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Abstract This paper deals with the existence and uniqueness results for sobolev type fuzzy
integrodifferential evolution equation with non-local condition. The invented outputs are derived
by contraction principle and fuzzy number. Also fuzzy number values are normal, upper semi-
continuous, convex and compactly supported interval in En. Finally, an example is provided.

1 Introduction

The theory of existence results for non-local evolution equation in Banach spaces has been stud-
ied first by Byszewski [4]. Many research papers related to the linear and non-linear integrod-
ifferential models existing in the literature and written by several authors have studied the in-
tegrodifferential equations in Banach spaces [19, 20, 21]. The study of sobolev type nonlinear
integrodifferential equations [1, 2, 6, 12, 13, 17, 24, 25] and Radhakrishnan et al. [22] studied
existence result of sobolev type nonlinear neutral integrodifferential equations.

The fuzzy set theory concept was first introduced by Zadeh [26], which is primarily based
on the fact that "all things happening in real world are unstable and unpredictable". The fuzzy
theory was put forward and successfully applied in various fields of science and engineering.

Furthermore, there are few research paper on differential equations in a fuzzy context. The
notion of metric space of fuzzy sets was established by Diamand et al. [5]. Kaleva[10, 11] fo-
cused on fuzzy differential equations in particular. Radhakrishnan [18] established the control-
lability results for fuzzy neutral integrodifferential systems by using the variations of parameter
formula under semigroup theory concept. Sobolev type differential equations under fuzzy con-
cept was studied by Muslim et al [16]. For more study of different type of fuzzy differential
equations, one can see[3, 8, 7, 14, 15, 23].

Here the investigation is based on the existence and uniqueness results for Sobolev type fuzzy
integrodifferential evolution equation:

(Bx)′(τ) = A (τ)x(τ) + F
(
τ, xτ ,

∫ τ

0
H (τ, µ, xµ)dµ

)
, τ 6= τi, τ ∈ J = [0, b], (1.1)

x(µ) + [q(xr1 , ..., xrp)](µ) = ϕ(µ), µ ∈ [−d, 0], (1.2)

where A (t) : En → En is a linear operator, the coefficient of fuzzy is defined as B : J → En
where En is the set of all convex, normal and upper semicontinuous fuzzy numbers on R. The
non-linear functions H : J × J × En → En and F : J × En × En → En are continuous. The
non-local function q : [PC([−d, 0]); En)] → En are given functions. The history xt represents
the function xτ : (−d, 0]→ En defined by xτ (θ) = x(τ + θ); for τ ∈ [0, b]; θ ∈ [−d, 0].

2 Preliminaries

A membership function is used to build a fuzzy subset of Rn that assigns a membership grade
to each x ∈ Rn. The function of membership is addressed in this way.

w : Rn to the closed interval [0, 1].
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The assumption that w maps Rn onto [0, 1], that [w]0 is a bounded subset of Rn, that w is fuzzy
convex, and that w is upper semicontinuous was used throughout the study. Here En be the space
of all fuzzy subsets w of Rn which are fuzzy convex, normal and upper semicontinuous fuzzy
sets with bounded supports. Particularly, E 1 represents the space of all fuzzy subsets w of R.

A fuzzy number c in R is a fuzzy set characterized by a membership function χc is defined
from R to [0, 1]. Moreover, a fuzzy number c becomes

c =

∫
x∈R

χc
x

with χc(·) in the closed interval 0 and 1 that presents the membership grade of (·) in b and the
integral sign defines the union of χc

x .
Let x in Rn and A be a nonempty subsets of Rn. Now the Hausdroff separation of B from

A is defined by

d(x,A) = inf{‖x− a‖ : a ∈ A}.

Let A and B be nonempty subsets of Rn. The Hausdroff separation of B from A is defined by

Hd∗(B,A) = sup{d(b,A) : b ∈ B}.

The Hausdroff distance between A and B of Rn is defined by

Hd(A,B) = max{Hd∗(A,B),Hd∗(B,A)}.

It is symmetric in A and B. Consequently,

(a) Hd(A,B) ≥ 0 with Hd(A,B) = 0 if and only if A = B;

(b) Hd(A,B) = Hd(B,A);

(c) Hd(A,B) ≤ Hd(A, C) +Hd(C,B);

for any nonempty subsets of A, B and C of Rn.
The supremum metric H1 on C(J ,En) is defined by

H1(x, y) = sup{d∞(x(τ), y(τ) : τ ∈ J ), for all x, y ∈ C(J ,En)}.

Fuzzy Solution Operators: We adopt the general definition and theorem of operator theory on
En in [15]. If A : En → En is linear, then

A (τ + µ) = A (τ) + A (µ)

A (λτ) = λA (τ), (2.1)

for all τ, µ ∈ J = [0, b], λ ∈ R.
The infinitesimal generator {A (t) : 0 ≤ t ≤ b} generates a two parameter family of operators

{U (t, s) : 0 ≤ s ≤ t ≤ b} and its various properties can be seen in ( [9]).

Definition 2.1. Let x(·) ∈ PC([−d, a],En) is called a mild solution of (1.1) − (1.2) if x(µ) +
[q(xr1 , ..., xrp)](µ) = ϕ(µ), µ ∈ [−d, 0]; the restriction of x(·) to the interval J , is continuous
and the following conditions are satisfied:

(i) x(τ) = B−1U (τ, 0)Bϕ(0)−U (τ, 0)[q(xr1 , ..., xrp)](0)

+

∫ τ

0
U (τ, µ)BF

(
µ, xµ,

∫ µ

0
H (µ, τ, xτ )dµ

)
dτ, τ ∈ [0, a],

(ii) x(µ) + [q(xr1 , ..., xrp)](µ) = ϕ(µ), µ ∈ [−d, 0).

To determine the existence results, the following assumptions are required:

(H1) In En, the operator A (t) yields a two parameter family of operators U (γ, ν) and ∃ a con-
stant M > 0, such that

‖U (γ, ν)‖ ≤M, for 0 ≤ γ ≤ ν ≤ a.
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(H2) f : J × En × En → En is continuous and ∃ constants LB > 0, L0 > 0, such that

Hd
([

F (µ, xµ, uµ)
]β
,
[
F (µ, yµ, vµ)

]β)
≤ LB(Hd(x, y)+Hd(u, v)), for x, y, u, v ∈ En, µ ∈ J ,

L0 = max
µ∈J
‖F (µ, 0, 0)‖.

(H3) For each µ, τ ∈ J , H : J × J × En → En is continuous and ∃ constants NB > 0 and
N0 > 0, such that

Hd
([ ∫ ν

0
H (µ, τ, uµ)dµ

]β
,
[ ∫ ν

0
H (µ, τ, vµ)dµ

]β)
≤ NB‖u−v‖ , for u, v ∈ En, ν, µ ∈ J ,

N0 = max{
∫ ν

0
‖H (ν, µ, 0)‖ds : ν, µ ∈ Ω}.

(H4) q : [PC([−d, 0],En)]p → En is continuous and ∃ a constant GB > 0, such that

Hd
([

[q(ur1 , ..., urp ](µ)
]β
,
[
[q(vr1 , ..., vrp ](µ)

]β)
≤ GBHd(u, v),

for each u, v ∈ PC([−d, a],En), µ ∈ [−d, 0],

G0 = max{‖[q(ur1 , ..., urp ](µ)‖ : u, v ∈ PC([−d, a],En), µ ∈ [−d, 0]}.

(H5) ∃ a positive constant δ > 0 such that

M(1 + bM)
[
‖ϕ(0)‖+G0 + b{LB[N0 + (1 +NB)r] + L0}

]
≤ δ.

Moreover, let us put
γ =M(1 + bM)[GB + bLB + bNB].

3 Fuzzy Sobolev Type Integrodifferential Equation

Consider the following non-local Sobolev type nonlinear fuzzy integrodiferential evolution equa-
tion

(Bx)′(τ) = A (τ)x(τ) + F
(
τ, xτ ,

∫ τ

0
H (τ, µ, xµ)dµ

)
, τ 6= τi, τ ∈ J , (3.1)

x(µ) + [q(xr1 , ..., xrp)](µ) = ϕ(µ), µ ∈ [−d, 0], (3.2)

In this case, we used the operator E on En, which is given by

E =
[
I + q(xr1 , ..., xrp)(µ)B

−1U (τi, 0)B
]−1

with

E
{∫ τi

0
B−1U (τi, µ)

[
F (µ, xµ(µ),

∫ µ

0
H (µ, τ, x(τ))dτ)

]
dµ
}
∈ En.

Definition 3.1. A fuzzy solution x in the form of integral equation

x(τ) = B−1U (τ, 0)BE φ(0)− q(xr1 , ..., xrp)(µ)B
−1U (τ, 0)BE

×
{

B−1
∫ τi

0
B−1U (τi, µ)F (µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ)dµ

}
)

+

∫ τ

0
B−1U (τ, µ)F (µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ)dµ (3.3)

is said to be a solution of (3.1)-(3.2) on J .
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Remark: 3.1. A fuzzy solution of the sobolev type fuzzy integrodifferential equation (3.1)-(3.2)
satisfies the condition (3.2)-(3.3).

x(µ) = E φ(µ)− q(xr1 , ..., xrp)(µ)E
{∫ τi

0
U (τi, µ)B

−1F
(
τ, xτ ,

∫ µ

0
H (µ, xµ)dµ

)
dτi

}
+ q(xr1 , ...xrp)E

{
F
(
µ, xτ ,

∫ µ

0
H (τ, µ, xτ )dτ

)
dµ
}

and

x(τj) = B−1U (τj , 0)BE φ(0) + q(xr1 , ...xrp)B
−1U (τj , 0)BE F (τ, xτ ,

∫ µ

0
H (τ, µ, xµ)dµ)dτ

+

∫ τj

0
U (τj , µ)B

−1F
(
τ, xτ ,

∫ µ

0
H (τ, µ, xµ)dµ

)
dτ.

Therefore,

x(µ) + q(xr1 , ..., xrp)(µ) =
[
I + q(xr1 , ..., xrp)B

−1U (τj , 0)B
]
E φ(0)

]
+

[
I + q(xr1 , ..., xrp)B

−1U (τj , 0)B
]

× gE

∫ τj

0
U (τj , µ)B

−1F
(
τ, xτ ,

∫ µ

0
H (τ, µ, xµ)dµ

)
dτ

= φ(µ).

Theorem: 3.2. If (H1)-(H5) hold, then (3.1)-(3.2) has a fuzzy solution on J .

Proof.Let F be a subset of C(J,En) defined as follows:

F = {x : x(τ) ∈ En, ‖x(τ)‖ ≤ ρ, for τ ∈ J }.

A mapping ζ̃ : F → F is defined by

(ζ̃x)(τ) = B−1U (τ, 0)BE φ(0)− q(xr1 , ..., xrp)(µ)B
−1U (τ, 0)BE

×
{

B−1
∫ τi

0
B−1U (τi, µ)F

(
µ, xµ,

∫ µ

0
H (τ, µ, xτ )dτ

)
dµ
}

+

∫ τ

0
B−1U (τ, µ)F

(
µ, xµ,

∫ µ

0
H (τ, µ, xτ )dτ

)
dµ.

Initially prove that the operator ζ̃ maps F into itself.

|(ζ̃x)(τ)| = |B−1U (τ, 0)BE φ(0)− q(xr1 , ..., xrp)(0)B
−1U (τ, 0)BE

×
{

B−1
∫ τi

0
B−1U (τi, µ)F

(
µ, xµ,

∫ µ

0
H (τ, µ, xτ )dτ

)
dµ
}

+

∫ τ

0
B−1U (τ, µ)F

(
µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ

)
dµ|

≤ M |φ(0)|+MG0 +M

∫ b

0
|F (µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ)dµ|.
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Since from assumptions (H2) and (H3), we have

‖F (µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ)‖ ≤ |F

(
µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ

)
−F (µ, 0, 0) + F (µ, 0, 0)|

≤ ‖F
(
µ, xµ,

∫ µ

0
H (µ, τ, xτ )dτ

)
−F (µ, 0, 0)‖+ ‖F (µ, 0, 0)‖

≤ LB‖xs‖+
∫ τ

0
‖H (µ, τ, xτ )dτ‖+ L0

≤ LB‖xs‖+
∫ τ

0
‖H (µ, τ, xτ )−H (µ, τ, 0)‖dτ

+

∫ µ

0
|H (µ, τ, 0)‖dτ + L0

≤ LB[N0 + (1 +NB)|xs|] + L0

there holds

|ζ̃x(τ)| ≤M |φ(0)|+MG0 + bMLB[N0 + (1 +NB)|xs|+ L0].

From (H5), one gets |ζ̃x(τ)| ≤ ρ, therefore ζ̃ maps F into itself.

Hd
(
[(ζ̃x)(τ)]β , [(ζ̃y)(τ)]β

)
= Hd

([
B−1U (τ, 0)BE φ(0)− q(xr1 , ..., xrp)(µ)B

−1U (τ, 0)BE

×
{

B−1
∫ τi

0
B−1U (τi, µ)F (µ, xµ,

∫ µ

0
H (τ, xτ )dτ)dµ

}
)

+

∫ τ

0
B−1U (τ, µ)F (µ, xµ,

∫ µ

0
H (τ, xτ )dτ)dµ

]β
,[

B−1U (τ, 0)BE φ(0)− q(yr1 , ..., yrp)(µ)B
−1U (τ, 0)BE

×
{

B−1
∫ τi

0
B−1U (τi, µ)F (µ, yµ,

∫ µ

0
H (τ, yτ )dτ)dµ

}
)

+

∫ τ

0
B−1U (τ, µ)F (µ, yµ,

∫ µ

0
H (τ, yτ )dτ)dµ

]β)
≤M(1 + bM)[|φ(0)|+G0 +M [LB[N0 + (1 +NB)r + L0]Hd([x(τ)]α, [y(τ)]α).

Let M(1 + bM)[|φ(0)|+G0 +M [LB[N0 + (1 +NB)r + L0] = ∆. Now

Hd
(
[(ζ̃x)(τ)]β , [(ζ̃y)(τ)]β

)
= ∆Hd([x(τ)]β , [y(τ)]β)

d∞([ζ̃x(τ)]β , [ζ̃y(τ)]β) ≤ sup
β∈(0,1)

Hd([ζ̃x(τ)]β , [ζ̃y(τ)]β)

≤ sup
β∈(0,1)

∆Hd([x(τ)]β , [y(τ)]β)

d∞([ζ̃x(τ)]β , [ζ̃y(τ)]β) ≤ ∆d∞(x(τ), y(τ)).

Therefore

H1([ζ̃x(τ)]β , [ζ̃y(τ)]β) ≤ sup
β∈(0,1)

d∞([ζx(τ)]β , [ζy(τ)]β)

≤ ∆H1(x(τ), y(τ)).

Since ∆ < 1, from the above it is easy to observe that the operator ζ̃ is contraction on En and
as a result of the Banach contraction principle, there exists a single fixed point x ∈ F where
(ζ̃x)(τ) = x(τ). The solution to the problem (3.1)-(3.2) is then this fixed point.
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4 Case Study

Consider the fuzzy neutral indegrodifferential equation with nonlocal condition

(x(η + h))′ = 2̃[x(η + h) + τx2(η + h)] + 3̃ηx(η + h)2 (4.1)

x(η) =
n∑
i=1

cix((ηk)). (4.2)

Let F (η, xη) = 2̃x2(η + h),
∫ η

0 K (η, µ, xη)dµ = 3̃ηx2(η + h).

The β level set of fuzzy numbers

2̃ : [2]β = [β + 1, 3− β];

3̃ : [3]β = [β + 2, 4− β];

Now β level set of functions are

[F (η, xη)]
β = [2̃ηx2(η + h)]β

= η
[
(β + 1)xβl (η + h)2, (2− β)xβr (η + h)2

]
.

[

∫ η

0
H (η, µ, x(µ))dµ]β = [3̃ηx(η)2]β

= η
[
(β + 2)xβl (η)

2, (4− β)xβr (η)2
]
.

The β- level set of
∑n
i=1 cix(ηi):

[∑n
i=1 cix

β
l (ηi)

]β
=
[∑n

i=1 cix
β
l (ηi),

∑n
i=1 cix

β
r (ηi)

]

Hd([F (η, xη)]
β , [F (η, yη)]

β) = Hd(η[(β + 1)(xβl (η)), (3− β)(x
β
r (η))],

η[(β + 1)(yβl (η + h)), (3− β)(yβr (η + h))])

= ηmax{(β + 1)|(xβl (η))− (yβl (η))|, (3− β)|(x
β
r (η))− (yβr (η))|}

= ηmax{(β + 1)|xβl (η + h) + yβl (η + h)||xβl (η)− y
β
l (η)|,

(3− β)|xβr (η + h)) + (yβr (η))||xβr (η + h)− yβr (η + h)|}
≤ (3− β)t|xβr (η + h)) + yβr (η + h)|

× max{|xβl (η + h)− yβr (η + h)|, |xβr (η + h)− yβr (η + h)|}

≤ (3− β)b|xβr (η)) + yβr (η + h)|

× max{|xβl (η + h)− yβl (η + h)|, |xβr (η)− yβr (η)|}

≤ 3b|xβr (η)) + yβr (η)|max{|xβl (η)− y
β
l (η)|, |x

β
r (η)− yβr (η)|}

= LBHd([x(η + h)]β , [y(η + h)]β),

where LB = 3b|xβr (η + h)) + yβr (η + h)| fulfills the inequality specified in condition (H2).

Hd([
n∑
i=1

cix(ηi)]
β , [

n∑
i=1

ciy(ηi)]
β) = Hd

([ n∑
i=1

cix
β
l (ηi),

n∑
i=1

cix
β
r (ηi)

]
,
[ n∑
i=1

ciy
β
l (ηi),

n∑
i=1

ciy
β
r (ηi)

])
≤ GBHd([x(ηi]β , y(ηi]β),
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where GB = |
∑n
i=1 ci| satisfies the inequality which is given in condition (H4).

Hd([
∫ η

0
H (η, µ, xµ)]

β , [

∫ η

0
K (η, µ, xµ)]

β) = Hd(η[(β + 2)(xβl (η)
2), (4− β)(xβr (η)2)],

η[(β + 1)(yβl (η)
2), (3− β)(yβr (η))2])

= ηmax{(β + 2)|(xβl (η))− (yβl (η))|,

(4− β)|(xβr (η))− (yβr (η))|}

≤ 4bHd([x(ηi)]
β , [y(ηi)]

β) = NBHd([x(ηi)]β , [y(ηi)]β),

where NB = 4b|xβr (η))+ yβr (η)|, and there by the condition (H3) which satisfies the inequality.
Thus all conditions stated in theorem 3.2 are addressed. Therefore the system (4.1)-(4.2) has

a unique fuzzy solution.
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