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Abstract The number of edges incident with a vertex v is called a degree of a vertex v.
Given the importance of the degrees of vertices for chemical applications, which correspond
to the number of bonds that fall on atoms, our interest was in finding formulas of indices that
depend on the degrees of vertices, such as: first Zagreb, second Zagreb, complement first Zagreb
and complement second Zagreb indices. We found an iterative and general formulas for these
indices that depend on the previous cycles or on the number of cycles for graphs construct from
identical edges the hexagonal cycles and we give some examples for chemical applications in
this article.

1 Introduction

The degree of a vertex v is the number of edges incident with v where v is a vertex belong to
a vertex set V(G) of a connected graph G and denoted by deg v; a vertex of degree one is an
end vertex, or pendant of G. A vertex of degree O is isolated. In this article, we consider the
graph G is a simple, connected and undirected graph. An invariant of a graph G is a number
associated with G which has the same value for any graph isomorphic to G, for known a lot
of basic concepts about graph theory, see [1]. The order and size of a graph are two simple
graph invariants. And there are many indices such as: Wiener index [2], Schultz and modified
Schultz indices [3], D— index [4], M,,—index [5] and detour number [6], that are invariants for
isomorphic graphs, which have many applications, especially in chemistry [7-9].

The first Zagreb index Z1(G) was first time considered in 1972, [10] but the second Zagreb
index Z2(G) was first time considered in 1975, [11] of a connected graph G and were defined
as follows:

Z1(G) = Z (degu + degv),
w€E(G)

Z2(G) = Z (degu x degv).
weE(G)

From above definitions, we note that the Zagreb indices can be viewed as the contributions
of pairs of adjacent vertices. But there are another indices contrary to the adjacent condition
(non-adjacent pairs of vertices), this is known coindices of Zagreb indices, [12] and defined as
follows:

Z19(G) = Z (degu + degv),
wvg B(GQ)

Z2°(G) = Z (degu x degv).
uwv¢ E(G)

There are many studies and papers on these indices, please refer to the references [13-16].
Now, we can define these indices for single a vertex by:

Z1(u, G) = (degu)® + Z degv,
wveE(Q)
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Figure 1. Chain Hexagonal Cycles (CHC),).

Z2(u, G) = degu Z degv.
w€EE(G)

Z1°(u, G) = (p — degu — 1)degu + Z degv,
wwg E(QG)
where p be the number of vertex set V(G).
Z2%(u, G) = degu Z degv.

w¢ E(G)

Given the importance of the properties of some chemical structures such as temperature,
solubility, energy, etc., and their relationship to topological indices, such as: first Zagreb, second
Zagreb, complement first Zagreb and complement second Zagreb indices. We decided to find
these indices for some structures of chain of hexagonal cycles.

2 MAIN RESULTS
2.1 ZAGREB INDICES OF CHAIN HEXAGONAL CYCLES (CHC,,)

A Linear molecules are compounds having the linear geometry. That means; these linear molecules
have their atomic connectivity in a straight line. All the atoms in the molecule are arranged in
a perfect line. See Figure 1. In linear geometry, there are usually three atoms in the molecule —
a central atom is bonded to two other atoms via covalent bonds. The two atoms in the opposite
sides of this molecule are called ligands bound to the center.

Some properties of the graph CHC',

Let n be representation the number of hexagonal cycles is, then:
(i) The order p = p(CHC,,) = 4n + 2 and the size ¢ = ¢(CHC),,) = 5n+ 1.
(ii) The diameter § = §(CHC,,) =2n+ 1.

(iii)) The number of vertices have two degree is 2n+4 and the number vertices have three degree
is2(n—1).

In the following theorem, we will give the iterative formulas of the preceding evidence for
the graph CHC,,.

Theorem 2.1. For all n € Z+ — {1}, we get:
(i) Z\(CHC,) = Z1(CHC,_,) + 26.
(ii) Z2(CHC,,) = Z2(CHC),—1) + 33.
(iii) Z1°(CHC,) = Z1°(CHC,,_) + 80n — 48.
(iv) Z2°(CHC,) = Z2°(CHCy_,) + 100n — 76.

Proof. Let wy, wy, w3, wy be the vertices belong to (V(CHC,,) — V(CHC,,_1)) see Figure 1.
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(i) From Figure 1, we can find:

4 3
Z Z1(w;,CHC! _|) = Z [deg(w;) + deg(w;y1) ]+ [deg(wy) + deg(vy)]

i=1 i=1
+[deg(ws) + deg(van-1)+2)]
=32+2)+2(2+3)=22,
where the graph CHC/, _, is the graph C HC,,_; whose degree three for vertices of identify
edge {vl , v4(n_1)+2}. Also, we add the deference between degrees (viand vy, )42 With

v and vy, 1)4 Tespectively), after adding the last hexagonal cycle and before adding the
last hexagonal cycle, thatis 2(3+2) + (3+3) — [2(24+2) + (2+2)] = 4.

Hence, Z1(CHC,,) = Z1(CHC\,_1) + 26.
(ii) In the same way can get: Z2(CHC,,) = Z2(CHC,_1) + 33.

(iii) We first find the co-index first Zagreb of vertices w;, ¢ = 1,2, 3,4 with verticesof I[EHC,,_;.
From Figure 1, we get: Z1°(w;, CHC! _|) =[5(n—2)(2) +5+4n (2)] = 18n — 15, for
all i = 1,4. Z1°(w;, CHC! _|) = [5(n—1)(2) +4n (2)] = 18n — 10, for all ¢ = 2,3.

Now, 2?13 [deg(w;) + deg?;vi)] + [deg(w3) + deg(was)] = 12.

Also, we add the difference (for the vertices of identical edge) degrees after adding vertices
w;, 7 = 1,2,3,4 and before adding them, we get:

2{6(n—2)(2) +5(22) +5(n —=2)(2) + 5} —2{5(n —2)(2) + 4(2) + 4(n — 2)(2) + 4}
= 8n — 10.
Hence, Z1°(CHC,,) = Z1°(CHC\,—1) + 2(18n — 15) + 2(18n — 10) + 12 + 8n — 10

= Z1°(CHC,_,) 4 80n — 48.

(iv) In the same way can get Z2°(CHC,,) = Z2°(CHC,,—) 4+ 100n — 76.
]

Now, we find the indices Z1(G), Z1(G), Z1°(G) and Z2°(G) for the identical edges for n—
hexagonal cycles CHC,,,V n € Z+ — {1}.

Corollary 2.2. For all n € Z+ — {1}, we have:
(i) ZI(CHC),) =2(13n — 1), the initial value Z1(CHC) = 24.
(ii)) Z2(CHC),) = 3(11n — 3), the initial value Z2(CHC}) = 24.
(iii) Z1°(CHC,) = 40n* — 8n + 4, the initial value Z1°(CHC)) = 36.
(iv) Z2°(CHC,) = 50n* — 26n + 12, the initial value Z2°(CHC)) = 36.

Proof. (i) We use the iteration method to resolve the recurrence relation in Theorem 2.1(1).
Then
Z1(CHC,) = Z1(CHC,,_;) +26

= Z1(CHC,,_2) +26(2)
= Z1(CHC,_3) +26(3)

= Z1(CHCy) +26(n — 1)
=24426(n—1)=2(13n— 1).

(ii) In the same way can get: Z2(CHC,,) = 3(11n — 3).
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Figure 2. CHAIN ZIGZAG HEXAGONAL CYCLES (CZHC,,).

(ii1) Also, We use the iteration method to resolve the recurrence relation in Theorem 2.1, (3).
Then
Z1°(CHC,) = Z1°(CHC,,_1) + 80n — 48

= Z1°(CHC, ) 4 80(n — 1) + 32
= Z1°(CHCyp_3) +80(n — 1) + 80(n — 2) +2(32)

3
= Z1°(CHC\,_3) + 80 _ (n—1) + 3(32)

i=1

n—1
= ZI°(CHCy) + 80> (n—i) + (n—1)(32)

=36+40(n(n—1)) + (n —1)(32).
= 40n* — 8n + 4.

(iv) In the same way can get: Z2°(CHC,,) = 50n? — 26n + 12.
o

Remark 2.3. It is possible to find many relationships between these indices and the number of
vertices, or the number of edges, or the diameter by their some properties of the graph CHC,,.

2.2 ZAGRAB INDICES OF CHAIN ZIGZAG HEXAGONAL CYCLES (CZHC,,)

A Nonlinear molecules are compounds that have a geometry different linear geometry. That
means; these molecules are not linear, and their atoms are not arranged in a straight line. The
shape of these molecules depends on the hybridization of the atomic orbitals of the atoms in the
molecule, see Figure 2. Some of the possible shapes are V-shaped molecules, angular, trigonal
planar, tetragonal molecules, pyramidal molecules and other shapes. The bond angles of these
molecules differ from each other according to the shape.

It is clear that CZ HC,, has the same order, size, diameter and the number of vertices which
have degree two and three as the CHC,,,n € Z™.

In the following theorem, we will give the iterative formulas general of Zagreb indices for
the graph CZHC,.

Theorem 2.4.
1.Z1(CZHC,) = Z1(CZHC\—1) + 26,n € 7t —{1}.

2.22(CZHC,) = Z2(CZHC,_) +34,n € Z" — {1,2}.
3.Z19(CZHC,) = Z1°(CZHC)_y) + 80n — 48,n € Z* — {1}.
4.22(CZHC,) = Z2°(CZHCp_1) 4+ 100n — 77,n € Z+ — {1,2}.

Proof. We will only prove the second and fourth, because one and three are mentioned in the
Theorem 2.1. Let wy, wy, w3, wa be the vertices belong to (V(CZHC,,) — V(CZHC,_1)) see
Figure 2.
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2. From Figure 2, we can find:

4

3
Z Z2(w;,CZHC),_)) = Z [deg(w;) x deg(wit1) ]+ [deg(wi) x deg(vi)]

i=1 =1

~

+[deg(ws) x deg(van—1)42)] = 3(2 x 2) +2(2 x 3) = 24,

where the graph CZHC! _, is the graph CZHC,_; whose degree three for ver-
tices of identify edge {ul,v4<n_1>+2}. Also, we add the difference between degrees
(viand wvy(,,—1)42 With v and vy, )41 respectively), after adding the last hexago-
nal cycle and before adding the last hexagonal cycle, that is (3 x 2) + 2(3 x 3) —
[2(2 x 2) + (3 x 2)] = 10. Hence, Z2(CZHC,,) = Z2(CZHC, ;) + 34.

4. We first find the co-index first Zagreb of vertices w;, i = 1,2, 3,4 with vertices of CZHC,,_;.
From Figure 2, we get:

72¢(w;, CZHC!,_) = [6(n —2)(2) + 6 +4n (2)] = 20n — 18, forall i = 1,4.
Z2%(w;, CZHC!,_|) = [6(n — 1)(2) + 4 n (2)] = 20n — 12, forall i = 2, 3.

Now, 2?13 [deg(w;) x deg(w;)] + [deg(wz) x deg(ws)] = 12.

Also, we add the difference degrees for vertices viand vy, )12 (identical vertices)
after adding the last hexagonal cycle and before adding the last hexagonal cycle, we
get:

{9(n-2)2)+6(n—1)2)+6}+{9(n—-3)2)+9+6n(2)}

—{6(n —2)(2) +4(n — 1)(2) + 4} — {6(n — 3)(2) + 6 + 4n(2)} = 20n — 29.
Hence, Z2°(CZHC,,) = Z2°(CZHC,_;)+2(20n—18)+2(20n—12)+12+20n—29

= Z2°(CZHC\_y) 4 1000 — 77.

O

Now, we find the indices Z1(G), Z2(G), Z1°(G) and Z2°(G) for the zigzag identical edges
for n— hexagonal cycles CZHC,,,V n € Z* — {1}.

Corollary 2.5. For all n € Z+ — {1}, we have:
(i) Z1(CZHC,) = 2(13n — 1), the initial value Z1(CZHC") = 24.
(ii) Z2(CZHC,,) = 34n — 11, the initial value Z2(CZHC,) = 57.
(iii) Z1°(CZHC,,) = 40n* — 8n + 4, the initial value Z1°(CZHCy) = 36.
(iv) Z2°(CZHC,) = 50n* — 27n + 14, the initial value Z2°(CZHC,) = 160.

Proof. ii. We use the iteration method to resolve the recurrence relation in Theorem 2.4,(2).
Then
Z2(CZHC,) = Z2(CZHC,,_1) +34,n € Z* — {1,2}.

= Z2(CZHC,_) + 34(2)
= Z2(CZHC,_3) +34(3)

= Z2(CZHC,) + 34(n — 2)
=57434(n—2) =34n—11.
Hence, Z2(CZHC,,) = 34n — 11, foralln € Z*.
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iv. Also, we use the iteration method to resolve the recurrence relation in Theorem 2.4,(4).
Then
Z2°(CZHCy,) = 22°(CZHCy—1) + 100n — 77

= Z2°(CZHC,_3) + 100n + 100(n — 1) — 2(77)
2

= Z2°(CZHC,_3) + 100~ (n — i) — 3(77)
i=0

= Z2°(CZHCy) + 100772_:3 (n —1i) — (n—2)(77)
i=0

=36+40(n(n—1)) + (n—1)(32).
= 50n% — 27n + 14.

O

Remark 2.6. It is possible to find many relationships between these indices and the number of
vertices, or the number of edges, or the diameter by their some properties of the graph CZHC,,.

3 SOME EXAMPLES OF CHEMICAL STRUCTURES

All materials have different physical and chemical properties; also have physical or chemical
changes. Physical properties, such as hardness and boiling point, and physical changes, such as
melting or freezing, do not include a change in the composition of matter. Chemical properties,
such flammability and acidity, and chemical changes, such as rusting, involve production of
matter that differs from that present beforehand. In tables 1 and 2 all chemical structures and
their physical properties and changes in linear and angular acene were illustrated.

A topological graph index, and also refer to a molecular descriptor, is a mathematical formula
that can be applied to any graph and using it to models some molecular structure as well as
to analysis mathematical values and more looking for some physicochemical properties of a
molecule. Therefore, it is an efficient method to avoid expensive and time-consuming laboratory
experiments. Therefore, our goal in this paper was to find some topological indices that shows the
relationship between chemical properties and mathematical formulas through algebraic formulas
of the second or third degree.

Example 3.1. When considering organic compounds having the linear geometry, there is a Car-
bon atom at the center of the molecule, and the ligands bind with the carbon atom via double
or triple bonds. For example, Benzene is an organic chemical compound with the molecular
formula CgHg. Also we take the structures, Naphthalene, Anthracene, Tetracene, Pentacene,
Hexacene, Heptacene, Octacene and Nonacene. Because these structures contain only carbon
and hydrogen atoms, therefore can be classified as a hydrocarbon. In addition to the previous,
there are linear inorganic compounds as well; for example, carbon dioxide, hydrogen cyanide,
and so on, [17,18].

Table 1 illustrated some chemical properties for each compound starts with the compound
that consist of single hexagonal ring represented by Benzene and ending with the compound that
consist of nine hexagonal ring represented by Nonacene.

Now, we will find the relationship between ZAGREB Indices and some chemical properties
like: Boiling point and Melting point, by using Excel and making a test for all types of math-
ematical functions (linear, quadratic, cubic and special functions), and notice that which of the
formula is the best compared with the real values of chemical properties.

From the Figure 3, we notice that the best topological indices are Z1(Cyp2Hon14) and
Z2(Cuapt2Hynta), as the first Zagreb is more accurate and less error.

From the Figure 4, Z1(Cyyy2Hopn1a) and Z2(Cyy 2 Hapyg) are the best, and first Zagreb is
more accurate and less error.
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Table 1. Some Properties of Cyy, 10 Hpppia, n =1,2,...,9,[19].
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Figure 3. Zagreb indices with boiling point of Cy,, 12 Hopya, n =1,2,...,9.
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Figure 4. Zagreb indices with melting point of Ca, 10 Hopya, n =1,2,...,9.

Table 2. Some Properties of Cyy, 10 Hypia,n = 1,2,3,4,5,6, [19].
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Example 3.2. When considering complex molecules such as polymers, they also can be linear
or nonlinear. Most of the nonlinear polymers are branched or cross-linked polymers. Branched
polymers have side groups or pendant groups attached to a straight line of atoms. Cross-linked
polymers have cross-links between straight lines of polymer chains that have form of network
structures. For this case, we take these chemical structures: Phenanthrene, Chrysene, Picene,
Benzo[e]picene, [20].

Table 2 illustrated some chemical properties for each compound starts with the compound
that consist of single hexagonal ring represented by Benzene and ending with the compound that
consist of six hexagonal ring represented by Benzo[e]picene.

Also, as the same as the previous method, we will find the relationship between ZAGREB
Indices and some chemical properties like.

From the Figure 5, we notice that the best topological indices are Z1(Cyp12Hon14) and
Z2°(Cans2Honta), as the first Zagreb is more accurate and less error.

From the Figure 6, we notice that the best topological indices is Z1(Cyp12Hapn14) Which is
more accurate and less error.
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Figure 5. Zagreb indices with boiling point of Cyp, 120 Hopia,n=1,2,...,6.
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4 Conclusion

After studying and investigating, we found it is not possible to find a relationship between topo-
logical indices (Zagreb indices) and the properties (Molar volume and Density) by finding many
formulas between them because there were a very big error.

By comparing the values of boiling point and melting point for structures in Examples 3.1
and 3.2 with each indices Z1, Z2, Z2°¢ via curve fitting using (linear, quadratic, cubic and special
functions) for each case, we conclude that the first and the second graphs are better than others
because the mean square error is very small.
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