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Abstract This paper deals with the existence and uniqueness results for sobolev type fuzzy
integrodifferential evolution equation with non-local condition. The invented outputs are derived
by contraction principle and fuzzy number. Also fuzzy number values are normal, upper semi-
continuous, convex and compactly supported interval in &,. Finally, an example is provided.

1 Introduction

The theory of existence results for non-local evolution equation in Banach spaces has been stud-
ied first by Byszewski [4]. Many research papers related to the linear and non-linear integrod-
ifferential models existing in the literature and written by several authors have studied the in-
tegrodifferential equations in Banach spaces [19, 20, 21]. The study of sobolev type nonlinear
integrodifferential equations [1, 2, 6, 12, 13, 17, 24, 25] and Radhakrishnan et al. [22] studied
existence result of sobolev type nonlinear neutral integrodifferential equations.

The fuzzy set theory concept was first introduced by Zadeh [26], which is primarily based
on the fact that "all things happening in real world are unstable and unpredictable". The fuzzy
theory was put forward and successfully applied in various fields of science and engineering.

Furthermore, there are few research paper on differential equations in a fuzzy context. The
notion of metric space of fuzzy sets was established by Diamand et al. [5]. Kaleva[10, 11] fo-
cused on fuzzy differential equations in particular. Radhakrishnan [18] established the control-
lability results for fuzzy neutral integrodifferential systems by using the variations of parameter
formula under semigroup theory concept. Sobolev type differential equations under fuzzy con-
cept was studied by Muslim et al [16]. For more study of different type of fuzzy differential
equations, one can see[3, 8, 7, 14, 15, 23].

Here the investigation is based on the existence and uniqueness results for Sobolev type fuzzy
integrodifferential evolution equation:

(Bzx) (1) = (r)x(r)+ 9(7, xT,/OT H(T, x,)du), T#7, TeJ =][0,0], (1.1)

() + g(@p,.nzr,)|(p) = o(n), pe[—d,0], (1.2)

where 7 (t) : &, — &, is a linear operator, the coefficient of fuzzy is defined as Z : J — &,
where &, is the set of all convex, normal and upper semicontinuous fuzzy numbers on %. The
non-linear functions 27 : 7 x J x &, — &, and ¥ : J x &, x &, — &, are continuous. The
non-local function ¢ : [PC([—d,0]);&,)] — &, are given functions. The history x, represents
the function z, : (—d, 0] — &, defined by z,(0) = x(7 + 0); for 7 € [0,b];60 € [—d,0].

2 Preliminaries

A membership function is used to build a fuzzy subset of %" that assigns a membership grade
to each x € Z". The function of membership is addressed in this way.

w: Z" to the closed interval [0, 1].
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The assumption that w maps %" onto [0, 1], that [w]° is a bounded subset of %", that w is fuzzy
convex, and that w is upper semicontinuous was used throughout the study. Here &, be the space
of all fuzzy subsets w of Z" which are fuzzy convex, normal and upper semicontinuous fuzzy
sets with bounded supports. Particularly, &' represents the space of all fuzzy subsets w of Z.

A fuzzy number c in Z is a fuzzy set characterized by a membership function y. is defined
from Z to [0, 1]. Moreover, a fuzzy number ¢ becomes

/ Xc
c= =
zezx L

with x.(-) in the closed interval 0 and 1 that presents the membership grade of (-) in b and the
integral sign defines the union of X=.

Let x in Z™ and A be a nonempty subsets of %#”. Now the Hausdroff separation of B from
A is defined by

d(z, A) = inf{||z — a| : a € A}.
Let A and B be nonempty subsets of %". The Hausdroff separation of B from A is defined by
HA(B, A) = sup{d(b, A) : b € B}.
The Hausdroff distance between A and 5 of Z" is defined by
HY(A, B) = max{HI (A, B), H!(B, A)}.

It is symmetric in A and B. Consequently,

(@) HU(A,B) > 0 with H%(A, B) = 0if and only if A = B;

(b) HU(A,B) = HU(B, A);

(c) HYA,B) < HYA,C)+HC,B);

for any nonempty subsets of A, 5 and C of Z".
The supremum metric H' on C(J, &,) is defined by

H (x,y) = sup{d™®(z(7),y(r) : 7 € J), forall z,y € C(TJ, &)}

Fuzzy Solution Operators: We adopt the general definition and theorem of operator theory on
&y in [15]. If &7 : &, — &, is linear, then

A (T + 1) (1) + o (1)
d(\r) = (1), Q2.1

forall 7,p € J =1[0,b],\ € Z.
The infinitesimal generator {.<7(¢) : 0 < t < b} generates a two parameter family of operators
{% (t,s) : 0 < s <t <b}and its various properties can be seen in ( [9]).

Definition 2.1. Let z(-) € PC([—d, a], &,) is called a mild solution of (1.1) — (1.2) if z(u) +
[q(zr,,s s zr,) (1) = @(p), p € [—d,0]; the restriction of z(-) to the interval 7, is continuous
and the following conditions are satisfied:

(i) x(r) = B'U(1,0)B(0) — % (1,0)[q(2r,, ..., z,)](0)

T 7
+/ U (T, u)%?(u,xu,/ AR xT)du)dT, 7 €[0,a],
0 0

(i) () + lg(zr, s zr)(n) = @(n),  pel=d,0).
To determine the existence results, the following assumptions are required:

(H1) In &,, the operator <7 (t) yields a two parameter family of operators % (v, v) and 3 a con-
stant M > 0, such that

% (v,v)|| < M, for 0 <y <v<a.
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H2) f:TJ x &, x &, — &, is continuous and 3 constants Lg > 0, Ly > 0, such that
d g g d d
H([# ()] [F Gy 0] ) < L (@, y)+H w,0)), fora,y,u,0 € &, pe T,
Lo = max ||.% (1, 0,0)].
o = max |7 (4,0, 0)]

(H3) Foreach pu,7 € J,H : J x J x &, — &, is continuous and 3 constants Np > 0 and
Ny > 0, such that

qu/o”%(ﬂmﬂu)du}ﬂ’ {/O” %”(M,T,Uu)dur) < Ngllu—v||, for u,v € &,, v,u € 7,

No = max{ [ /(v ,0)lds : v, € 9.
0
(H4) ¢ : [PC([—d,0],&,)]P — &, is continuous and 3 a constant G > 0, such that

2 [{aCurwerten )] [0, J0)] ) < G0,
for each u, v € PC([—d,al,&,), n € [—d, 0],
Go = max{[|[q(ur,, ..., ur, [(n)| : v, v € PC([=d, a], &), p € [=d, O]}
(HS5) da positive constant § > 0 such that

M(1+6M) [[9(0)| + Go +b{Li[No + (1 + Np)r] + Lo} | <4,

Moreover, let us put
v=MA+bM)[Gp +bLg + bNg].

3 Fuzzy Sobolev Type Integrodifferential Equation

Consider the following non-local Sobolev type nonlinear fuzzy integrodiferential evolution equa-
tion

(#2)() = l(D)a(r)+ F(ror, [ Amw)dn) T E T TET,  GD
0
x(:u) + [q(xﬂv "'vx’f"p)}(:u) = @(M)v IS [_d7 0]7 (3.2)
In this case, we used the operator & on &,, which is given by
-1
&= [1+q(xm...,xrp)(u)gg—'az/(n,om}
with
Ti | 1
ég{/o B~ U (15, 10) [ﬂ(p,xu(u),/o %(M,T,x(T))dT)} du} € 6.
Definition 3.1. A fuzzy solution x in the form of integral equation
z(r) = B 'U(T,00BEH(0) — q(zr,, ..rr,) (W) B U (7,0)BE

Ti 14
(o7 [ #w o Z . [ G radnin))

X

T I
+ / @71%(7,;1)?(/1,1"”,/ 0, 7,2 )dT)dp (3.3)
0 0

is said to be a solution of (3.1)-(3.2) on J.
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Remark: 3.1. A fuzzy solution of the sobolev type fuzzy integrodifferential equation (3.1)-(3.2)
satisfies the condition (3.2)-(3.3).

a(p) = Eo(p) —a(r,...;zr / U (ri, ) B~ F Tzw/ %H7xu)du>dﬁ}
+ q(:z:rl,...zrp)é"{ﬂ ,u,xT,/ %(T,u,xT)dT)d,u}
0
and
m
or) = B\U(1,00BEH0) + qlar, .wr ) B U (1,00 BEF (7, 2, / (7 1y, )dpp)
0
Ty M
/ %(Tj7ﬂ)%_lﬁ(7',xr,/ %(T,/L,.I‘H)d,u/)d'r_
0 0
Therefore,

2(1) + gy, oy, ) (1) = [1 + q(zr, ...,xrp)gg—laz/(rj,om} @%(O)}

+ {I + q(:vﬁ,...,Jcrp)%”l%(rj,o)@}

X

Tj i
gé”/ %(Tj,u)%’_lﬁ(r, xT,/ %(T,u,x”du)dT
0 0

Theorem: 3.2. If (H1)-(H5) hold, then (3.1)-(3.2) has a fuzzy solution on 7.
Proof.Let F be a subset of C(.J, &,) defined as follows:
F=A{z:x(r) € &, ||z(7)|| < p, for T € T}.
A mapping  : F — F is defined by

(Cz)(r) = Z7'U(1,00BE6(0) — q(wr,, s p, ) (1) B U (7,0)BE

,1/0 @1%(Ti’“)ﬁ(ﬂvﬂcu,/OM%(T,/L,%r)m')du}

X

T p
+ / %—1@/(7,”){9’(#7:@,/ %(T,u,xT)dT)du.
0 0

Initially prove that the operator  maps F into itself.

(Ca)(n)| = 1B~ (7,0)8E6(0) — q(r,, ... 21, ) (0) B~ % (7,0)BE

_1/ ’%_]%(Tmﬂ)y(%mm
0 0

14

%(T,u,xT)dr)du}
T n

+/ %_IOZ/(T,M)y(M,Iu,/ %(M,T,xT)dr)dM
0 0

b H
< M\¢(0)|+MG0+M/ |35(u,:r#,/ 7 w2 dr ).
0 0
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Since from assumptions (H2) and (H3), we have

Iz I
17 o [ A urzdn) < 1F (e [ H s r i) = 2(.0.0) + 7 (0.0,0)

123

<1 (s [ mz)dr) = F(1,0,0)1 + 12 1,0,0)]

< Lallaul + [ 1z )dr] + Lo
0
< Lplle] + / 1 (7, 27) — (7, 0) | dr

+ /0# | (p, 7,0)||dT + Lo
< Lp[No+ (1 4+ Np)|zs|] + Lo
there holds
(G (r)] < M|$(0)| + MGy +bMLp[No+ (1 + Np)lzs| + Lo].
From (H5), one gets |Cz(7)| < p, therefore  maps F into itself.
(1) (7)), [Cy)()7)

= ( [%’—1%(7, 0)BEH0) — q(wry, s 2, ) (1) B~ U (7,0) BE
X {@71 /On BU (11, 1) F (1, 2, /OM (T, xT)dT)d,u})

+ /OT BU (1, 0)F (1,2, /OH (T, xT)dT)du]ﬁ,

(2% (1,00B66(0) ~ alyr,, 0, ) )2 U (7,0) 58
Ao [ w S [ A ina)

+ /OT B\U (T, u)ﬁ‘(u,zm/oM H (T, yr)dT)dur>

< M(1+bM)[|(0)] + Go + M[Lg[No + (1 + Ng)r + Lol H* ([x(7)]*, [y(7)]*).
Let M (1 + bM)[|¢(0)| + Go + M[Ly[No + (1 + Ng)r + Lo] = A. Now

1 ([(E) ()P ()] = AHA([e ()P, (7))

d> ([Cx(7)]7, [Cy(n))?) < e HA([Cx(m))P, [{y(7)])7)
< sup AHY([x(n)]7, [y(7)]?)
B€(0,1)
d>®([Cx(7)]?, [Cy(7)]P) < Ad™®(a(7), y(T)).

Therefore
H([Cz())%, [Cy(n)]?) < sup d>([¢x (7)), [Cy(7)]7)
Be(0,1)
< AR (a(r),y(r)).
Since A < 1, from the above it is easy to observe that the operator  is contraction on &, and

as a result of the Banach contraction principle, there exists a single fixed point z € F where
(Cz)(7) = (7). The solution to the problem (3.1)-(3.2) is then this fixed point.
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4 Case Study

Consider the fuzzy neutral indegrodifferential equation with nonlocal condition

(z(n+h) = 2[z(n+h)+72°(n+h)] + 3nz(n+h)* 4.1)
= S cin((m). “.2)
=1

Let Z(n, x,) = 222(n + h), fon (0, py xy)dp = 3n2®(n + h).

The S level set of fuzzy numbers
2:2°=18+1,3-5];

3:3]°P=[B+2,4-8];

Now S level set of functions are

[F ()] = [2n2*(n + h)]7
= |8+ D)+ 02 2= Byl (n+ )2

i e (w)dn)® = [Bna(n))?

= 0[(B+2)a) ), (4= B)xl (n)?].

B
The B- level set of S0 cia(ns):| X esa) ()] = | Sy e (i), S0 ciad ()]

HUF (n.20))”, [F (,9))7) = H0(B+ 1)(a7 (0)), 3 = B)(a (n)],
n[(8+ 1)y (n+ 1)), 3 = B) (! (n + 1))
= pmax{(8+ 1)|(z] (n) — (&' (m)1, 3 = B)I(=] () — () ()]}
= nmax{(8+ Dla7 (n+h) + g (n+ )|z} (n) = v (n)],
(3= B2 (n+ ) + ()27 (n + h) =y (n+ h)[}

(3 = B)t|z (n + h)) + ] (n + h)l
max{|z)'(n + h) =yl (n + h)|, [« (0 + h) — v (n+ h)|}
(3 = B)blaf (n) + yf (n + 1)

max{|z)(n + h) =y (n+ h
3|22 (n)) + y2 ()] max{|a)
LpHY([z(n+ 1)), [y(n + b

~—

122 () —y2 (n)|}
n) =y )], |22 (n) — y2 ()|}
1),

where L = 3b|z?(n + h)) + y2(n + h)| fulfills the inequality specified in condition (H2).
HUY e m). 1Y ewm)l’) = H([ X el ). Y caln)], | 3 et ), eawl (mi))
i=1 i1 i=1 i=1 i1 i1

GpH ([z(ni]”, y(m]?),

IN X IN X A

\_//—\\_/

IN
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where Gp = | Y .-, ¢;| satisfies the inequality which is given in condition (H4).

(] /0 A1), | /0 H (1, p,2,)]%) = HAWB +2) (@) (0)?), (4 — B) (2 (n)?)],

nl(B+ 1)y (1)), 3= B)(w (n ))2])
= pmax{(8+2)|(z] (n)) -

(4 =Bl () — (v! (77))\}
< 4HY([z(n))?, [y(n:))?) = NpH ([2(0:))?, [y(m)]"),

where N = 4b|z?(n)) + y2(n)|, and there by the condition (H3) which satisfies the inequality.
Thus all conditions stated in theorem 3.2 are addressed. Therefore the system (4.1)-(4.2) has
a unique fuzzy solution.
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