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Abstract The wavelet frames have been defined with illustrative examples. Walter [14] has
discussed the pointwise convergence of wavelet expansions. Till now, wavelet frame series’
pointwise and uniform convergence have not been studied in detail. Working in the same di-
rection, the wavelet frame series and its pointwise as well as uniform convergence have been
investigated in this study. The importance of the proof of the main results was increased by the
use of Parseval’s equality for the Fourier transform as well as the Fourier series.

1 Introduction

Wavelet frames and their constructions have been studied by several researchers like Ron and
Shen [12], Benedetto [1], Benedetto and Treiber [2], Chui and Shi [3] and others. Recently Lal
and Kumar [10] have studied the approximation of functions belonging to L*(R) space by their
wavelet expansions. Now orthonormal wavelet series has become a very useful tool in several
branches of Engineering and Technology like data analysis, signal and image processions. As a
result, the study of convergence behaviour of this series becomes essential. In this direction, an
attempt has been made by Walter [14] and Hernandez and Weiss [8]. Working in the same direc-
tion, Wavelet frame series have been studied pointwise and uniformly by Zhang [15]. Similarly
a function f € L?(R) is also expressible as a wavelet frame series. Wavelet frame series’ point-
wise and uniform convergence have not been studied in depth until now. The nature of pointwise
and uniform convergence of certain wavelet frame series has been investigated in detail in this
paper to make an advance study.

2 Definitions and Preliminaries

2.1 Wavelet Frames
Let’s say F' € L?(R). F’s Fourier transform is defined as follows:

PQ) = [ R,

—0o0
and F”s compact support is defined as

suppF = clos{¢, F'(€) # 0},

where closS is the closure of set S, i.e. closS is the set containing all the elements of S and its
limit points. When supp£’ is bounded, F is referred to as a band-limited function.

A Hilbert space is denoted by the symbol H. A sequence in H is denoted by {h,,}52 . If
there are two positive real constants 0 < I'y < I’ < oo such that

DF|>< Y [(F h,)* <T|F|*  foranyF € H,

n=—oo

the frame for H is designated {h,,}52 and the bounds of the frame are I'}, I';.

n=-—00’
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Let ¢ € L*(R). Define
Omm(v) = Z%W(va —n), m,n € Z.

Throughout the work, we use the abbreviation ONB to refer to orthonormal basis. A wavelet
frame (or a wavelet ONB) is defined as a system {¢y, »,m,n € Z} that is a frame (or an ONB)
for L?(R).

Example 1. Define the Haar function ¢y as follows:

1, 0<t<1;
vr(t)=q -1, 3<t<l;
0, otherwise.

and consider the sampling rate 1/3. Then the linearly dependent family S = {¢5,1 /3% : J, k €
Z} is a wavelet frame of L?(R) (see Chui [4], p. 70).

Example 2. Legendre wavelet (see Lal and Bhan [11]) is defined over the interval [0, 1) as
follows:

(m+ 125 L, (2 — 2), < < L

0, otherwise,

V1 (t) = {

where 7 =2n — 1, n =1,2,--- ,2*~! ks the natural number and m is the degree of Legendre
polynomial. Then {1/1%; ;&) is a wavelet frame. It can be shown following the proof of Example
1. ‘

2.2 Wavelet Frame Series

Let ¢ € L*(R) and suppp C [—, 7). Then
< > 2P <Ty, ae {€R, (Heil and Walnat [7])

m=—0Q0

if and only if {¢y, », m,n € Z} is a wavelet frame with bounds I';, . Let ¢, ¢ € L*(R). The
wavelet frames {¢,, »,m,n € Z} and { @y, n, m,n € Z} which satisfy the following expression

F= Y (Z <F,¢m,n>¢m,n) =y (Z <F7¢m,n>gom,n>,\fFeL2<R> @.1)

m=—0o0 n=—oo m=—0o0 n=—oo

in the sense of L?-norm, are referred to as dual wavelet frames, and both the series in (2.1) are
referred to as wavelet frame series.

Chui & Shi [3] and Frazier etal. [6] obtained a necessary and sufficient conditions for a pair
of wavelet frames {@,, n,m,n € Z} & {@mn,m,n € Z} to be dual frames in the following
form:

The wavelet frames {¢,, ,,, m,n € Z} and {@, ., m,n € Z} become dual pairwise if and
only if the following conditions

Z é(;ﬂ)@(;ﬂ) =1, ae.¢

m=—0oQ

and

> E@ME+ 2k +1)27m)$(27E) =0, ae. &, k€ Z,
m=0
hold.
Researchers like Walter [14], Kelly, Kon and Raphaet [9] and Hernandez and Weiss [8] have
studied the converegence of orthonormal wavelet series as following:
Let a multi resolution analysis (MRA) originate a wavelet ONB {,, ,, m,n € Z} with the
scaling function ¢ which satisfies the following inequality

lp(v)| < VER, p=1,2,3,---.

(14 Jul)?’
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() If

m=—00 n=—oo

FM(U) = z ( Z (F, <P7n,n>¢m,n(v)> Fe LZ(R)

then Fys(v) — F(v) as M — oo for a.e. v € R.

(ii) If F € L*(R) N L'(R) is continuous in an open interval (a,b), then Fys(v) converges to
F(v) uniformly as M — oo on every compact subset of (a, ).

Let ¢ € L*(R) and {py,n,m,n € Z} be a wavelet frame with suppp C [—, 7] and @(v)
satisfies

6 = —2 o aeeR 2.2)
S |8 (5) P
Then .
< ) B ™YP <D, aefeR, 2.3)

being I'},I"; are bounds of the frame {¢,, n, m,n € Z}.
Consequently, we have, if

¢ € L*(R), suppg = suppp C [—m, ], (2.4)

then .
S < B2 < i, ae. £ €R (see[l5]). 2.5)
FI Fz

m=—0oQ

Thus {@nm n, m,n € Z} is a wavelet frame. Under these circumstances
— s EN=(¢
Z Y2 (27” (2] ﬁ = 1, a.c. g

and
GR™E+ 2k +1)27))p(2™E) =0, ae. £ (m>0; k€ Z).

Thus, the formula for reconstruction
F(v) = Z ( Z (F, Wm,n>‘»5m,n(v)> = Z ( Z (F, @m,n%om,n(v)) (2.6)

hold in the sense of L?-norm.
When we say |F(v)] = O{¢(v)}, we imply that |F(v)] < A¢(v), as v approaches either
a € R, or infinity, and A > 0, i.e.,
F
L IF()
v—a (b(v)

O(1) denotes a bounded function in particular . Thus

sin(v) = O(1), (v+1)*> =0(1)

asv — 0; and
sin(v) = O(1), (v+1)* = O(v?)

as v — oo.
Sometimes, however, F'(v) = O{¢(v)} is used to mean

[F(v)] < Ko(v),

but it’s self-evident enough what parameters are involved.
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When we say F'(v) = o{¢(v)}, we indicate that i((:j)) — 0 as v approaches either a € R, or
infinity, i.e.,
tim F
o)
. Thus

sin(v) = o(v?), (v+1)* = o(v?)

as v — oo. Specifically, o(1) denotes a function that approaches to zero, (Titchmarsh [13]).

3 Main theorems

Three new theorems on the convergence of the wavelet frame series are presented in this study,
and they are as follows:

Theorem 3.1. If a function F € L*(R) such that its Fourier transform £ € L'(R) and
F(v) = Z ( Z (F, Sﬁm,n>¢m,n(v)>

is a wavelet frame series having M partial sums

M 0o
(SMF) (U) = Z ( Z (F, (Pm,7L>95wL,n(U)> yM=0,1,2,--,

m=—M \n=-—oo
then (S F)(v))y,_o converges pointwise to F(v) Yu € R.
Theorem 3.2. Let F € L*(R) and
Fy(v) = Z ( Z (F, @mn>95mn<v)> :
m=—M \n=—o0

Then (Fyr(v))}y,—, converges pointwise to F(v) everywhere on R.

Theorem 3.3. If

1 1
) =0 ————],0<a<-;6>0,
> <(1+|t)i+5> “=2

P(&) =0, € € (—¢€,¢), 0 <e<m aswell as F is continuous in (a,b), where —o0o < a < b < 0o
and it belongs to L*(R) N L' (R) then (Far (v))y;_o converges uniformly to F(v) in every closed
subinterval of (a,b).

4 Proof of Theorem 3.1

The Fourier transform of @,, ,, is defined by

ém,n(ﬁ) = / e_igv(ﬁmm(v)dv
— 00
oo ) .
= / e V2T B(2™y — n)dv, setting 2™v —n = u
—o0
o0 utn m 1
= / eﬂg( o )27g5(u)—du
o 2m
15 m oo
- ¢ zmz / e "7 G(u)du
2 —oo

e i s s
= 57 w(;n) 4.1)
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Using the inverse Fourier transform formula, we have

1 (o]
Pman(v) = 7 “’fém n(&)dg, foreveryv € R

e~izré s
Zil> ———d¢ (. suppp C [—, 7))

L7 (s T
N 271'/27” (6“’585 ;))h% >(£)dfa 4.2)

¢irint
e
Using equation (2.4) and the Parseval equality of the Fourier transform, we have

— 1 —~—F——
an :7F7Am’n
Fopomm) = 5= (B> )

1 2™

27

where

I

2y
Yo
N
—
B
3
—~
Iy
—

QL
Iy

1 PA e*iﬁg

= . 72%13“(5) S @(;) d¢ (using(4.1))

ALY S -
_ \/1277 [ . (F(g)@ <2€n>) (™ (€)de. (4.3)

The system {h;m)(g)};o:_oo is an orthonormal basis for L?[—2™,2™r]. By using equations
(2.2) and (2.5), It is simple to demonstrate that the functions F &)p (2m> and €5 %) ( m) are
in L2[—-2™7, 2™ x].

Using equations (4.2) and (4.3), for all v € R, we have

(P e mn(v) = ( 7 (re (zi))h;m(e)dg)
(e [ () )
- (;ﬂ [ roes(£)7 (%) dE) ( / j:lh%m)(ﬁ)lzdf)

Using the Parseval equality formula for the Fourier series, we have

o m
1 2™

Z <Fa @m,n>¢m,n(v) = o F(g)eivgé <2€n) ('5 <2€n) dg

—_—)m
n=—oo 2mq

_ L <A iv€ 2 § ~ 5
= 5 [P (5:) 7 (57 ) e oy,
“4.4)

As aresult, for every v € R, the series on the left hand side of equation (4.4) is convergent.
Now, using equation (2.2), we get

M
#(20)7 (2n)|= 2,2 (a) 7 a5) )
M

m=—

M

>

m=—M
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Therefore

(SuF) (v) = % /Oo Ple)eive ( f: 3 (;ﬂ) 3 (;;)) déV v e R.

This implies that

Jim (SuF)(0) = o : ()i (m_f; 3 (;;) ? (;)) deVv e R
- bl £ ()
— Fo).

As aresult, Theorem 3.1 has been fully proved.

5 Proof of Theorem 3.2
Using equations (4.4) and (2.4) for m < M, we have

N o'}

lim Z (F, omm)Pmn(v) = Z (F, omn)Pmn (V)

n=—N n=-—oo

5.1)

Since the functions F' € L?*(R) and £’ are both Lebesgue-integrable on [-2M 7 2M 7). Using
Lebesgue’s dominant convergence theorem and equation (4.5) in equation (5.1) for every v € R,

we have
o0 N
Z (]\}gnoo Z <F> Spm,n>90m,n(v)>

m=—M n=—N

1 2 n v — 2 5 = €
“ 5 ). Fe E( > ¢(5)? (zw)) -

m=—

Taking M — oo in above expression, we get

lim lim Fyy(v) = (Z <F,<pm,n>¢m,n(v)>

M—o00 N—o0

_ L (€)™ lim i S(EV3(5) ) ae
- 271' _omp M — o0 — v 2m ¥ 2m

=M
_ 1 SN i€ S 2 E\=/( ¢
= %/, Fer (mzof (5)7 <2m>> *
1 2™ . »
= 5 ,2m,rF(§)6 d¢
L[>
= 5 mF(g)ewédg:F(u).

As aresult, the Theorem 3.2’s proof is complete.
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6 Proof of Theorem 3.3

Fuy(v =5 / F W£ ( Z Lf? (2§n> ) (Zi)> d¢ for every v € R. 6.1)

Since

m=—M

Take a look at its kernel functions:
v ()5 (L
m=—M

supp$ = suppp C [—m, —€] U [e, 7] (6.2)

Since

and p(t) = O (M) , 0 < o < § therefore it is obvious that both $(£) and |¢ (2,,,> |? are
HEE

differentiable three times on R. When |m/| is large enough, then supp@ (%) NE—n,é+n)=¢
by equation (6.2), for £ # 0, 0 < n < |£|. As aresult, there are only finitely many nonzero terms

') 2
of the sum Z @(;n)

m=—00
2

%) (;@) is three times differentiable on non zero real £. From equations (2.2) and

(2.3), " (€) exists on £ € R — {0}.
Define function g € L*(R) as

— 2 EN\=( & )
9(8) = Zw(m)w(Z’”)’ 70 (6.3)
3
By $(§) =0,¢ € (—¢,¢€) , we have

()8 £ ()38

m=0 m=—oo

in any neighbourhood ¢ # 0 that does not contain £ = 0, and the

for £ € (—¢,€) — {0}. Using the above expression and equation (6.3), we have

g(g) = 17 fOI‘f € (_676)' (64)

A similar argument demonstrates that in some neighborhood of ¢ # 0, Z ) (i) @ ( 2?:)
m=0

has a finite number nonzero terms. Also by equations (6.2), (6.3) and (6.4), §"’(¢) exists on R

and

suppg C [~ 2 2] (6.5)

Allow § to satisfy the following conditions once more:
Supp.a - [_ﬂ—vﬂ-]a 6(5) - 1 5 € [_5 5] (66)

and §""(€) exists on R.
Because both § and g are three-time differentiable,

9(y) = O ((1+1y)7*) and g(y) = O ((1 + |y) %) (6.7)
By equations (2.2), (6.5) and (6.6), we have §(¢) > 0 and

3(6)3(¢) = 9(¢) = g(¢) for e € R (6.8)
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Using equations (6.3) and (6.8), we have

 H(E)(E)1(8) HEP(E) r0 o
m=—M

By equations (6.1), (6.5) and (6.9), it is easily obtained that

2Mp
Fy(v) = %/ F(&)e™ g (;M) i <2§/1> d¢ for every v € R.

721\47‘.
Since o
h(M) . 677‘21';15
{ n (5)}7162 = {\/ﬁ}nez

is an ONB on L?[—2M7,2M 1] and the functions

£(€)g (sz) e (;M) € L*[-2Mnm,2Mn].

Using the Fourier series’ Parseval equality, we have

)= 2 Y ( / 22 (F©3(5)) hﬁf‘”(é)df) ( [ e () hﬁf”)(é)d£>

N (6.10)
Consider o o
grrn(t) =27 g(2Mt —n) and Garn(t) = 272 §(2Mt — n).
Then the Fourier transforms of gz, and gas » are given by
—in=%r —in=%-
~ _e€ M f S € M . .
grn(§) = 27%19 <2M> and garn(€) = 271\749 <2M> , (using equation (4.1)),
respectively. From the above expressions and equations (6.5), (6.6) and (6.10), we have
N T SR 1 (>3 i
FM(U) = n;oo (27r [m F(§)9M,n(fﬂ§> (27r [m 9M,n(§)€ £d§>
= Z (/ F(t)ng(t)dt) Gun(v), veR. (6.11)
Define the kernel functions
Ky (t,0) = > Garn(t)inrn(v). (6.12)

By equation (6.7), it observes that
Garn(iva(v) = 2% g2Mt —n)2% §2Mv —n)
= 021 4 2Mt —n|) (1 + [2Mv —n|) 3
= 02M)(1+ 2t —n[) 321 + 2Mv — n|) 73/

As aresult, given ¢,v € R, the series in equation (6.12) is convergent, and the kernel functions
K (t,v) are properly defined. Also, by using the inequality (1 + |p|)(1 +|q|) > 1+ |p— q|, we
get

Ky(t,v) = > 0"+ 2Mt —nf) 21+ 20 — n[) /2
= > o)1+ 2Mpt—v]) 2

= 0QM)(1 4+ 2M|t —v|)73/2 (6.13)
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Therefore, the integral

| Kuolae = [ 0@+ 24— v

— 00 — 00

— 0(2M) (/_U (1+2M(v—t))_3/2dt+/:o(1+2M(t—v))_3/2dt>

= 02 / 2073 du, (o 142M(t—v) =u)
1

)

= 01 (6.14)

/_O;KM(t,’U)dt = /OO ( i ng(t)gM,n(U)) dt

—° \n=—c0

= i ( / N gM,n(t)dt) G (V)

n=—oo —oo

oo

= > ( / 2MG(2M — n)dt> G(2Mv —n), setting 2Mt = v

n=—0oo

S (/m G(u— n)du) §(2Mu — )

— 00

Il
o
~

S

c

|
2

(. /oo g(u— n)du = /OO g(t)dt = §(0) = 1, by equation (6.4)).
(6.15)

Further, the Poisson’s summing formula and equation (6.6) ensure that

oo o0

Z §2My —n) = Z §(Zk7r)ei2MHk'”“
n=—oo k=—o00

2

= g(0)=1,veRr
Thus,
o0
/ Ky (t,v)dt =1, veR. (6.16)
Using the dominant convergence theorem of Lebesgue in equation (6.11), we now obtain

) = [ F(t)(fj gM,namM,n(v)) @

n=—oo

= / F(t)Kp(t,v)dt forall v € R (using equation (6.12)).

— 00

Let [3,7] C (a,b). Since F is continuous in (a,b), we may deduce that for each e = - > 0,
there exists a 0 > 0 such that

|F(t) — F(v)| < efor |t —v| <.
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Let us simplify equation (6.17) as following:

Fu(v) = /t L U P K + /u L FE

—|—/ F(t)Kp(t,v)dt
lt—v]>8

I+ I, + Is, (say). (6.18)

Therefore,

L o= O(e)/_m K ar (£, 0)|dt

= 0 (;4) for v € [3,7] (by equation(6.14)). (6.19)

Using equations (6.13) and (6.16), we have

L, = F(v) (/Oo KM(t,U)dt—/It >5KM(t,v)dt>

- F(v) <1+O(1)/|>2M§(1—|—|u|)—§du>

= F(v)(1+0(1))for M — oo
= F(v)+o(l). (6.20)
For |t — v| > ¢, by equation (6.13), we have

1 2
Ku(tv) = 0 zM(1+2M|t—U|))

= O 1 3)
23]\{57
= o), takings = 621)
Lastly,
o< [ ROl o)l
jt—v[>6
< max |Ky(t—v)] |F(t)|dt
[t—v|>6 [t—v|>8
1
= 0 <2M> O(1), by equation (6.21) andF € L' (R)
2
_ O<1> (6.22)
27 ) '

By equations (6.19), (6.20) and (6.22), we have

Fy(v) - F(v)] = O(Az>+o(1)+o(zf¥)

= o(l),as M - o Vv e[B7]
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As aresult, { Far}37_, on [, 7] converges uniformly to F(v) .
Thus the Theorem 3.3 has been completely established.

7 Corollaries

Following corollary can be derived from our theorem: A
If a function F € L?(R) such that its Fourier transform /' € L'(R) and

F(v) = Z ( Z (F, @m,n>¢m,n(v)>
is a wavelet frame series having M*" partial sums

(SMF) (U) = Z ( Z <Fa§0m7n>¢m,n(v)> , M =0,1,2,---,

m=—M

n=—oo

then
F(v) = (SuF)(v) =0o(1)as M - oo Vv €R.

Proof Following the proof of Theorem 3.1, we have

F(v) = (SuF)(v)

— 1 < a 1w 1 < 4 v€ =z 2 E\=( €&

— 5 | f@es- 5 [ R (m;Mso(z,,L)so(W))dg
N B R

= o [ _F@e (EQ” (5)7 (2m)> %

— 0O0as M — .

8 Comparision and Justification

(1) Theorem 3.1-3.3 are verified and justified when the wavelet ¢ is
replaced by Haar wavelet as well as Legendre wavelet.

(2) The results of this paper are verified by Haar wavelet which is
discontinuous. These are also justified by Legendre wavelet which are continuous.
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