] [23], [24], [26]). Further articles can be looked into ([16], [14], [15], [22]).
Letting fuzzy sets involve in our model allows us to harness the ability to handle the vagueness present in the nature. Since its introduction in 1965 by Lotfy Zadeh the literature for fuzzy
set theory has only grown and a useful amount of it can be found in ([6], [17], [31], [32]). Further
studies are referred in ([10], [19], [29]).
In 2010 Agarwal et. al.[2] merged fractional and fuzzy differential equation. Despite being
new, this topic is growing very fast and many articles related to this are published. Some early
works can be found in ([5], [28]). Useful surveys and collection of the literature for fuzzy fractional differential equations is given in ([1], [4]). While, the literature for fixed point theory and
its application is vast, some of which, that is relevant to this paper, are referred in ([18], [3],
[12]). Many situations in the study of nonlinear equations, calculus of variations, partial differential equations, optimal control and inverse problems can be formulated in terms of fixed point
problems ([8], [7], [9], [21], [11], [30]).
Motivated by the work initiated by Agarwal et al.[2] in which they viewed the set of all fuzzy
numbers as a semi-linear space and constructed a fixed point theorem for the space in semi-linear
sense. It is known that the set of all fuzzy numbers is also a metric space and hence Banach
contraction principle can be straight forwardly used, so observing that the Banach contraction
principle is not straight-forwardly used, we study the fuzzy fractional initial value problem given
below:
C α
t0 Dt x(t)

= f (t, x(t)),

x(t0 ) = x0 ∈ FR

(1.1)
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Where, FR denotes the collection of all fuzzy numbers with universe R, t ∈ [t0 , T ], x is the
α
unknown with codomain FR , C
t0 Dt denotes α order fractional derivative in Caputo sense with
0 < α < 1, f is also a fuzzy number valued function with the property that:
f ∈ C ([t0 , T ] × B (x0 , η ), FR )

(1.2)

Here, B (x0 , η ) is a fuzzy ball with center x0 and radius η .
The paper is designed as follows; this Section 1 is devoted to introduction, Section 2 contains
preliminary definition to be used in the paper. The main result is contained in Section 3 and Section 4 has an example supporting the results we established, the literature regarding the example
can be found in ([25], [27]). Section 5 concludes this article and then the useful reference are
listed.

2 Preliminary Supplements
With an intention to make this paper self-sufficient, the following definitions are given.
Definition 2.1. [4] “A fuzzy number is a fuzzy set P if for its membership function µP : R →
[0, 1] the following holds:
(i) P is normal. i.e, there exists a real member q0 such that µP (q0 ) = 1.
(ii) P is fuzzy convex. i.e,
for two arbitrary real numbers q1 , q2 and l ∈ [0, 1] we have,
µP (lq1 + (1 − l)q2 ) ≥ M in{µP (q1 ), µP (q2 )}.

(iii) P is upper semi-continuous.
(iv) The closure of Supp(P ) = {q ∈ R : µP (q ) > 0} is compact.”
The Supp represents the support set of the fuzzy set P and is defined as in above.
Definition 2.2. [4] “The parametric form of a fuzzy number P is given by qP = [Pl (q ), Pu (q )]
for any 0 ≤ q ≤ 1, iff,
(i) Pl (q ) ≤ Pu (q ).
(ii) Pl (q ) increases with q and is left continuous function on [0, 1] and right continuous on 0
with respect to q .
(iii) Pu (q ) decreases with q and is left continuous function on [0, 1] and right continuous on 0
with respect to q .
(iv) qP = [Pl (q ), Pu (q )] is a compact interval for any 0 ≤ q ≤ 1.”
Definition 2.3. [4] “A singleton fuzzy number is a real number a, if qa = [al (q ), au (q )] = [a, a]
i.e, the membership function at a is 1 and at other values is zero.”
For example, 0 denotes the singleton fuzzy zero with,
(
1, q = 0
µ0 (q ) =
0, otherwise.
Definition 2.4. [4] “Let P and Q be two fuzzy numbers in parametric form then the addition R
of P and Q is given by
P ⊕ Q = R,
qR = [Rl (q ), Ru (q )] = qP + qQ = [Pl (q ), Pu (q )] + [Ql (q ), Qu (q )],

where,
Rl (q ) = Pl (q ) + Ql (q ), Ru (q ) = Pu (q ) + Qu (q ).”
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Definition 2.5. [4] “Let P and Q be two fuzzy numbers in parametric form then the generalized
Hukuhara difference of P and Q is given by


 (i)P = Q ⊕ R
P gQ=R⇔
or


(ii)Q = P ⊕ (−1)R.”
Definition 2.6. [4] “Let P and Q be two fuzzy numbers in parametric form then the multiplication of P and Q is given by
Q = R,

P

qR = [Rl (q ), Ru (q )] = qP × qQ = [Pl (q ), Pu (q )] × [Ql (q ), Qu (q )],

where,
Rl (q ) = min{Pl (q ) × Ql (q ), Pl (q ) × Qu (q ), Pu (q ) × Ql (q ), Pu (q ) × Qu (q )},
Ru (q ) = max{Pl (q ) × Ql (q ), Pl (q ) × Qu (q ), Pu (q ) × Ql (q ), Pu (q ) × Qu (q )}.”

This is also valid if one of P and Q is a real number.
Definition 2.7. [4] “The Hausdorff distance DH : FR × FR → R, between two fuzzy numbers P
and Q is given by
DH (P, Q) = sup max{|Pl (q ) − Ql (q )|, |Pu (q ) − Qu (q )|}.”
q∈[0,1]

Following are some properties satisfied by DH . Here P, Q, R, S ∈ FR and k ∈ R:
(i) DH (P ⊕ R, Q ⊕ R) = DH (P, Q).
(ii) DH (k

P, k

Q) = |k|DH (P, Q).

(iii) DH (P ⊕ Q, R ⊕ S ) ≤ DH (P, R) + DH (Q, S ).
(iv) (FR , DH ) is a complete metric space.
S ) ≤ DH (P, R) + DH (Q, S ).

(v) DH (P

g

Q, R

(vi) DH (P

g

Q, 0) = DH (P, Q).

g

Last two properties are very useful as they relate the Hausdorff distance to the generalized
Hukuhara difference.
Definition 2.8. [4] “The generalized Hukuhara derivative of a fuzzy number valued function
x : [0, T ] → FR at t0 ∈ [0, T ] is given by :
x0 (t0 ) = lim

h→0

provided that the difference x(t0 + h)
gH -differentiable.”

g

x(t0 + h)
h

g

x(t0 )

,

x(t0 ) and the limit exists then the function x is called

The level-wise form of gH -differentiable function x is given in following two cases:
CASE I: x0 (t, r) = [x0l (t, r), x0u (t, r)], if x is i − gH differentiable at t.
CASE II: x0 (t, r) = [x0u (t, r), x0l (t, r)], if x is ii − gH differentiable at t.
Definition 2.9. [24] “The fractional integration of x ∈ L1,loc ([t0 , t], R) of order α > 0 in RiemannLiouville sense is given by
−α
x(t) =
t0 J t

1
Γ(α)

Z

t

t0

(t − τ )α−1 x(τ )dτ.”
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Definition 2.10. [24] “The fractional derivative of x ∈ L1,loc ([t0 , t], R) of order 0 ≤ α < 1 in
Riemann-Liouville sense is given by
Z
d
1
d t
−(1−α)
RL α
(t − τ )−α x(τ )dτ.”
(t J
x(t)) =
t0 Dt x(t) =
dt 0 t
Γ(1 − α) dt t0
Definition 2.11. [24] “The fractional derivative of a differentiable function x, such that x0 ∈
L1,loc ([t0 , t], R), of order 0 < α < 1 in Caputo sense is given by
Z t
0
1
−(1−α) d
C α
D
x(
t
)
=
J
(t − τ )−α x (τ )dτ.”
x(
t
)
=
t0
t
t0 t
dt
Γ(1 − α) t0
Definition 2.12. [24] “The Mittag-Leffler function with two parameter for z ∈ C is given by
Eα,β (z ) =

∞
X
k=0

zk
, (α, β > 0)”
Γ(αk + β )

Definition 2.13. [4] “The fuzzy fractional Caputo derivative of order 0 < α < 1 of a fuzzy number valued function x, such that x is gH differentiable and x0 ∈ L1,loc ([t0 , t], FR ), is defined as:
Z t
1
C α
D
x(
t
)
=
(t − τ )−α x0 (τ )dτ.”
t0 t
Γ(1 − α)
t0
Definition 2.14. [4] “Let x be a fuzzy number valued function with parametric form x(t, r) =
[xl (t, r), xu (t, r)], then length of x is defined as:
length(x(t, r)) = xu (t, r) − xl (t, r).”

Note: The length function is monotonically increasing if the function x is i − gH differentiable
and is monotonically decreasing if it is ii − gH differentiable.

Lemma 2.1[4] “Let x(t) be a i or ii − gH differentiable fuzzy function. Then x(t) is the solution
of (1.1) iff, x(t) is the solution of the following integral equation:
Z t
1
x(t) g x0 =
(t − τ )α−1 f (τ, x(τ ))dτ.”
Γ(α)
t0
Definition 2.15. [18] “Let g : X → X and (X, d) a metric space then g is a contraction if there
exists a fixed constant l < 1 such that
d(g (a), g (b)) ≤ ld(a, b), ∀a, b ∈ X.”

Theorem 2.16. [18] “Each contraction map g : X → X on a complete metric space (X,d) has a
unique fixed point.”
Definition 2.17. Let C ([t0 , T ], FR ) be the set of all continuous functions from [t0 , T ] to FR . Define
H (x, y) = sup DH (x(t), y(t)).
t∈[t0 ,T ]

Then (C ([t0 , T ], FR ), H ) is a complete metric space.
Theorem 2.18. [18] “Let g : X → X and (X, d) a complete metric space with the property that
for some positive integer n, g n is contraction on X . Then, g has a unique fixed point.”
Proof Let a be the fixed point of g n , then,
g n (a) = a =⇒ g n+1 (a) = g (a) =⇒ g n (g (a)) = g (a)

This means that g (a) is also a fixed point of g n . But the fixed point is unique, hence g (a) = a
that is a is a unique fixed point of g .
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3 Main Result
In this section, we give existence and uniqueness results on the solutions of the fuzzy fractional
differential equation using Banach fixed point theorem or contraction principle.
Theorem 3.1. Let f be a continuous function in system (1.1) such that for any z, w ∈ C ([t0 , T ], B (x0 , η ))
and L > 0,
DH (f (t, z(t)), f (t, w(t))) ≤ LDH (z(t), w(t)),

(3.1)

then the IVP (1.1) has a unique solution.
Proof We’ll exploit the Banach contraction principle to prove this result. Define, T : C ([t0 , T ], FR ) →
C ([t0 , T ], FR ) as
Tx(t) = x0 ⊕

1
Γ(α)

t

Z

(t − τ )α−1

f (τ, x(τ ))dτ.

t0

Since t ∈ [t0 , T ], the right hand side is a continuous fuzzy number valued function on [t0 , T ] and
hence is well defined. Now, consider the following,
DH (Tx(t), Ty(t)) = DH (x0 ⊕
x0 ⊕

1
Γ(α)

Z

1
Γ(α)

Z

t

(t − τ )α−1

f (τ, x(τ ))dτ,

(t − τ )α−1

f (τ, y(τ ))dτ ),

t0
t

t0

using properties of the Hausdorff distance and assumptions on f ,
1
≤
Γ(α)

Z

L
≤
Γ(α)

Z

t

(t − τ )α−1 DH ((τ, x(τ )), f (τ, y(τ )))dτ

t0
t

(t − τ )α−1 DH (x(τ ), y(τ ))dτ,

t0

taking supremum over [t0 , T ] both the sides,
sup DH (Tx(t), Ty(t)) ≤
[t0 ,T ]

L
Γ(α)

Z

t

sup (t − τ )α−1 DH (x(τ ), y(τ ))dτ

t0 τ ∈[t0 ,T ]

"Z
#
t
L
α−1
≤
H (x, y)
(t − τ ) dτ
Γ(α)
t0

L
H (x, y)(t − t0 )α
Γ(α + 1)
L
≤
H (x, y)(T − t0 )α .
Γ(α + 1)

H (Tx, Ty) ≤

Now,
DH (T2 x(t), T2 y(t)) = DH (T(Tx(t)), T(Ty(t)))
Z t
L
≤
(t − τ )α−1 DH (Tx(t), Ty(t)),
Γ(α) t0

(3.2)
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taking supremum over [t0 , T ] both the sides,
sup DH (T2 x(t), T2 y(t)) ≤
[t0 ,T ]

L
L
Γ(α) Γ(α + 1)

Z

t

(t − τ )α−1 (τ − t0 )α H (x, y)dτ

t0


 1 Z t
(t − τ )α−1 (τ − t0 )α dτ
=
H (x, y)
Γ(α + 1)
Γ(α) t0
L2

=

L2
Γ(α + 1)
H (x, y)
(t − t0 )α+α
Γ(α + 1)
Γ(α + 1 + α)

=

L2
(t − t0 )2α H (x, y)
Γ(2α + 1)

H (T2 x, T2 y) ≤

L2
(T − t0 )2α H (x, y).
Γ(2α + 1)

H (Tn x, Tn y) ≤

Ln
(T − t0 )nα H (x, y).
Γ(nα + 1)

Inductively,

Ln (T − t0 )nα
Ln (T − t0 )nα
→ 0 as n → ∞, ∃n ∈ N, sufficiently large such that
< 1.
Γ(nα + 1)
Γ(nα + 1)
This implies that Tn is a contraction.

But since

Now, Theorem 2.18 implies that T has a fixed point which assures the existence of a unique
solution of 1.1 by Theorem 2.16.

4 Example
We are considering an example which satisfies the conditions of our Theorem 3.1 and works as
an illustration of the Theorem 3.1. For t ∈ [0, T ], we have:
C α
0 Dt x(t)

=p

x(t)

g

x2 (t),

x(0) = [0.1 0.5 1] ∈ FR ,

(4.1)

here, p is a singleton fuzzy number. Since,
f (t, x(t)) = p

x(t)

g

x2 (t), x(t) ∈ B ([0.1 0.5 1], η )

is a continuous function with fuzzy ball B ([0.1 0.5 1], η ) as its codomain and [0, T ] as its
domain, where η > 0 is the radius of the fuzzy ball B with centre [0.1 0.5 1], then it can be
shown that the natural map produced by 4.1 is a contraction and hence it has a unique solution.

5 Conclusion
Under the suitable restrictions on the function f we provide a result that tells when to expect a
unique solution for the fuzzy fractional IV P (1.1) using a variant 2.18 of the Banach contraction
principle stated in theorem 2.16. An example to support the theory is presented.

References
[1] R. P. Agarwal, D. Baleanu, J. J. Nieto, F. M. T. Delfim and Z. Yong, A survey on fuzzy fractional differential and optimal control nonlocal evolution equations, Journal of Computational and Applied Mathematics
339, 3–29 (2018).
[2] R. P. Agarwal, V. Lakshmikantham and J.J. Nieto, On the concept of solution for fractional differential
equations with uncertainty, Nonlinear Anal. 72, 2859–2862 (2010).
[3] R. P. Agarwal, S. Arshad, D. O’Regan and V. Lupulescu, A Schauder fixed point theorem in semilinear
spaces and applications, Fixed Point Theory and Applications 2013:306. (2013).

FUZZY FRACTIONAL DIFFERENTIAL EQUATIONS

131

[4] T. Allahviranloo, Fuzzy Fractional Differential Operators and Equations, Springer, Switzerland (2021).
[5] S. Arshad and V. Lupulescu, On the fractional differential equations with uncertainty, Nonlinear Anal. 74,
3685–3693 (2011).
[6] S. Chakraverty, S. Tapaswini and D. Behera, Fuzzy Differential Equations and Applications for Engineers
and Scientists, Taylor & Francis Group, Boca Raton (2017).
[7] C. Dineshkumar and R. Udhayakumar, Results on approximate controllability of non densely defined
fractional neutral stochastic differential systems, Numerical Methods for Partial Differential Equations
(2020).
[8] C. Dineshkumar, R. Udhayakumar, V. Vijayakumar and K. S. Nisar, A discussion on the approximate
controllability of Hilfer fractional neutral stochastic integro-differential systems, Chaos Solutions and
Fractals 142 (2021).
[9] C. Dineshkumar, R. Udhayakumar, V. Vijayakumar, K. S. Nisar and A. Shukla, A note on the approximate
controllability of Sobolev type fractional stochastic integro-differential delay inclusions with order 1 <
r < 2, Mathematics and Computers in Simulation 190 1003–1026 (2021).
[10] O. Kaleva, A note on fuzzy differential equations, Nonlinear Anal. 64, 895–900 (2006).
[11] K. Kavitha, V. Vijayakumar, R. Udhayakumar and C. Ravichandran, Results on controllability of Hilfer
fractional differential equations with infinite delay via measures of noncompactness, Asian Journal of
Control (2021).
[12] A. Khastan, J. J. Nieto and R. R. López, Schauder fixed-point theorem in semilinear spaces and its
application to fractional differential equations with uncertainty. Fixed Point Theory and Applications
2014:21.(2014).
[13] A. A. Kilbas, H. M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier, Amsterdam (2006).
[14] V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential equations, Nonlinear Anal.
69, 2677–2628 (2008).
[15] V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of Fractional Dynamic Systems Cambridge
Scientific Pub, Cambridge, UK (2009).
[16] V. Lakshmikantham and A. S. Vatsala, General uniqueness and monotone iterative technique for fractional
differential equations, Appl. Math. Lett. 21 (8), 828–834 (2008).
[17] V. Lakshmikantham and R. N. Mohapatra, Theory of Fuzzy Differential Equations and Inclusions, Taylor
& Francis, New York (2003).
[18] A. Latif, Banach Contraction Principle and Its Generalisations, Chapter 2 of Topics in Fixed Point Theory, Springer, New York (2014).
[19] V. Lupulescu, On a class of fuzzy fractional differential equations, Fuzzy Sets and Systems 160, 1547–
1562 (2009).
[20] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equations, Wiley,
New York (1993).
[21] M. Mohan Raja and V. Vijayakumar, New results concerning to approximate controllability of fractional
integro-differential evolution equations of order 1 < r < 2, Numerical Methods for Partial Differential
Equations (2020).
[22] H. V. Ngo, V. Lupulescu and D. O’Regan, A note on initial value problems for fractional fuzzy differential
equations, Fuzzy Sets and Systems 347, 54–69 (2018).
[23] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York (1974).
[24] I. Podlubny, Fractional Differential Equation, Academic Press, San Diego (1990).
[25] W. T. Reid, Riccati Differential Equations, Mathematics in Science and Engineering, vol. 86. Academic
Press, New York (1972).
[26] B. Ross, A brief history and exposition of the fundamental theory of fractional calculus, Fractional Calculus and its Applications 57, 1–36 (1975).
[27] M. G. Sakar, A. Akgül and D. Baleanu, On solutions of fractional Riccati differential equations Adv
Differ. Equ. 2017, 39 (2017).
[28] S. Salashour, T. Allahviranloo, S. Abbasbandy and D. Baleanu, Existence and uniqueness results for
fractional differential equations with uncertainty, Advances in Difference Equations bf 2012:112 (2012).
[29] S. Seikkala, On the fuzzy initial value problem, Fuzzy Sets and Systems 24, 319–330 (1987).
[30] W. K. Williams, V. Vijayakumar, R. Udhayakumar, S. K. Panda and K. S. Nisar, Existence and controllability of nonlocal mixed Volterra-Fredholm type fractional delay integro-differential equations of order
1 < r < 2, Numerical Methods for Partial Differential Equations (2020).
[31] L. A. Zadeh, Fuzzy sets, Inf. Control 8, 338–355 (1965).

132

Arpit Dwivedi, Gunjan Rani, and Ganga Ram Gautam

[32] H. J. Zimmermann, Fuzzy Set Theory - and Its Applications, Springer, Netherlands (2001).

Author information
Arpit Dwivedi, Gunjan Rani, and Ganga Ram Gautam, DST-Centre for Interdisciplinary Mathematical Sciences, Institute of Science, Banaras Hindu University, Varanasi-221005, India.
E-mail: arpit@bhu.ac.in, gunjan0806@bhu.ac.in, gangacims@bhu.ac.in

