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Abstract In the present paper, we investigate the existence and uniqueness of a new class
of mild and strong solution to fractional integro-differential equations in the Hilfer fractional
derivative sense in Banach space, by means of the continuously Cy-semigroup, Banach fixed
point theorem and Gronwall inequality.

1 Introduction and motivation

Over the decades, differential equations have been a very fruitful field both in theory and appli-
cations. Numerous important and relevant results on the existence and uniqueness of mild and
strong solutions of differential and integro-differential equations were investigated and published
by many researchers [6, 19, 28]. On the other hand, with the expansion of fractional calculus,
in particular, with new definitions of generalized fractional derivatives and fractional integrals
[25, 37, 38], many researchers started to use such tools obtained within the fractional calculus,
to obtain results only presented in the traditional sense in the field of differential equations, i.e.,
integer order [3, 4, 13, 16, 33, 41, 44]. Thus, since from the junction of the fractional calcu-
lus the different types of differential and integro-differential equations: impulsive, functional,
evolution with instantaneous and non-instantaneous impulses, new and applicable results would
arise and each time would consolidate the relation of these areas. For a brief reading on the ex-
istence, uniqueness and Ulam-Hyers stabilities of fractional differential and integro-differential
equations, see [5, 9, 12, 26, 27, 35, 42, 39].

In 2010 Diagana et al. [15], using the Arzela-Ascoli theorem, Schauder fixed point theorem
and Lebesgue dominated convergence theorem, and investigated the existence and uniqueness of
mild solutions for some nonlocal semilinear fractional integro-differential equations given by

ot

DBz (t) = —Ax(t)+ f(t,z(t)) + /0 a(t — s)h(s,z(s))ds (1.1
z(0)+g(z) = xo

where D? (0 < 8 < 1) is the Caputo fractional derivative, the linear operator —A is the in-
finitesimal of an analytic semigroup R(t);>o that is uniformly bounded on X (Banach space)
and compact for ¢ > 0, the function a(-) is real-valued such that

T
ar = / a(s)ds < oo (1.2)
0
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the functions f, g and h are continuous, and the nonlocal condition

p
g(x) =Y exa(tr), (1.3)
k=1

with e, K =1,2,...,p, are given constants and 0 < ¢ < tp < --- <t, <T.

In this sense, in 2011 Rashid and Al-Omari [31] also dedicated to investigate the existence
of local and global mild solutions for fractional semilinear impulsive integro-differential equa-
tions in the Caputo sense in Banach space. In 2011, Agarwal et al. [1], presented sufficient
conditions to investigate the existence and uniqueness of mild solutions for a class of fractional
integro-differential equations with time-dependent delay in the Riemann-Liouville sense over the
Banach space. In order to validate and consolidate the obtained results, they presented a concrete
application on the conduction of heat in materials. In addition to the investigation of the existence
and uniqueness of fractional integro-differential equations, we can also mention some important
works about functional and impulsive differential equations [11, 17, 18, 34, 43, 45, 46].

On the other hand, in 2012 Debbouche et al. [14], by means of the Schauder’s fixed point
theorem, Gelfand-Shilov principles and the semigroup theory, dedicated to investigate the exis-
tence of mild and strong solutions of nonlinear fractional integro-differential equations Sobolev
type given by

PB4 autt) = £ w(0) + / gt W(9)ds (14)
u(0) = i cru(ty) = ug (1.5)
k=1

(63

where e (0 < a < 1) is the Riemann-Liouville fractional derivative 0 < ¢; < --- < tp, < a,

¢y, ...,cp are real numbers, B and A are linear closed operators with domains contained in a
Banach space X and ranges contained in a Banach space Y, W (t) = (B (t)u(t), ..., B (t)u(t))
{Bi(t):i=1,...,r,t € I =10,al]} is a family of linear closed operators defined on dense sets
S1,..., S D D(A) D D(B) respectively in X into X, f: I x X" - Y andg: Ax X" — Y are
given abstract functions, with A = {(s,¢) : 0 < s <t < a}.

We can also highlight the work of the authors Qasen et al. [30] in 2015, in which they
dedicated to investigate the existence and regularity of mild and strong solutions for a class of
abstract integro-differential equations in the Caputo sense in Banach space Q with fractional
resolvent operator. We can mention important works that have been published in the context of
stochastic fractional integro-differential equations [10, 8].

In 2021 Bedi et al. [23] investigated the existence of mild solutions of a coupled hybrid
fractional order system with Caputo-Hadamard fractional derivatives using Dhage fixed point
theorem in Banach algebras. The result discussed by the authors contribute significantly to the
area. In this sense, an example in order to elucidate the result is presented. In 2021, Khan et al.
[7], presented an important work on the existence and uniqueness of integro-differential equa-
tions with Mittag-Leffler kernel. Other interesting work on Ulam-Hyers stability and existence
of fractional differential equation solutions with Mittag-Leffler kernel, see Khan et al. [24].

Motivated by the above works and by open problems, in this paper, we consider the fractional
integro-differential equation (FIE) with initial local conditions given by

HDg’;u )+ Au(t) = [f(tu(t))+ F(l,u)/t H* (¢, s)K(t, s, u(s))ds

Itlojr'yu (tor) + g(ti, .. tp,u(-)) = wuo
(1.6)
where HID{:" (-) is the Hilfer fractional derivative, Itlofv(-) is the Riemann-Liouville fractional
integral with0 < p < 1,0O<v < l,y=pu+v(l—p),0<t)<t; <..<t,<to+al(te
(to,to + a]), —A is the infinitesimal generator of a C-semigroup (S(¢)):>0 on a Banach space
Qand f 1 I x Q= Q g(t1,.cstp, ) Q2> QEAXQ = QA=|(t,s) 1 tg<s<t<ty+ad]
and HH (¢, s) := ¢'(s)((t) — 1 (s))*~!. We can substitute only elements of the set [t1, ..., t,].
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It is remarkable the excellence and importance of the results that have been obtained and
published by many researchers, and that the range of options over the decades has been ex-
panding due to the interdisciplinary between the fractional calculus and differential and integro-
differential equations [21, 22, 29, 32, 40]. However, there are still many outstanding issues
that need to be clarified and investigated. In this sense, in order to provide new results on the
existence and uniqueness of mild solutions of fractional integro-differential equations in a Ba-
nach space, one of the motivations for the achievement of this paper is the contribution of such
scientific growth.

Some points deserve to be highlighted in relation to the main results obtained in this paper:

(i) We present a new class of mild and strong solutions for the fractional integro-differential
equation. This class can be obtained from the free choice of the parameters « and 3. Note
that from the choice of the limits 5 — 1 and # — 0 both in Eq.(1.6) as in their respective
solution Eq.(2.15), we obtain the Caputo and Riemann-Liouville fractional derivatives;

(i) We investigate the existence and uniqueness of mild solutions of fractional integro-differential
equation in Banach space Q;

(iii)) We investigate the existence and uniqueness of strong solutions of fractional integro-differential
equation in Banach Q space.

This paper is organized as follows: in Section 2, we present some fundamental concepts
and results for the development of this paper. In section 3, our main result we investigated the
existence and uniqueness of mild and strong solutions of fractional integro-differential equation
in the Hilfer sense in Banach space. In addition, we present two corollaries that are a direct
consequence of the main results presented. Concluding remarks close this paper.

2 Mathematical background — auxiliary results

In this section, we present some definitions and theorem essential in the investigation of the main
results of the paper.

First, we being with the introduction of the weighted space of functions u € J' := (g, ty + a]
is given by [40]

Ci—(1,Q) = {u e C(J,Q),t' u(t) e C(J,Q)},0< v < 1 .1

with norm
llulle, ., = sup [[t'Tu(t)]]. (2.2)
teJ!

Obviously, the space C_(J, Q) is a Banach space.

Let J = [to,to + a] be a finite or infinite interval of the line R} and 0 < p < 1. Also, let
(t) be an increasing and positive monotone function on .J' = (¢, tp + a] having a continuous
derivative ¢’(t) on J” = (to,to + a). The left-sided fractional integral of a function v with
respect to the function ) on J = [ty, to + a] is defined by [38]

1 tot+a
Iy, _—/ HH (¢, s)u(s)ds (2.3)
G =g [ B
where HI (1, 5) 1= v/ (s) ((t) — (s))" .
Choosing 9 (t) = t, we have the Riemann-Liouville fractional integral given by

T, u(t) = F(lm/o a(t—s)“”u(s)ds. 2.4)

to

On the other hand, let n — 1 < p < n with n € N, J the interval and u, v € C™(J,R) be two
functions such that ¢ is increasing and ¢’ (t) # 0 for all ¢t € J. The left-sided -Hilfer fractional
derivative HID)gjr”;w(-) of a function f of order p and type 0 < v < 1 is defined by [38]

BB vin—pup); 1 d " 1—v)(n—
Bty () = 120 NW(@[;’(t)dt) 18-y ). 2.5)
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Choosing 1 (t) = ¢, we have the Hilfer fractional derivative, given by

to+ dt to+

In this paper, we use Eq.(2.4) and the so-called Hilfer fractional derivative Eq.(2.6).
Consider the fractional initial value problem

{HDZ)’fu(t) = Au(t)+ f(t)

Ig{;ju(lfo) = U

Hppvy () = [ ( d ) 10y (). (2.6)

2.7)

where HIDf;” (-) is the Hilfer fractional derivative, Itlo_"y(-) is the Riemann-Liouville fractional
integral, with0 < 4 < 1,0 <v < 1,v = p+v(l—p), f : (to,to+a] — Q, Ais the infinitesimal
generator of a Cp-semigroup (S(¢))¢>0, up € Q and ¢y > 0.

Moreover a mild solution for Hilfer fractional evolution equations

Dyfx(t) = Ax(t)+ f(t,z(t), t € J' = (0,0]
(1-8)(1=) 2.8)
I, z(0) = =z
is given by a fractional version
t
o(t) = 850w + [ Kalt = 9)f(s,2()ds 29)
0

where K (1) = 197G (1), G (1) = / BOM; (0)S, 5 (1°0) 0, S, 5 (1) = 1] VK5 (1),
0 <~y <1land0 < g < 1. For more details see [18] and references therein.

Definition 2.1. A function w is said to be a strong solution of problem Eq.(2.7) on I, if u is
differentiable almost everywhere (a.e) on

HDYY € L' ((to,to + a), ), I, ulto) = ug (2.10)

and
HDg v u(t) = A(t) + f(t), 2.11)
a.eon /.

We introduce the definition of the Wright function, fundamental in mild solution of Eq.(1.6).
Then, the Wright function M, (Q) is defined by [18]

M,L(Q)—;(n_l)!r(]_lm),0<u<1,QE(C (2.12)
satisfying the equation
o (143 -
/ 0°M,, (0) do = <7+,) for 8,6 > 0. (2.13)
0 r (1 + ,ué)

Theorem 2.2. [2] If Q is a reflexive Banach space, ug € D(A) and f is Lipschitz continuous on
I Eq.(2.7) has a unique strong solution u on I given by the expression

t
u(t) =S, (t)uo + / Ku(t—s)f(s)ds, t € 1. (2.14)
to
Definition 2.3. A continuous solutions u of integral equation
t

uw(t) =S, () [uo — g (t1, ., tp,u ()] + | Kot —s)f(s,u(s))ds

to
t s
I /., Ko (t—s) 5 H* (s, 7)K(s, 7,u(T))drds (2.15)

is said to be a mild solution of problem Eq.(1.6), on I, where K, (t) = t"7'G,, (t), G, (t) =
/ VOM, (6)S,., (#6) d6 and S,.., (1) = "MK, (1),
0

+
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The following theorems and Corollary, are very important when we want to investigation
existence, uniqueness and another fundamental properties of the fractional differential equations.

Theorem 2.4. [35] (Banach fixed point theorem) Let (Q,d) be a generalized complete metric
space. Assume that Q:Q > Qisa strictly contractive operator with the Lipschitz constant
L < 1. If there exists a nonnegative integer k such that d(flk“, Qk) < oo for some x € Q, then
the following are true:

(i) The sequence QFx converges to a fixed point x* of Q;

(ii) x* is the unique fixed point of Q in QO = {y € Q/d(QFz,y) < oo};

A 1 A
(iii) If'y € Q7 then d(y, ") < —7d(Qy, y).
Theorem 2.5. (Gronwall inequality) Let u, v be two integrable functions and g continuous, with
domain [a,b). Let 1 € C'[a,b] an increasing function such that ' (t) # 0, Vt € [a,b]. Assume
that
(1) u and v are nonnegative;
(2) g is nonnegative and non-decreasing.

If
u(®) < o(0) + 9(t) [ ()0 — b)) ulr)dr (2.16)
then L o .
u(t) < o(t) +/a 2 Ww’(f)(w(t) — (1)) (r)dr, (2.17)
vt € [a,b].
Proof. See [36]. O

Corollary 2.6. Under the hypotheses of Theorem 2.5, let v be a non-decreasing function on [a, b].
Then, we have

u(t) < v(t)Ea(g(t)T(a) (1 (t) — ¢(a))®), Vt € [a,b], (2.18)

where B, (-) is a Mittag-Leffler function with one parameter.

Proof. See [36]. m|

3 Existence and uniqueness of a mild and strong solution to FIE

In this section, we present the main results of this paper, i.e., the existence and uniqueness of
mild and strong solutions of fractional integro-differential equations.

The discussion of the main results will be investigated in two steps. Firstly, for the investiga-
tion of the main results that will be presented through theorems, some conditions are necessary
and sufficient to obtain them. In this sense, we have the following conditions (CI):

(i) Q is a Banach space with [|(-)[|c,_, and ug € Q;
() 0<tg<t; <..<t,<to+aand B, ={v:|jv]lc,_, <7} C
@ii1) f: 1 x Q — Qs continuous in ¢ on I and there exists a constant L. > 0 such that
1f(s,01) = f(s,v2)|le,_, < Lllvi —walle,_ ,fors € I, vi,v; € By; 3.1
(iv) H: A x Q — Q is continuous and 3K > 0 (K is constants) such that
llg(t, s,x) — g(t, s,9)|lc,, < Kollz—ylle,_,: (3.2)
(v) g: IP x Q — Q and there exists a constant Qg > 0 such that

||g(t17 "'7tp7u1(')) - g(th ""tpvuZ('))HC]—q < Q()Ht]_’yaj - yHCl—'y; (3.3)
for uy,up € C1—4 (I,BT.) ;
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(vi) —A s the infinitesimal generator of a Cy—semigroup (S (t)),-, on Q;

(vii) Consider the following

M = S, W|:;H= 1=y L0
. (S (1)l max [|s'~7 f (s,0)
and
K, = 7k (¢, 5,0)||: Gy = gty ety u ()]
! togsrgtaétﬁau (t,5,0) 1 ueC,H}?(XI,BT) H g (ti pr ))!

(viii) Admit that

M <||U0||c,_7 +Gi+ (L, + H)a + w (¥ (to + a) — ¥ (t0))" a) <r (34)
and MK
MQq + MLa + ~ ;’f (0 (to + a) — ¥ (o))" < 1. (3.5)
W

On the other hand, we will impose some necessary and sufficient conditions for the discussion
of the existence and uniqueness of strong solutions to FIE as discussed according to Theorem
3.2. In this sense, we have the following conditions (CII):

(i) Qs areflexive Banach space with norm |-|| ¢, and ugp €
() 0<ty <t <..<ty<to+aandB,i={v:lle,  <r}ce
(i) f:1 x Q — Qs continuous in ¢ on I and there exists a constant L > 0 such that
If (s1,01) = f(s2,02)ll, <L (HSl — sl + v = UzHcl,J (3.6)

for s, 80 € I and vy, v, € B,

(iv) K : A x Q — Qs continuous and there exists a constant Ky > 0 such that
IK (t1,5,2) = K (t2,5.9)llc, <Kol —tal + s =g, ): G

(v) g: IP x Q — Q and there exists a constant Gy > 0 such that

||g (tl,...,tp, U ()) —g (tl, B ! (.))”lew < Goilel[I) ||t1*“/ (u1 (t) — Un (t))

;o (3.8)

for uy,up € Ci—, (I, B;) and g (t1, ..., t,) € D (A);
(vi) —A s the infinitesimal generator of a Cyp—semigroup (S (t)),-, € D (A);
(vii) Consider up € D (A);

(viii) Admit that M (Qo +La + FI?W)LZ (W (to+a) — 4 (to))“> <1
o

Definition 3.1. A function « is said to be a strong solution of problem Eq.(1.6) on [ if u is a.e
differentiable on I
HDZ;-I&-IU (t) S ((t0+7 toy + a}v 'Q')

Itloju (t)+ g (t, s tp,u(-)) = up (3-9)
and
1 t
BB () + A () = £ (L) + s /t HE (£, 5) K (£, 5,0 (s)) ds, (3.10)

t e (to,to + a}.
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Theorem 3.2. The fractional integro-differential equation with nonlocal conditions given by
Eq.(1.6), has a unique solution on L.

Proof. Let Q := C\_, (I, B,). First, we need define the following operator

t

F)v() = Suv()uo—Sus(t)g(tr,....tp,v(-))+ [ Ku(t—s)f(s,v(s))ds

to

t s
K.(t—s) [ H*(s,7)K(s,7,0(r))drds, tel 3.11)

_|_7
F (‘LL) to to

where K, (1) = t*~'G, (), G, (t) = / VM, (6)S,., (t76)d6, S, (t) = I'""MK, (1),
0

O<p<land0<wv<I.
Using the conditions C(I.1)-(I.8) as presented previously, yields

£ (3v) (1)

< [ () wol| + ([ TS (8) g (B sty v ()]
+ ([t t Ku(=s)f(s,v(s))ds
+ ’t]_’yl“(lu) t K. (t—s) :H“ (s,7)K (s,7,v(7))drds
< Suw O uol| + 1S @H[E g 1y e b0 ()]
+t! 77 /t 1Ky (t =)l s7 (|7 (f (5,0 () = £ (5,0))|| + || F (5,0)]]) ds
+li(_;:)/t 1K, (t—s)/:ﬂ—IHﬂ (5,7) x
(||71*7 (K (s,7v (1)) —K(s,T, 0))” + HTI*WK (s, T, 0)||) drds
— ¢ M (Kor + K1) [* [° .,
< Mu0||CIW+MG1+M(Lr+H)/tO ds+ro(ﬂ)1/to /to N*(s,7)drds
_ = M (Kor + K1) (¢ (s) — ¢ (t0))" [*
= M|fugllg, . +MGy+M (Lr+H) (t — o) + Fo(u) 1 ) 0 /to ds
< M[Huool +(’i+(Lr+H)a+<KOT+K1)(w(t°+za)_w(towal <,
! I (1)
(3.12)

for v € Q. Thus, we conclude that §Q C Q.
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On the other hand, for every vy, v, € Q and ¢ € I, yields

[£77 ((Fv1) (8) — (Fv2) (1))

< HSMV t H Htl_7 (tlv"'vtlavl ('))_g(tb“"tl’vz ()))H
1 / 1Ky (2= )1 1F (5,01 () — 1 (5,02 ()] ds
/ 1K, ( ||/ H (s, 7) | K (5,7, 01 (7)) — K (5,7, 02 (v))]| drds
t
< MQ ||’U1 —112”0177 +ML||’U1 —1)2”0177/ ds
to
MK tors
o o=l / "8 (5,7 s
< (MQO + MLa + l;/I(K()’f (¢ (to + a) 1/)(t0))“> [|v1 *”2Hcl_7- (3.13)
I

MK
If we take g = MQp + MLa + O (¥ (to + a) — ¢ (t0))", then

(1)

501 —Fvalle, , =sup [t ((Fon) () = G2 )| < allor =walle, 14
S

with 0 < ¢ < 1.

So, we have §, is a contraction on the space Q. In this sense, applying the Banach fixed point
theorem, we concluded that, the operator § admits unique fixed point in space Q and this sense
is the mild solution of Eq.(1.6) on 1. O

Corollary 3.3. Assume that the conditions CI are true and taking the limit v — 1 on both sides of
Eq.(2.6), then the Caputo fractional integro-differential equation with nonlocal conditions given
by Eq.(1.6) has a unique mild solution on 1I.

Proof. Direct consequence of Theorem 3.2. O

Corollary 3.4. Assume that the conditions CI are true and taking the limit v — 0 on both sides of
Eq.(2.6) then the Riemann-Liouville fractional integro-differential equation with nonlocal con-
ditions given by Eq.(1.6) has a unique mild solution on 1.

Proof. Direct consequence of Theorem 3.2. O

Corollary 3.5. Assume that the conditions CI are true and taking the limit ;. — 1 on both sides
of Eq.(2.6) then the integro-differential equation with nonlocal conditions given by Eq.(1.6) has
a unique mild solution on I.

Proof. Direct consequence of Theorem 3.2. O

Theorem 3.6. The fractional integro-differential equation with nonlocal conditions given by
Eq.(1.6), has a strong solution on I.

Proof. By satisfying all the conditions of Theorem 3.2, the problem Eq.(1.6) admits a unique
mild solution in C,, (I, Q) which we denote by w.
Now, we shall show that this mild solution is a strong solution of problem Eq.(1.6) on I. For
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any t € I, yields

u(t+h)—u(t)
Smu (t + h) uy — S“,V (t) Uy — SHW (t + h) g (tl,...,tz, u ())

+SM,V (t)g (tlv "'7t2)u(')) + /ttoJr ICH (t +h-— 5) f (Sau(s))ds

t+h .
- Ku(t+h—s)f(su(s))ds— t K, (t—s) f(s,u(s))ds
0+ .
1 to+h s
+w/t ’CH (t+h—8) ; HH (S’T>K(S7T7U(T>)d7d8
1 t+h s
T (u) to+h Rult+h=s) g H* (s, 7) K (s, 7, u (7)) drds
_F(lu) t: ICH (t_s> t: H (S’T)K(S’T’u(s))ds

SM,V (t + h) uy — Sp,l/ (t) uy — SM,U (t + h) g (tb ~-~7t2a u ())

to+h
+Su (t) g (t1, .oy to,u(r)) + /t Ku(t+h—s)[f(s,u(s))— f(s,0)]ds

to+h t
—I—/t Kp({t+h—s)f(s,0)ds+ [ K,(t—s)[f(s+hu(s+h))—f(s,u(s))]ds

to

1 [loth .
0 /t Kult+h=s) L (5,7) [K (s,7,u (7)) — K (s,7,0)] drds
r(lu) /twh’c (t+h*8)/sH’L (s,7) K (s,7,0) drds
r(lu / HY (s + h,7) [K (s + h,7,u (7)) — K (s + h,7,0)] drds
+r(lu) tOK / HY (s + h,7) K (s + h,7,0) drds
+(1M / H (5,7) [K (s + h,7,0) = K (5,7, u(7))] drds
+F(1u) /t:’Cu (t—S)/t H* (s,7) K (s + h, 7,0) drds. (3.15)

Using our assumptions (CII) we observe that

677 (u(t+h) —u(t))]
< ISpw E R E 0| + ISuw (E+ R [E 79 (1o t2, w ()]
+ 1S @H[E " wol| + 1S I g (1ot w ()|

L [lth s
o / 1Ky (4 — )| 57 |8 [f (s, (s)) — £ (5, 0)]|| ds

0
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to+h
—l—tl*”/ 1K (lf—O—hfs)HsV*1 Hslf“’f (S,O)Hds

to

177 [ (= s 17 0 s+ B 1) = £ (s ()]s

1—~ to+h s
+15()/ I, (t+h—s)||/ W (5,7) 71 x |77 (K (5,7, u.(r)) — K (5,7, 0)]| drds
1% to
tlf'y to+h . -
+ / K,(t+h—s) /H#STT’Y 7 K (s,7,0)| drds
w) 1, (2 Il I i
/||IC ||/ H* (s + h,T) "1H71 'YKSTOHdes
t s+h |
_‘_7 K. H* (s + h,7) 77"
) ), || (t—s)l \ ( )
X ||¢1*7 K (s+h,7,u(r)) — K (s +h,7,0)]| drds
tl—’y t s+h
+—— [ K. (t—3s)| HH (s,7) 77! HTI*VK (s—l—h,T,O)H drds
I (u) to to
tl—’y t s
ter [ KL t=3)| [ H*(s,7) 77! x HTI_7 K(s+h,7,0) —K(s+h,7,u( H drds
F(/“L) to to

1—~ t s
—;w/t 1K, (t—s)||/t B (5,7) 7 |7 7K (s + hu 7, 0)|| drds
0 0

< Mugllg,  +Muollg, .+ MG + MG +MLrh + MLA
t
+MLha+ML/ B (£, ) |[s' (u (s + B) — u (s))]| ds
to
M to+h s M to+h s
+—K 7“/ / H* (s,7)drds + =——K / / drds
I (n) ° to to (:7) I (n) : to to
M t s+h M t s+h
—l——Kgr/ H* (s + h,7)drds + K1/ H* (s 4 h,T) d7rds
F(.u) ty Jto ( ) r( ) to o )
M t S
+—K 7“/ / H* (s,7)drds — K / / drds
I (n) ° to Jto (5:7) !
< 2Muoll¢, . +2MG + MLrh + MNh + MLha
t
—|—ML/ H* (t,s) ||s'7 (u(s + h) —u(s))| ds
to
MK()’I“ MK()?“
—_— t h) — (L)) + —— t h — 1 (t))"
Tt 1) (¥ (to + h) — ¥ (t0)) +F(u+1) (¢ (to+ h+a) —(ty))
MK()’I" m MKI I
—_ t, — Y (t —_ t h — Y (&
+1—~(‘u+1)<w(0+a) 1/1<0)) +F(u+1)(w(0+ +a) w(O))
7MK1(1 + MK1a2
20(p) 20 (p)
t
< Ph+ML [ H*(ts)||s" (u(s+h) —u(s))| ds

to

(3.16)

MK;a MK, a?
20(p) 20 (p)

where P :=2M [[ug|l, _ +2MG + MLr + MN + MLa — +
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m (¥ (to + h) =¥ (o))" + m (@ (to +h+a) =4 (t0))" +
m (¥ (to+a) =¥ (t0))" + rxlill) (6 (to+ Rt a) = 4 (t0))"

By means of the Gronwall inequality, follows that
[£177 (u (¢ + ) — ()| < PRE, [MLI (1) (0 (t) =% ()], t€ 1, (3.17)

where E () is one-parameter Mittag-Leffler function.
Therefore, u is Lipschitz continuous on /. The Lipschitz continuity of « on I combined with
(CII) (3) give that ¢ — f (¢,u(t)) is Lipschitz continuous on I. Also by assumption (CII) (5),

1 t
we have ¢ — Ol / H* (¢,5) K (¢, s,u(s)) ds which is Lipschitz continuous on I.
) Jt
Using Theorem 3.5, we observe that the equation

t

Dptv () +A(t) = f(tu(t)+ H” (¢, 5) K (t, 5, (s)) ds

1 L(u) Ji, (3.18)
Itl)_’)l?} (to) = uo—g(h,...,tp,u(-))
has a unique strong solution v on I satisfying the equation
t
v(t) = Suu(t)[uo—g . tpu()))+ | Ku(t—s)f(s,u(s))ds
to
t s
+ [ K,(t—s) | H*(s,7)K(s,7,u(r))drds
to to
= wu(t),tel. (3.19)
Consequently, u is a strong solution of Eq.(1.6) on I. O

Corollary 3.7. Assume that the CII are true and taking the limit v — 0 on both sides of
Eq.(2.6) then the Riemann-Liouville fractional integro-differential equation with nonlocal con-
ditions given by Eq.(1.6) has a unique strong solution in I.

Proof. Direct consequence of Theorem 3.6. O

Corollary 3.8. Assume that the CII are true and taking the limit v — 1 on both sides of
Eq.(2.6) then the Caputo fractional integro-differential equation with nonlocal conditions given
by Eq.(1.6) has a unique strong solution in I.

Proof. Direct consequence of Theorem 3.6. O

Corollary 3.9. Assume that the CII are true and taking the limit i — 1 on both sides of Eq.(2.6)
then the integro-differential equation with nonlocal conditions given by Eq.(1.6) has a unique
strong solution in 1.

Proof. Direct consequence of Theorem 3.6. O

4 Concluding remarks and future works

We conclude the paper with the main purpose achieved, i.e., we investigate the existence and
uniqueness of a new class of mild and strong solutions of Hilfer fractional integro-differential
equations in Banach space through the Banach fixed point and the Gronwall inequality in the
context of continuously Cy-semigroup.

However, some questions remain open and are motivations for a future work among them:

(1) A natural continuation of this work is to investigate the Ulam-Hyers stability and continuous
dependence of mild solutions for Eq.(1.6).
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(ii)

(iii)

Investigate the existence, uniqueness and Ulam-Hyers stability of mild and strong solutions
of integro-differential and fractional differential equations involving the ¢-Hilfer fractional
derivative. Here, we also consider A to be an infinitesimal generator. To obtain such a
result, two points are needed. First point would be to obtain a Laplace transform with
respect to another function. This point has already been obtained and discussed in the
interesting work [20]. However, it is still necessary to obtain a mild solution to a problem
of Eq.(1.6) type (closed formula). This question is still an open problem when it involves
an infinitesimal generator.

Another open point is to discuss problems of fractional pseudo-differential equations with
the Hilfer fractional derivative, especially involving the ¢-Hilfer fractional derivative.

We believe that the objectives discussed here certainly contribute to the construction and
enrichment of the theory of fractional differential equations. In addition, we highlight some next
and possible steps that we intend to continue in the research involving differential equations and
fractional operators.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

R. P. Agarwal and G. S. B. de Andrade, On fractional integro-differential equations with state-dependent
delay, Comput. & Math. Appl. 62 (3), 1143-1149 (2011).

A. Al-Omari and H. Al-Saadi, Existence of the classical and strong solutions for fractional semilinear
initial value problems, Boundary Value Problems 157 (2018), 1-13 (2018).

R. Almeida, N. R. O. Bastos and M. T. T. Monteiro, Modeling some real phenomena by fractional differ-
ential equations, Math. Meth. Appl. Sci. 39 (16), 4846-4855 (2016).

R. Almeida, A. B. Malinowska and T. Odzijewicz, Optimal leader-follower control for the fractional
opinion formation model, J. Optim. Theory Appl. 182, 1171-1185 (2019).

B. de Andrade and J. P. C. dos Santos, Existence of solutions for a fractional neutral integro-differential
equation with unbounded delay, Elect. J. Diff. Equ. 2012 (90), 1-13 (2012).

K. Balachandran and S. Ilamaran, Existence and uniqueness of mild and strong solutions of an semilinear
evolution with nonlocal conditions, Indian J. Pure Appl. Math. 25, 411-418 (1994).

P. Bedi, A. Kumar, T. Abdeljawad, A. Khan and J. F. Gémez-Agular, Mild Solutions of Coupled Hybrid
Fractional Order System with Caputo-Hadamard Derivatives, Fractals 29 (6), 2150158-59 (2021).

A. Chadha and D. N. Pandey, Existence of the mild solution for impulsive neutral stochastic fractional
integro-differential inclusions with nonlocal conditions, Mediterr. J. Math. 13 (3), 1005-1031 (2016).

A. Chadha and D. N. Pandey, Existence of the mild solution for neutral fractional integro-differential
equations with nonlocal conditions, Inter. J. Nonlinear Sci. 24 (1), 9-23 (2017).

A. Chadha and D. N. Pandey, Existence results for an impulsive neutral stochastic fractional integro-
differential equation with infinite delay, Nonlinear Analysis 128, 149-175 (2015).

M. Chandrasekaran and V. Dhanapalan, Fractional evolution integro-differential equations with nonlocal
conditions in Banach spaces, Diff. Equ. & Control Processes 2014 (2), 25-33 (2014).

Y. K. Chang, V. Kavitha and M. M. Arjunan, Existence and uniqueness of mild solutions to a semilinear
integrodifferential equation of fractional order, Nonlinear Analysis 71, 5551-5559 (2009).

A. Dabiri, B. P. Moghaddam and J. A. T. Machado, Optimal variable-order fractional controllers for
dynamical systems, J. Comput. Appl. Math. 339, 40-48 (2018).

A. Debbouche, D. Baleanu and R. P. Agarwal, Nonlocal nonlinear integrodifferential equations of frac-
tional orders, Boundary Value Problems 2012 (1), 1-10 (2012).

T. Diagana, G. M. Mophou and G. M. N’ guerekata, On the existence of mild solutions to some semilinear
fractional integro-differential equations, Elect. J. Qual. Theory of Diff. Equ. 2010 (58), 1-17 (2010).

J. Djordjevic, C. J. Silva and D. E. M. Torres, A stochastic SICA epidemic model for HIV transmission,
Appl. Math. Lett. 84, 168—175 (2018).

H. Gou and B. Li, Local and global existence of mild solution to impulsive fractional semilinear integro-
differential equation with noncompact semigroup, Commun. Nonlinear Sci. Numer. Simulat. 42, 204-214
(2017).

H. Gu and J. J. Trujillo, Existence of mild solution for evolution equation with Hilfer fractional derivative,
Appl. Math. Comput. 257, 344-354 (2015).

S. llamaran and K. Balachandran, Existence and uniqueness of mild and strong solutions of an integrod-
ifferential equation with nonlocal conditions, Libertas Mathematica 15, 119-128 (1995).



INTEGRO-DIFFERENTIAL EQUATION OF ARBITRARY ORDER 123

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

F. Jarad and T. Abdeljawad, Generalized fractional derivatives and Laplace transform, Disc. & Cont. Dyn.
Syst.-S 13 (3), 709 (2020).

A. Jawahdou, Mild solutions of fractional semilinear integro-differential equations on an unbounded in-
terval, Appl. Math. 4 (7), 34-39 (2013).

L. Kexue and J. Junxiong, Existence and uniqueness of mild solutions for abstract delay fractional differ-
ential equations, Comput. Math. Appl., 62, 1398-1404 (2011).

H. Khan, T. Abdeljawad, J. F. Gémez-Aguilar, H. Tajadodi and A. Khan, Fractional order Volterra integro-
differential equation with Mittag-Leffler kernel, Fractals 29 (6), 2150154-1917 (2021).

A. Khan, H. Khan, J. F. Gémez-Aguilar and T. Abdeljawad, Existence and Hyers-Ulam stability for a
nonlinear singular fractional differential equations with Mittag-Leffler kernel, Chaos, Solitons & Fractals
127, 422-427 (2019).

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional differential equa-
tions, Volume 204, Elsevier, Amsterdam, Netherlands (2006).

E. C. de Oliveira and J. V. da C. Sousa, Ulam-Hyers-Rassias stability for a class of fractional integro-
differential equations, Results Math. 73 (3), 1-16 (2018).

D. N. Pandey, A. Ujlayan and D. Bahuguna, On a solution to fractional order integrodifferential equa-
tions with analytic semigroups, Nonlinear Analysis: Theory, Methods & Applications 71 (9), 3690-3698
(2009).

A. Pazy, Semigroups of linear operators and applications to partial differential equations, Volume 44,
Springer Science & Business Media, Berlin (2012).

R. Ponce, Bounded mild solutions to fractional integro-differential equations in Banach spaces, Semigroup
Forum 87 (2), 377-392 (2013).

S. A. Qasem, R. W. Ibrahim and Z. Siri, On mild and strong solutions of fractional differential equations
with delay, AIP Conference Proceedings 1682 (1), 020049 (2015).

M. H. M. Rashid and A. Al-Omari, Local and global existence of mild solutions for impulsive frac-
tional semilinear integro-differential equation, Commun. Nonlinear Sci. Numer. Simul. 16 (9), 3493-3503
(2011).

M. H. M. Rashid and Y. El-Qaderi, Semilinear fractional integro-differential equations with compact
semigroup, Nonl. Anal.: Theory, Meth. & Appl. T1 (12), 6276-6282 (2009).

A. B. Salati, M. Shamsi and D. F. M. Torres, Direct transcription methods based on fractional integral
approximation formulas for solving nonlinear fractional optimal control problems, Commu. Nonlinear
Sci. Numer. Simul. 67, 334-350 (2019).

J. V. da C. Sousa, F. Jarad and T. Abdeljawad, Existence of mild solutions to Hilfer fractional evolution
equations in Banach space, Annals of Functional Analysis 12 (1), 1-16 (2021).

J. V.daC. Sousa, K. D. Kucche and E. C. de Oliveira, Stability of ¢)-Hilfer impulsive fractional differential
equations, Appl. Math. Lett. 88, 73-80 (2019).

J. V.da C. Sousa and E. C. de Oliveira, A Gronwall inequality and the Cauchy-type problem by means of
i-Hilfer operator, Diff. Equ. & Appl. 11 (1), 87-106 (2019).

J. V.daC. Sousa and E. C. de Oliveira, On the W-fractional integral and applications, Comput. Appl. Math.
Comp. 38 (1), 1-22 (2019).

J. V. da C. Sousa and E. C. de Oliveira, On the 1-Hilfer fractional derivative, Commun. Nonlinear Sci.
Numer. Simul. 60, 72-91 (2018).

J. V. da C. Sousa and E. C. de Oliveira, On the Ulam-Hyers-Rassias stability for nonlinear fractional
differential equations using the v-Hilfer operator, J. Fixed Point Theory and Applications 20 (3), 1-21
(2018).

J. V. da C. Sousa and E. C. de Oliveira, Ulam-Hyers stability of a nonlinear fractional Volterra integro-
differential equation, Appl. Math. Lett. 81, 50-56 (2018).

J. V. da C. Sousa, E. C. de Oliveira and L. A. Magna, Fractional calculus and the ESR test, AIMS Math 2
(4), 692-705 (2017).

J. V. da C. Sousa, D. S. Oliveira and E. C. de Oliveira, A note on the mild solutions of Hilfer impulsive
fractional differential equations, Chaos Solitions & Fractals 147, 110944 (2021).

J. V.da C. Sousa, D. S. Oliveira and E. C. de Oliveira, On the existence and stability for noninstantaneous
impulsive fractional integrodifferential equation, Math. Meth. Appl. Sci. 42 (4), 1-13 (2018).

J. V. da C. Sousa, M. N. N. dos Santos, L. A. Magna and E. C. de Oliveira, Validation of a fractional
model for erythrocyte sedimentation rate, Comput. Appl. Math. 37, 6903—-6919 (2018).

S. Suganya and M. M. Arjunan, Existence of mild solutions for impulsive fractional integro-differential
inclusions with state-dependent delay, Mathematics § (1), 1-16 (2017).



124 J. Vanterler da C. Sousa, Diego F. Gomes and E. Capelas de Oliveira

[46] B.Zhu, L. Liu and Y. Wu, Local and global existence of mild solutions for a class of semilinear fractional
integro-differential equations, Frac. Cal. and Appl. Anal. 20 (6), 1338-1355 (2017).

Author information

J. Vanterler da C. Sousa, Department of Applied Mathematics, Institute of Mathematics, Statistics and Scientific
Computing, University State of Campinas, Campinas, Sdo Paulo 13083-859, Brazil.
E-mail: vanterler@ime.unicamp.br

Diego F. Gomes, Department of Mathematics, Federal Institute of Maranhao, Barra do Corda, Maranhao 65950-
000, Brazil.
E-mail: diego.gomes@ifma.edu.br

E. Capelas de Oliveira, Department of Applied Mathematics, Institute of Mathematics, Statistics and Scientific
Computing, University State of Campinas, Campinas, Sdo Paulo 13083-859, Brazil.
E-mail: chapelsQunicamp.br

Received: November 22, 2021.
Accepted: March 23, 2022.



	1 Introduction and motivation
	2 Mathematical background – auxiliary results
	3 Existence and uniqueness of a mild and strong solution to FIE
	4 Concluding remarks and future works

