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Abstract For a bounded linear operator A on a reproducing kernel Hilbert space H (Q),

. . . -~ k . . .
with normalized reproducing kernel k,, := ﬁ, the Berezin transform, Berezin radius and
A

Berezin norm are defined respectively by A (1) := <AE77,E,>H , ber(A) = sup, .o ‘Z(n)’ and

| Allger = SUP,ca HAE?7 H . A straightforward comparison between these characteristics yields the

inequalities ber (B*A4) < 1||(A*A) + (B*B)||,, - In this paper, we prove further inequalities
relating them, and give some applications of geometrically convex functions to Berezin radius
inequalities.

1 Introduction

In this article, we present some applications of geometrically convex functions to Berezin radius
inequalities.

Let £ (H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space
(H, (.,.)) with the identity operator 14, in £ (). Throughout this paper we work in reproducing
kernel Hilbert space (RKHS). These spaces are complete inner-product spaces comprised of
complex-valued functions defined on a set {2, where point evaluation is bounded. Formally, that
is, if Q is a set and H = H (L) is a subset of all functions Q — C, then 7 is an RKHS on ©
if it is a complete inner product space and point evaluation at each n € Q is a bounded linear
functional on . Via the classical Riesz representation theorem, we know if 7 is an RKHS on
Q, there is a unique element k,, € H such that h(n) = (h, k;),, for every n € Q and all h € H.

The element k,, is called the reproducing kernel at 7. Further, we will denote the normalized
_ _ky
) BRI ) ) )

The Berezin transform associates smooth functions with operators on Hilbert spaces of ana-
lytic functions.

reproducing kernel at n as E,, :

Definition 1.1. Let # be an RKHS on a set Q and let A be a bounded linear operator on H.
(1) For n € Q, the Berezin transform of the operator A at n (or Berezin symbol of A) is

A(p) = <AE77,E,>H.

(i1) The Berezin range of the operator A (or Berezin set of A) is

Ber(A) := Range(A) = {Z(n) ine Q} .

(iii) The Berezin radius of the operator A (or Berezin number of A) is

ber(A) := sgg Z(n)' .
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(iv) The Berezin norm of the operator A is
| Allger := sup || AR, |
neQ

For each bounded operator A on H, the Berezin transform A is a bounded real-analytic func-
tion on Q. Properties of the operator A are often reflected in properties of the Berezin transform
A. The Berezin transform itself was introduced by F. Berezin in [5] and has proven to be a crit-
ical tool in operator theory, as many foundational properties of important operators are encoded
in their Berezin transforms. The Berezin set and number, also denoted by Ber(A) and ber(A),
respectively, were purportedly first formally introduced by Karaev in [19].

It is clear that ber (A) < [|A|lg., < ||A|l, Ber (4) C W (A) and ber (A) < w (A), where

W(A) :={(Az,z) : 2 € Hand |z| =1}
is the numerical range of the operator A and

w(A) := sup |(Az,z)|
llll=1

is its numerical radius. The numerical range of an operator has some interesting properties. For
example, it is well known that the spectrum of an operator is contained in the closure of its
numerical range. For basic properties of the numerical radius, we refer to [7, 8, 22, 23, 24, 28].
Berezin range and Berezin radius of operators are new numerical characteristics of operators
on the RKHS which are introduced by Karaev in [19]. For the basic properties and facts on these
new concepts, see [1, 2, 4, 15, 20, 30, 31].
It is well-known that

1
5 14l < w (4) < 4] (1.1)

and
ber (A) <w(A) < ||A]l. (1.2)

forany A € L(H (Q)).
In [16], Huban et al. obtained the following result,

ber (4) < % [carayt + annyt|,

1 I
<3 <||A||b6r+ ||A2H§er> < | Al e - (1.3)

Another refinement of this inequality has been shown in [17], that if A, B € L (H (Q)), then

ber?” (B*A) < % H(A*A)ZT +(B°B)|| L forallr > 1, (1.4)
cr
and |
ber (B*4) < 1 (4" 4) + (B" B (15)

In this paper, by using some ideas of [17, 18, 29], we present several applications including
geometrically convex functions when applied to the Berezin radius and the Berezin norm of
reproducing kernel Hilbert space operators.

2 Known Lemmas

In the present section, we collect some auxiliary lemmas including Kittaneh [21] inequality,
Young inequality [25] inequality and Zuo et al. [10] inequality.

L (M), which we mentioned above, an important class of operators in £ (#) is the cone
L (H)" of positive operators; where an operator A is said to be positive if (Az,z) > 0 for all
reH.IfL (7—[)+, we simply write A > 0. If, in addition to being positive, A is invertible, it is
said to be strictly positive and it is denoted as A > 0. Recall that if I is a sub-interval of (0, co)
and f : I — (0,00), then f is called geometrical convex [27] if

f(a'7ub") = 17" (a) £ (b), v € [0, 1]. .1
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We recall the following Jensen’s type inequality [9, Theorem 1.2],
f({Az, z)) < (f (A) z,z) 2.2

for any unit x € H.
We remind the reader of the following inequality (see, e.g. [26, Theorem 6])

f({Az,z)) <k (m, M, f) (f (A)z, ), (23)

valid for the concave function f : [m, M] — R, the unit vector z € H and the positive operator
A satisfying m < A < M, for some positive scalars m, M. Here k (m, M, f) is so called
generalized Kantrovich constant and is defined by

. 1 M-t t—m
For f (t) = ¢", r € (0,1], the constant k (m, M, t") is well known by the following formula [9,
Definition 2.2]

h—h" 1—rh"—1\" M
M ™ = - —.
e (m, M, ¢7) (lr)(hl)( r hm> =

We recall the following useful inequality which is known in the literature as the generalized
mixed Schwarz inequality (see, e.g., [21]):

Lemma 2.1. Let A € L (H) and for any x,y € H.
() If0 < a < 1, then

)] < (147 ) (147 ), @3

(ii) If f and g are nonnegative continuous functions on [0, 0o) satisfying f (t) g (t) = t, then

[(Az,y)| < \/Hf(IAI)a?II lg (1A*]) yll-

The next lemma gives an additive refinement of the scalar Young inequality (see [25, Theorem
2.1]).

Lemma 2.2. Ifa,b > 0and 0 < )\ < 1, then
2
P (Vi) < (1= N0 @9

where r = min{\, 1 — \}.

The multiplicative refinement of the Young inequality with the Kantorovich constant was
given by Zuo et al. [10] as following:

Lemma 2.3. Let a,b > 0. Then
(1 =N a+ b < Ky (h,2)a'"=Vp?, 2.7

where 0 < X < 1, r =min{\, 1 — A}, h = ¢ is such that

(h+1)°
4h

Kl(hvz): , h >0,

which has the properties
1
K (h,2) =K, (h,2> >1, h>0,

and K, (h,2) is increasing on [1,00) and is decreasing on (0, 1).
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3 Main Results

In this section, we apply lemmas in previous section to prove new inequalities for Berezin radius
inequalities on operators on H = H () and present the general form of some known inequalities
in the literature. This gives a new perspective to these inequalities.

We start our work with the following result.

Theorem 3.1. Let A, B € L (H (2)) and f be an increasing geometrically convex function. If in
addition f is a convex, then

7 (ber (B*A)) < 3 [1f (A" A4) + 1 (B'B) . G.1)

Proof. Letn € Q be an arbitrary. By using the Cauchy-Schwarz inequality and the arithmetic-
geometric mean inequality, we get

I (| B ) = 1 (4R BR,) ) < 7 (|45 | 35

(by the inequality (2.2))

< % ((F (A" A) kg Feq) + ( (B*B) Ty By ) )

o~

= () + £ (BB,

Therefore, taking the supremum over A € Q we deduce
f(ber (B*A)) < f | sup ‘<B*AE7,E7>‘
neQ

)

neQ

sup (7 (4°4) + 1 (B°B)) o T

1f (A"A) + f (B"B)lloe -
This completes the proof. O

Next, we may define double convex functions (see [6, Example 2.12]). A function f (¢) is
double convex if:

1. f (¢) is a non-negative continuous function defined on a positive interval Q C [0, 00) ,

2. f () is convex,

3. f (t) is geometrically convex, i.e., f (y/Zy) < +\/f (z) f (y) forall z,y € Q.

Now, let the function f (¢t) = ¢" (r > 1) be double convex functions. Then, the inequality
(3.1) implies (1.5).
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Corollary 3.2. Let A, B, S € L (H (Q)) and f be an increasing geometrically convex function.
If in addition f is a convex, then

7 (ber (ASB)) < 3 17 (A1 A%) + 1 (B[] Bl

Proof. Let En be a normalized reproducing kernel and X = U |S| be the polar decomposition of
S. Then

 (ber (ASB)) = f (ber (AU|S| B)) = f (ber ((I5]"” U*A*)* (151”2 5))).

By substituting B = |S\1/2 U*A* and A = \S|l/2 B in Theorem 3.1, we have the desired in-
equality, noting that when S = U |S] is the polar decomposition of S, |S*| = U |S|U*. |

Another interesting inequality for f (ber (ASB)) maybe obtained as follows. First, notice
that if f is a convex function and « < 1, it follows that

flat) <af(t)+ (1 —a)f(0). (3.2)

This follows by direct calculus computations for the function g (t) = f (at) — af (¢).
For the communing results, we will use the term norm-contractive to mean an operator S
whose Berezin norm satisfies ||.S||,., < 1.

Proposition 3.3. Let A, B, S € L (H (Q)) and f be an increasing geometrically convex function.
For the norm-contractive S, we have the inequality

(i) f (ber (B*SA)) < [|Sler S (| Allger [ Bllper) + (1 = [15]loer) S (0)-
(i) if f (0) = O, then f (ber (B*SA)) < [[Sllper f ([ Allper [1Blper) -

Proof. Let E,, be a normalized reproducing kernel. Proceeding as in Theorem 3.1 and noting

(3.2), we have
$((rsa o)) = (52,58,
gf(HSAEn Bk,

) ) (by the Cauchy-Schwarz inequality)
cr

ber)

)+ (1= 1S ller) £ (0)

ber

<f (HS”bcr Ak, Bk,

< 1S £ (| 4R,

ber

Bk,

ber ber

and

Bk,

sup  (|(B54%. 8, )|) < sup {1 7 (|| 4%, )+ (1= 1Sller) £ (0)}

neQ ber

ber
which is equivalent to
f (ber (B*SA)) < ||S||berf (HAHBer ||B||Ber) + (1 - HS“ber) f (O) .

and completes the proof of (i). The other (ii) inequalities follow by letting f (0) = 0. O

In particular, if f (¢) = ¢", we obtain the following extension of (1.4).

Corollary 3.4. Let A, B, S € L(H (Q)). If S is norm-contractive and r > 1, then

ber” (B*SA) < % |(A*A)" + (B*B)"|,, (3.3)
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Proof. Let n € Q be an arbitrary. By using the Cauchy-Schwarz inequality for the function
f(t) =1t", we have

7 (|(Bsaky, 7)) = £ (|( 54K, BE, )| )
< f (HSAE7 ber Bk\n bef)
< f(HS”ber Ak, ber Bk, ber)
< 7Sl 7 (| 4%:]_[|B%4]]. )

= (Ilh) £ W (Al AR, ) <an,3@n>>
< 1Slhe /1 (47 4Ry, R, )) 7 (BB, B, )

S f (HS”bcr) \/<f (A*A) EVHEU> <f (B*B) 7{:\713 Eﬁ>
(by the inequality (2.2))

< FUISlhe) 5 ((F (A B B + (£ (B*B) BTy ))

= F(ISlhe) 5 {(F (A°A) + 1 (B*B)) Ry

Hence
[(B*S4R,, B < 5 1Sl {(A°A) +(BBY Ry Ry )
By taking supremum over n € Q, we have
ber’ (5°54) < 1o ||y 4 (5757,
Thus the desired result has been obtained. O

Our next target is to show similar inequalities for geometrically convex functions which are
concave, instead of convex.

Theorem 3.5. Let A, B € L (H (Q)) be such that 0 < m < A,B < M and f be an increasing
geometrically convex function. If in addition f is a concave, then for any n € Q, we have

k(m, M,
£ (ver (4125177)) < EO TNy (4) 4 £ (B) (3.4)
for the norm-expansive S (i.e., ||S|| > 1).

Proof. Let n € Q be the arbitrary. Proceeding as in Proposition 3.3 and noting (2.2) and the
inequality f («t) < af (t) when f is a concave and « > 1, we obtain the desired inequality. O

Remark 3.6. In particular, the function f (¢) = ¢", 0 < r < I satisfies the conditions of Theorem
3.5. Further, noting that

f (HSHber HA”Ber HBHBer) = f (HSHber) f (HAHBer HBHBer) ’

we obtain the inequality

k M, 1/r
ber (at255'72) < (RN T s a2

for the positive operators A, B satisfying 0 < m < A, B < M and the norm-expansive S.



246 Verda Giirdal and Hamdullah Bagaran

It follows from Theorem 3.7 in [18] thatif A, B € L (H (R)),0 < a < 1 and r > 1, then

bCI’T (A+B) < 2r—2 (H|A‘2a7‘ + |B|2ar

+ H‘A*|2(l—a)r + ‘B*|2<1—OC)T

ber) .35

ber

Our next result is the generalization of (3.5).

Theorem 3.7. Let A, B € L (H (Q)) and f be an increasing geometrically convex function. If in
addition f is convex, then for any a € [0, 1],
ber)

f ( ‘B) <3 (|7 (ar) + 7 (139 )

and

A+ B
2

(A Pt) (13

ber

(ber (A52)) < FUFGAD+ 702D + 5 (BY + 5 (B Dlhe)- B

Proof. Letn, u € Q be an arbitrary. We have

#(aleas mia)) < (5 (ko] + (557 )

(by the inequality (2.5))

\/f AP, k |A| (-, 2>)

\/f B &, k |B\ (=) %, %>)

(by the geometrically convex)

< (7 (148 Ry (7 (14ePO) B R
o (7 (188) R (7 (18°P0) BB

(by the inequality (2.2))

< (7 (1aP) + 1 (1BP)) R Bo) + 3 ((r (1P 47 (1BF1) ) R )

(by the AM-GM inequality).

In particular, for = p, we obtain

(HA+B > |A\2°‘) +f(|B|2a))EmEn>
+z<< P s () i)

Taking the supremum over 7 € Q, we have desired inequality

F ( Bcr> < % (l7 Gar=)y +r (1B

A+ B
2

|7 (1) + s (1B )

ber) ’
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By applying same procedure for 1 = p, it follows that

f<;\<<A+B>E E>D (7 (141 £ Q) + 7 ABDR + 7 (1B*D)) B By
and

i G K(A - B)%"’@D < sup % (7 (147 (A + 7 (BT + £ (1B*)) ) Fy o)

neQ neQ
which is equivalent to

F(ver (252)) = 3 U QA0+ 704D+ £1BD + £ (5 D)

Hence, we get the required inequality. O

Remark 3.8. This shows that letting A = B, the above Berezin radius inequality reduces to
(3.5).

Next, we show the concave version of Theorem 3.7.

Theorem 3.9. Let A, B € L(H (Q)), « € [0,1] and f be an increasing geometrically convex
Sfunction. Assume that for positive scalar m, M,

m < |APY|A P BPe | B P <

If f is concave, then

Fver(a+ B)) < o (|| (14P%) + £ (1827)

o 7 (P07 1 (1770 0))

(bsefz);)
and

f(ber(A+ B)) <

ks

(1F AN + £ (A D) + £ UBD + £ (1B Dllper) » (3.9)
where K =k (m, M, f).

Proof. Letn, u € Q be the arbitrary. We have

(i) <5 (ahn )
< (a5 (5%

g(ﬂmm 2y (Jar PR, m)
o (oo (P55 )

(by the inequality (2.5))
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(by the inequality (2.3))

< 3 ((F (1aP) + 5 (1BP7) ) Ry
L) o () )
(by the AM-GM inequality).

Now, by taking the supremum over n € Q with n = p,

s ({0208 0) ) = s 55 140 - (1)) )

neQ 2

sup o (7 (14 P 47 (1BPO) ) By

neQ 2

we then conclude that

f(ber (A + B)) < % (Hf (|A|2a) iy (\3\20‘)

e T (AP 7 (18770)

ber) '

The theorem is proved. O

In particular, if f (t) =", 0 <r < 1, we get

ber” (A + B)

h—h" 1—rh"—1\" 2ar 2ar
< A B
2(1—r)(h—1)< r h—hr) (Jrar= =12

cr

) b
ber

by

where h = ;.
It follows from Theorem 3.3 in [18] thatif A € £ (H (R)), 0 < o < 1 and r > 1, then

(ber (4))%" < Ha AP + (1 - ) |A*|2THber. (3.10)

Now, we obtain some refinements of inequality (3.10) by applying refinements of the Young
inequality. In this result, we will use the concave-version of the inequality (2.2) when n € Q,
f 1 — Risaconcave function and A is self adjoint with spectrum in I.

Theorem 3.10. Let H = H (Q) be a RKHS and A € L (H), 0 < a < | and f be as in Theorem
1. Then

f (ber2 (A)) < Haf (|A\2) t(1—a)f (|A*\2) 3.11)

Hbcr'
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Proof. Letn € Q be the arbitrary. Then by the inequality (2.5) and monotony of f, we get

(ki) = (R - 1)

(by the inequality (2.5))
~ o~ ~ ~\ (1—a)
2 2

Sf(<A| sk ) (A" g o)

< 7 ((1AF Ry Ry ) ) £070 (147 P Ry Ry ) )
(by the inequality (2.1))

<af (<\A|2En,%,,>) t(1—a)f (<|A*|2%n,%n>)
(by the Young inequality)

< a((F1AP) Fy o) + (1= ) (£ (14°F) T, T )
(by the inequality (2.2)).

‘Whence

sop £ (|| ) < sup (o ((F14F) o) + (1= ) (5 (1) s F))

neQ neQ
and
(o ) < Jor (42) + 0 -1 (),
for all n € Q, which implies the desired inequality (3.11). O

Now, we obtain some refinements of inequality (1.2) by applying refinements of the Young
inequality.

Theorem 3.11. Let A € L (H (Q)) and f be an increasing geometrically convex function and
r=min{\, 1 — A}, where 0 < X\ < 1. If f is a convex function, then

1 —

f(ber(A)) < 5

2r
If (LA + f (A Dllper + 27 [1f (AN llpe - (3.12)

Proof. Letn € Q be the arbitrary. Then

(05,5
<f <\/<|A|EU,E,,> <|A*|EU,E,,>>

(by the inequality (2.5))

~ ~\l-a o\ /2 . \l-a a2
<f <<<|A|kmkn> (14" Ty, Ty ) > (<|A*kn,kn> (141 Ty By ) >
<f (; <<|A|E7;7En>la (A1 Ry B 4+ (1201 R B <|A|E7,,En>“)>

(by the AM-GM inequality)
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<5 (7 (Qam B (r1m k) ) + 31 (B (iR R) "))

L () (15 ) b (15, ) ()
(by the inequality (2.1))

IN

+0 ((0RR)) + 5 ({141 R Ty
)

-3 <\/f ({147 Ry B,

(by the inequality (2.6))

= 3 (P QA + £ (AT Ry By ) = {7 (1A1) + £ (14°1) B )

+ 2r\/<f (JA]) E7,,E,7> <f (\A*|)An77€\n>‘

From this, it is immediate that

N—
|
kh
/N
-~
=
fw)
\5)
~~——""
N—
N———
[ )

)
)

(A < 521D+ (AD) Ry By 20 (7 (14D Ry By ).

By taking the supremum over 7 € Q in above inequality, we deduce

~ 1-2r WA ~
sup f (|4 (n)|) < =5 sup ((F (AN + £ (A1) B Ty ) + 20 5up (f (1A]) T Ty )
neQ neQ neQ
Therefore, we get
1—

£ (ber (4)) < 2201 £ (AD + £ (A Dl + 27 1 (AD e

2
which proves inequality (3.12).
Remark 3.12. Letting, f (¢) = ¢ in Theorem 3.11 implies

1-2r
2

which is the result of [36, Theorem 2.6].

ber (A) <

AT+ 1A Hper + 27 1A lper

In the following theorem, we improve inequality (3.10) for hyponormal operators. Recall
that an operator A € £ () is said to be hyponormal, if A*A — AA* > 0, or equivalenty, if

|A*z|| < ||Az|| for every x € H.

Theorem 3.13. Let f be an increasing geometrically convex function. If A € L(H (Q)) is

hyponormal, r = min{«, | — a}, where 0 < o < 1, then

1 1 (AD + £ (A D er

f(ber (A4)) < e € () 3

_ ) 5\
where £ (n) = K (M,Z) .
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Proof. Letn € Q be the arbitrary. We have

£ (|(aks ) )
< <\/<A|EW,EW> <|A*|Em%n>>

(by the inequality (2.5))

~ ~\l-a o va\ /2 o il-a a2
< (o) ™ i, i) () ™ (m)) )
(b (AR (AR (185 (85

(by the AM-GM inequality)

<5 (£ ((arm®) " (k) ) + 37 ((Mim ) (118,5,)"))

< 0 (BB ) 52 (1417 B
(by the inequality (2.1))

1
< Z
-2

i (=g ({a1o ko)) s ((141E B2)))

% K <m 2)?”(<1—a)f(<|AE,,,E7,>)+af(<|A*|@mgn>>>
L5\ (AR, R
(by the inequality (2.7))

1 1
=5 e (f((AE,,,,’E"» 72>r <

for all n € Q. By taking supremum over n € Q, we have

sup £ (|11 )]} < 3 [szg(n) sup (£ (141) + £ (14°]) (n))] .

neEQ neQ

(f (14 + £ (1AD) Fy. Ky

which implies that

1 1 (AD + F (A" Dl er
infnegf(n) 2

f(ber(A)) <

_ (Am) 5\
where ¢ () = K, (f(j‘iv*l(n))’2> .

This completes the proof.
Remark 3.14. Letting f (¢) = ¢ in Theorem 3.13 implies
1 A+ 1A lper

— n T 2
. A
inf, cq K ((%:I(Z;) ) ) 2)

which is the result of [36, Theorem 2.7].

For more recent results concerning Berezin radius inequalities for operators and other related
results, we suggest [3, 11, 12, 13, 14, 15, 30, 32, 33, 34, 35, 36].

ber (A) <
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