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Abstract An attempt is made to obtain some properties of Extended Generalized Bessel
function. Extended Modified Bessel Function has also been discussed.

1 Introduction

In 1824, F. W. Bessel gave the systematic study of Bessel function which is also known as spe-
cial kinds of cylinder functions. In the current era, Bessel functions play a vital character for
resolving the problems of Mathematical Physics, Atomic Physics, Nuclear Physics, Engineering
Sciences such as a Flux Distribution in a Nuclear Reactor, Fluid Mechanics, Heat Transfer, Vi-
brations, Hydrodynamics, Stress Analysis etc.

The Bessel function of first kind J,,(2) [4, P. 109] is represented as,

(— 1)’“ 2k+v
«T(1+v+k)k! (*) ’ (1.1)

where |z| < oo, |argz| < .

In 1935, Wright [6] introduced generalized Bessel function in following form

o %
ZOF +u+hk:)k" (1.2)
where h > 0, |z| < oo, |arg z| < 7.
Galue [9, P. 395] generalized Bessel function as,
> )k 2\ 2k+v
_ [ = 1.
;F —I—Z/—i-hk)k' <2) ’ (1.3)

where h > 0, |z| < oo, |arg z| < 7.
In 2013, Salehbhai et al. [8, P. 2] introduced Extended Generalized Bessel Function in fol-

lowing manner,
(fl)’“ 2kt
hJu , 1.4
h F1+mu+hkz)k'(2> (1.4)

where, h € N, |z| < oo, |argz| < 7, m andv € C.

and also discussed Extended Generalized Bessel Function which is defined [8, P. 2] as,

(—1)*

> k
I : 1.
nly gr —|—mu+hk)k:!(z) (1.5)
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where, h € N, |z| < o0, |argz| < m, m andv € C.
Some following facts are needed for our further study.

The well known generalized hypergeometric function [4, P. 73] is defined by

ap, qg, ..., ap)k z
1+ , 2] < 1, (1.6)
q[ﬂl»ﬁw - Bq ] Z (5) k!
where p and ¢ are nonnegative integers and no 3; (j = 1,2,...,q) is zero or a negative integer.
Here, (a)j, is a Pochhammer symbol [4, P. 22] and defined as

IN'a+ k) (k=0; e C\{0})

o )1
(e := (o) {a(a—l—l)...(a—i—kl) (ke N;acC). 47

Fox-Wright function [7] defined as following form,

(i, A; C(ar + Ark) - T(ay, + Apk) 28
Y, (z) = ¥, —, 1.8)
Pl =%l (5. 5 ) Z T(Bi + Bik)---T(By + Byk) k! (
wherei =1,2,---,p; j=1,2,---,qand z,;, 8; € C, and the coefficients 4y, ...., A, € R*
and By, ...., B, € R" satisfying the following condition

q p
> Bi—) Ai>-1 (1.9)
j=1 i=1

The generalized Jacobi polynomial is defined by [10, P. 3] as,

(1+a),
I'(n+1)

wherede C—2-U(0);a,neC—2;5€C, R(d—F—c)>0.

-n,l+a+pB+n, c
1+ a, d,

piefed () = 36

2

l_m] , (1.10)

Saigoetal. [11, P. 869] introduced left and right-sided generalized integral transforms defined
respectively as,
forz >0anda, B, n e C, R(a) >0

(170) 0

/az—t 2F1<a+6,—77;a;l—i>f(t)dt(m>0) (1.11)

0
and
a, B,n 1 r a—1,—q— L T
(I327f) (@) = F(O[)/(t:v) t ﬁzFl(Oé-i-ﬂ,*?],a,lf;)f(t)dt(x>0).

x

(1.12)
We need following lemmas [1, P. 871-872] for our study.
Lemma 1.1. If z > O and o, 8, 1 € C, R () > O respectively, then
—a—8 z
7% B,n €z el o 1 E
(152575 (@) = T /(x 0L R, (a + 8, = a; 1 x) Ft)ydt,(z>0) (1.13)
0
Using (1.13), for o, B, n € C be such that R (a) > 0, R (o) > max [0, R (8 — n)], we get

a, B,m 01 _ T@T(e+n—08) . 5.
(IO@ ny )(x)—F(U—B)F(U—}—a—i—n)x . (1.14)
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In particular,

(R5 17 (8) = iy 7 R () > 0. R(0) >0 (115)

@+a)

(o +p)

(/cgf t"”) (z) = mxﬁ, R(a)>0, R(o)>-R(p).  (1.16)

Lemma 1.2. [fz > 0 and o, 8,1 € C, R (a) > O, then

(12:27f) (@) = F(la)/(t — )" TR (04 + B8, —ma 1 - %) f(t)dt(z>0).

’ (1.17)
Using (1.17), for o, B, n € C be such that R (o) < 1 +min [R (5), R (n)] we get,
a,B,n o0—1 _ F(B_U+1)F(77_U+l) o—pB—1
L e o ey ey s A (1.18)
In particular,

(Set”™!) (z) = Wx“m—‘, 0<R(2) <1-R(0), (1.19)
W) (@) = =T D ot w0y < 14 R (a). (1.20)

Fa+p—0o+1)

P, -transform:
The P,-transform is a binomial type transform containing many class of transforms includ-
ing the well known Laplace transform.

In 2011, Kumar [3, P. 3] introduced a fractional type integral transform called P-transform or
pathway transform.

The P,-transform of a function f (¢) of a real variable ¢ denoted by P, [f (¢) ; s] is a function
F (s) of a complex variable s valid under certain conditions on f (¢) along with the condition
« > 1, and is defined as,

P, [f(t);s]:F(s):/[1+(a71)s]”;—t‘f(t)dt. (1.21)
0

Theorem 1.3. If p € C, R (p) > 0 and o > 1, the P,—transform of the power function is as
follows [3, P. 8 Result(1)],

Py [t 'ss] = {ln[lf(;l—l)s]}pr (p). (1.22)

2 Integral involving Extended Generalized Bessel functions
In this section, we derive two integrals involving the function }"J, (z) [8].

Theorem 2.1. If }'.J, (z) is defined as (1.4), for a > 0,b > 0, R(v) > —1,h > 0, m €
NU{0}; v e, then

T b v L) (1) | -
/e Wy (bx)dx = W 291 ((12+772w )h)(z ) | <a2>] 2.1
0
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Proof. Let us denote the L.H.S. of (2.1) by I and using the definition (1.4),

]_/OO *azi (71)1« b 2k+vd
~ ) T tmthk) K\ 2 v
) =

k
—b? 0o
b\Y & (T)
I=|= —ax 2k+vd )
<2) Mr(1+mu+hk)k!/€ o
- 0

On using property of gamma function, we get

1=

T(k+2+ 0T E+2+1) /-2\"
fa““ Z r(1 +m1/—|—h/<;)li! () ’

a?

which can be represented in terms of generalized Wright hypergeometric function (1.8), leads to
the right side of (2.1). O

Corollary 2.2. On putting v = 0 in (2.1), this reduces to

[ 1 (3.1). (1) | (-2
ar m — ’ ’ ’ . 2.2
/6 h JO (baf) dzx ﬁa 2¢1 [ (l,h) (1,2 ( )
0
Corollary 2.3. On setting h = 1 in (2.1), this yields
J PTG (v 1 v
/e v br)de = —m e =y g T T )
0
(2.3)
Corollary 2.4. On taking h = 1 in equation (2.2), we get
T 1 1
0
/e_‘“” ™ Jo (ba) de = (a® + %) 7 sa>0,b> 0. (2.4)
0

Theorem 2.5. If 7" J, (2) is defined as (1.4), fora > 0,b > 0,R(v) > —1,h > 0, m €
N U{0}; v e C, then

~ ) b (k + v 1) —bz

a?x? U+1 m v Ao+l 2u+2 , 4a" *
/6 J (bﬂ?)d 2v+1420+2 191 (1 —|—m1},h) ‘ <4a2 >‘| =
0

Proof. Let us denote the L.H.S. of (2.5) by I and using the definition (1.4),

) )k b 2k+v °F S

—a‘z” , 2k+2v+1
Zr +mu+hkz)kz'<2> /6 v dz,
k=0 rd

after simplification, we obtain
Z Tk+to+l) (=)
2”+1 2u+2 L (1+mv+ hk) k!'\ 4a? )’

which can be represented in terms of generalized Wright hypergeometric function (1.8), leads to
the right side of (2.5). O
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Corollary 2.6. On setting h = 1 and m = 1 in (2.5), this becomes,
I= / e g0t ], (ba) da,
0

one can easily obtain by simplification,

by 2

[= e, (2.6)

2'U+l a2’u+2
3 Generalized fractional integration of a Extended Generalized Bessel
functions

In this section, we give some results using fractional integration of Extended Generalized Bessel
Function [8] in terms of Generalized Wright hypergeometric function [7].

Theorem 3.1. Let o, 3, i, o, m, v € C, h > 0, such that

R(v) > -1, R(a) >0, R(c+v) >max[0,R (8 —n)]. 3.1
Then,
@B o—1m B gotv=B-1 (c4+v,2), (c+p+v—3,2) —73:2
(Io,x t th (t)) (l‘) - v 2¢3 (O’—‘—”U—ﬂ72), (0__‘_1}_’_0[_'_”72)7 (l+mv,h) 4
(3.2)

Proof. From (1.4), we have,

o )k( )v+2k
(1000 - 5 e (o)

On applying Lemma 1.1 and o replaced by o + v 4 2k , this yields,
(rr e ) (@)

k
& [(v+o+2k) T (v+o+pu—F+2k) (—2?)

- Z [(o+v—p42k)I (o +v+a+pu+2k)L(1+mrv+hk)  4*k!

this can be represented in terms of generalized wright hypergeometric function (1.8), leads to
the right side of (3.2). O

Corollary 3.2. Let o, p1, 0, v € C h > 0 such that ® (v) > —1, R(a) >0and R(c +v) > 0.
Then

xa+v+a—1

(RS, o=, () (z) = T 192

(0 +v,2) ;;vz
(c+v+a,2), (14+muv,h) | 4 ] (3-3)

Corollary 3.3. Let «, 8, u, o, m,v € C, h > 0 such that R(v) > —1,R(a) > 0 and
R (o +v)>—R(u). Then

xa+v—]

a ,o—1m U+’U+/J/,2
(Kpe 70, 0) @ = o | :

(0+v+a+p2), (1+mo,h)

—Zx

] . (34

4

Theorem 3.4. Let o, 38, 1, o, m, v € C, h > 0, such that,

R)>-1,R(a) >0, R(oc—v)<1+min[R(8),R(n)]. (3.5)



Extended Generalized Bessel Function 227

Then,

(12t (1) (@)

S el (1+8—-0+v,2),(1+n—0+0v,2) =
e (1—oc+v,2),(1+B8+a+n—0+v,2),(1+muv,h) |*
3.6)

Proof. On using (1.4) and interchanging the order of summation and integration, we find,

8, 1 - l)k(l)vﬂk 8, 2k—1
a,B,mpo—1m a,B,npo0—v—
(et (3)) @ ZJF (5 mo -+ AR R o) ),

On applying Lemma 1.2 and o replaced by ¢ — v — 2k, we have

ot+v—1

(IS&" 7 0 (7)) (@) = F

% Z [(B—o4+v+2k+ D (p—o+v+2k+1) (—1)*
[(l—o+v+2k)[(a+B+p—o+v+2k+1)I(mu+hk+1) (422)F k!

one can easily obtain the result in terms of generalized wright hypergeometric function (1.8),
leads to the right side of (3.6). O

Corollary 3.5. Let o, p, o, v € C, h > 0 be such that ® (v) > —1, 0 < R(a) <1 —R(c —v).
Then,

1 go—vte—l (1—-a—0+0v,2)
Se 7:_a'—l m,JU - — )
< T, 00 h <t>) (J?) v le[ (l—a+v,2),(1+mv,h)

-1
42

] . (37

Corollary 3.6. Let o, u, o, v € C, h > 0 be such that ® (v) > —1, R(a) > -1, R(oc —v) <
1 4+ min [0, R (v)]. Then,

_ 1 zo ! (n—0o+v+1,2) -1

WSt i, | = 7 4a?

( meen o h (J)(x) 7 " @+ p-o 4o 1,2), (1 moh) |32
(3.8)

4 P-transform or Pathway transform of ;*.J, (2)

In this section, we find the Pathway transform [3] of Extended Generalized Bessel Function [§]
in terms of Generalized Wright hypergeometric Function.

Theorem 4.1. If p, v, b, m € C, 0 € Rt, h € N, o > 1, then the P-transform of | J, (z) is
given by
—1m A a— prve v
Paftrtpdy 07):s] = (st ) (0)

(p+vo,20)
X191 l (14 mo, h)

(o127 (=2) 1 4.1)

[In[1+(a—1)s]*

Proof. Let P, be the left-hand side of (6.3) and using the definition of (1.4), we get

- . Z (_l)k‘ bto— 2k+v
T (1 + mv + hk) k! ’

on interchanging the order of summation and integration, we have

P =P,

Z ( 1) b2k:+v
22’””1"( +mv + hk) k

P {tp l+20'k:+va}
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on using (1.18) we get,

Plz{m[‘j‘_l)}}’mw(;)”“ F(p+vr+2k) [ (0= D" () *

+(a=1)s kIOF(l+mu+hk)k! In[1 (afl)s]]

which can be written in terms of generalized wright hypergeometric function (1.8), leads to the
right side of (6.3). O

5 Integral involving ;" J,, (2) with jacobi polynomial

In this section, we derive integral involving Extended Generalized Bessel Function [8] with Ja-
cobi Polynomial[10].

Theorem 5.1. Let P\ %) (2) is defined by (1.10), for R (v) > —1, h > 0, m € NU{0}; v €
C,R(\) > —1,a>—1and B> —1. Then

o0

a,B,c,d m 22 (14 (A+1) (2k+v+6+1
(1= 2) (1 +2) PP (@) gy [2 (1 + )] do = 2l mzizmg)

l_%—

—n,1+oz—|—6+n, c, A+ 151

x™J, 2 F
i o (2(2)) 4Fs at 1, d A48+ v+ 2k 42

5.1)
Proof. We denote L.H.S of (5.1) by I and using the definition of (1.4), we find that
1
, Z k 2k:+v(1 +a)n( ) (1 +OZ+B+’H / >\+k )2k+v+6dl‘
22k+UF (1 +mv+ hk)E!(1 + ), (d),2FT( n+ k! '
-1
5.2)
The identity of Beta function [4, P. 31] is mentioned below,
1
/(1+z)p_1(1—x)q_ldx:2p+q71B(p, q). (5.3)

—1

From (5.2) and (5.3), we arrive at,

= —1)k 2(2 2k+v(l+a s . (1+a+B+n), (c),
I'= kZ:O F(l+§nv+)»hk)k!< (2)) Tt 1) Z 1+a ) () K

k=0
wo a1 (A, LD
TA+o+1+v+k+2k)

which can be representing in terms of generalized hypergeometric function (1.8), leads to the
right side of (5.1). O

6 Modified Extended Generalized Bessel Functions
In this section, we discuss Modified Bessel Functions of }J, (z).
Definition 6.1. We define Modified Extended Generalized Bessel Function as
() =177, (iz). 6.1)
On using definition (1.4) in the Right Hand Side of (6.1), we find that

2

2k+wv
() = (5) M (Z,h,mwl), 6.2)
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this can be written as,

where the Wright Function [6] is defined as,

o0
ZT‘

W(Z,P»ﬁ) :;m»
where, R (v) > —1,h >0, me NU{0}; veC.

Theorem 6.2. If |1, (z) is defined as (1.7) and for ® (v) > =1, h >0, me NU{0}; v e C,
then

nl,—vm _ (k71)
D [Z h U(Z)] 2vflw2l (mv—f—l,h), (1—”,2)

3 3
22] ;whereZﬁj — Zai > —
j=1 i=1
(6.3)
Proof. On taking Modified Extended Bessel Function (6.2),

o 22k+v—v
D" [z_” I, (z)] =D"

,; 2K+0T (1 + mu + hik) k!

On differentiating term by term, we get

D" [va m[ i 2hon (Zk)
= I'(1 + mv + hk) 22ktvk) (2k —n)!
Or 22k (1) z2k—n
D" [,=v mI k
[ Z « T (1 + mo + hk) 2k — n)!”

On using Legendre duplication formula [4, P. 23,section 19], we get

nfl,—vm (Zk) ( +/€) k!sz
DU ()] = 3 I\FZF T mv + hk) TKT (2k —n + 1) (2k)!

Afterwards simplification, this yields,

T(k+1)22%

z
D’I’L —vm v — .
(27" ()] zvﬁ;)r(1+mv+hk)l“(2k—n+l)k!

This can be written as,

D" [z (2)] =

This completes the proof. O
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