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Abstract In this article, we present the existence of a solution of the fractional-order semi-
linear classical and non-local generalized Cauchy problem with non-instantaneous impulses on
the Banach space. The existence results of the problem with classical conditions are established
using operator semigroup theory and generalized Banach contraction principle. The problem
with non-local conditions is established through operator semigroup theory and Krasnoselkii’s
fixed point theorem. This article is also derived uniqueness results for the problem with clas-
sical conditions. Finally, illustrations for the Cauchy problem with the classical and nonlocal
problems are added to validate derived results.

1 Introduction

In the past few decades, fractional Calculus became one of the important branches of the ap-
plied mathematics. This is because fractional-order dynamical models give much better ap-
proximations in many physical situations like seepage flow in porous media, anomalous diffu-
sion, the nonlinear oscillations of the earthquake, traffic flow, electromagnetism, dynamics of
many infectious diseases. The details of applications are found in books of [1, 2] and articles of
[3,4,5,6,7,8,12,9,10, 11, 37, 38, 39, 40, 41, 42, 54, 55]. Existence theory of fractional differ-
ential equations and evolution equations of Caputo type with classical conditions using different
fixed point theory is found in the articles of [13, 14, 15, 57] and non-local condition is found in
the articles of [17, 18, 19, 20, 21, 22, 23, 56].

Changes in state at a fixed moment or for a small interval of time in dynamical systems are
model into impulsive dynamical systems. These impulses are instantaneous or non-instantaneous
depending on the time at which impulses are applied. Existence results and applications of the in-
stantaneous integer order impulsive dynamical or evolution systems are found in [24, 25, 26, 27]
while, existence results for fractional instantaneous impulsive equation are found in [28, 29, 30,
31, 32, 33, 34, 35]. In some dynamic process changes in state are applied for small-time interval
time rather than a fixed moment. Existence results of fractional order impulsive dynamical sys-
tems and evolution systems with non-instantaneous impulses with local and non-local conditions
are studied by [36, 43, 44]

In this article, we established sufficient conditions for the existence of the fractional order
generalized Cauchy problem:

¢D*s(¢) = As(<) + fr (§,s(§),/(: ak(c,C,s(C))al(>7 S € [Chotrsk), E=1,2,---|p

u(s) = gr(k,s(s)), s € [sr—1,Ck)

with local condition s(0) = s¢ and non-local condition s(0) = so + h(s) over the interval [0, T]
in a Banach space /. Here A : U — U is linear operator, Py.s = [; ax(s, ¢, s(¢))d( are nonlinear
Volterra integral operator on U, fi : [0,7] x U x U — U are nonlinear functions applied in
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the intervals [Cx_1,<x) and gy : [0,7] x U are set of nonlinear functions applied in the interval
[Qﬂ Ck) forallk =1,2,--- ) P-
The structure of the article is as follows:

1. Section (2) present some basic defination realted to fractional calculus and theories related
to fixed points.

2. Section (3) discusses the existence and uniqueness of mild solution for the impulsive frac-
tional integro-differential with classical condition.

3. Section (4) discusses the sufficient condition for existence of the impulsive fractional integro-
differential equation with nonlocal condition.

4. Finally conclusion is found in the section (5)

2 Preliminaries

This section discussed preliminaries about fractional differential operators and some definitions
and theorem from the functional analysis.

Definition 2.1. [46] “The Liouville-Caputo fractional derivative of order 5 > 0,n — 1 < § < n,
n € N, is defined as

¢ 1 N nex_1d"h(q)
S0

where, the function k(<) has absolutely continuous derivatives up to order (n — 1)".

Theorem 2.2. (Banach Fixed Point Theorem)[52] “Let F be closed subset of a Banach Space
(X,||-|]) and let T : F — F contraction then, T has unique fixed point in F'".

Theorem 2.3. (Krasnoselskii’s Fixed Point Theorem)[52] “Let E be closed convex nonempty
subset of a Banach Space (X, || - ||) and P and Q are two operators on E satisfying:

(1) Pv+ Qs € F, wheneverv,s € F,
(2) P is contraction,
(3) Q is completely continuous

then, the equation Pv + Qu = v has unique solution”.

Definition 2.4. (Completely Continuous Operator)[53] “Let X and Y be Banach spaces. Then
the operator 7' : D C X — Y is called completely continuous if it is continuous and maps any
bounded subset of D to relatively compact subset of Y.

3 Equation with Local Conditions

Thus section derived sufficient conditions for the existence and uniqueness for the following
Cauchy problem:

“DAs(s) = As(s) + fi (c,s<<>, / g ak<<,<,s<o>d<), € lCoain) i= 12, p

s(s) = g(s,5(s)), s € ok Ck) 3.1

over the interval [0, T'] in the Banach space U,
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Definition 3.1. The function s(s) is called mild solution of the impulsive fractional equation
(3.1) over the interval if s(s) satisfies the integral equation

U+ [ (6= MWV (s — O fi(s. 5(0). Prs(O))d, ce0.61)
s(s) = < gr(s, s(<)), S € [sk, (k)
U(s = Gr)gn(Crr s(Cr) + / S (¢ =MWV = O frr1(s,8(0), Prsrs(€))dC, < € [Crs k1)
B (3.2)
where,
PkS(C)Z/O ar(s, ¢, s(0))d¢, U / e (0)S(*0)do, V(<) = /0 0¢x(0)S(*0)do

are the linear operators defined on ¢/. Here, () (#) is probability density function over the interval
[0, o) defined by

—sin(nm)
n!

:1

1 & = no1 L(nA+1
(6 72 Lg—A 1 I( )

and the operator S(c) is semi-group generated by evolution operator A.

Assumption 3.2. Assumptions for the existence and uniqueness of the mild solution of fractional
evolution equation with non-instantaneous impulses.

(A1) The evolution operator A generates Cyy semigroup S(s) for all ¢ € [0, 7.

(A2) The function fy, : [0, T]xU XU — U is continuous with respect to ¢ and there exist a positive
constants f}, and f3, such that || fi.(s,v1,51) — fr(s,v282)|| < fixllvr — val| + f3i]Is1 — s2|| for
v, 81,02, 82 € By, = {s € U;||s|| < ro} for some rp and forall k =1,2,--- ,p+ 1.

(A3) The operator Py, : [0,7] x U — U is continuous and there exist a constant p; such that
[|Pyv — Pys|| < pillv — s||forv,s € By, forallk =1,2,--- ,p+ 1.

(A4) The functions gy, : [sk, (x] XU are continuous and there exist a positive constants 0 < g; < 1
such that ||gx (<, v(<)) — gr(c, s(<))[] < gillv — s]|-

Lemma 3.3. [13]If the evolution operator A generates Cy semigroup S(s) then the operators
U(s) and V (s) are strongly continuous and bounded. This is, there exist positive constant M
such that ||U(s)s|| < M||s|| and ||V (s)s|| < %Hsﬂfor all ¢ € [0,T).

Theorem 3.4. If assumptions (Al)-(A4) holds, then the generalized semilinear fractional integro-
differential equation with non-instantaneous impulses (3.1) has unique mild solution.

Proof. We convert the equation (3.2) into operator equation s(s) = Fu(s) by defining the oper-
ator F on U by
]:13(§)7 s €[0,1)

Fs(s) = q Faws(s), < € [ok, Ck)
Fais(s), <€ [Co1,5k)

where, Fi, F»; and F3 are

Fis(s) = Ul(s)so + /(:G - )MV (s = Q) fils, s(¢), Pris(€))dc, s€[0,q)
Faws(s) = gr(s, 8(5)), S € [sk, C)

Fars(s) = U(s — Cr)gr(Crs 5(Ck)) + /§(§ =MW (s = Q) fils, 5(€), Pes15(€))dC, S € [Ch—1,5k)

forallk=1,2,---p.
If the operator equations s(s) = Fis(s), s(s) = Fars(s) and s(s) = F3xs(s) has unique solution
over the interval [0, 1), [, () and [k, sk+1) forall k = 1,2, - | p respectively then there exists
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51(s), s2x(s) and s31 (<) such that s1(c) = Fi5(s), s2x(s) = Fars(s) and sz (s) = Fars(s), and
if we define

s1(¢), [0,61)
s(s) = q s2k(s), [k, Ck)
s31(5), [Chs Skt1)

then it is solution of operator equation s(s) = Fs(s).
For all ¢ € [0,¢) and u,v € B,,, and assuming (A1), (A2) and (A3) and using lemma-(3.3),

<1"/\]\/[n(f1*1 + 131P1)
n!(L(A))"

IFMu() = FMs(s)]] < o= s]| < ¢*[|v —s||.

If considering ¢ — oo over the interval [0,¢;), ||]-'1<")v — .7-'1<")5H < ¢*||v — s|| = 0 for fixed ¢;.

then there exist m such that F, fm) is contraction on B,, and by Banch fixed point theorem the
equation s(s) = Fjs(s) has unique solution over the interval [0, ).
By assuming (A4) and forall k = 1,2,--- ,p, < € [, (k) and v, s € U.

[[F2xv(s) = Fars(S)] = llgr(s,v(s)) = gr(s, s < gillv = sl|.

This implies, F»j, is contraction and by theorem (2.2) the equation s(s) = Faxs(s) has unique
solution for the interval [c, (x) forall & = 1,2,--- ,p. Thatis forall k = 1,2,--- ,p, s(c) =
gk (s, s(¢)) has unique solution for all ¢ € [¢x, (x). Since, g is contraction therefore, it leads to
uniqueness of the solution at point (k.

Forallk =1,2,--- ,p,< € [(k—1,5) and v, s € B,, and by assumptions (A1), (A2) and (A3)
and lemma (3.3),

" n _ n/\Mn * 4 * ok
IEu(e) - Fls(q)) < ! Q’CL,(F(&’“ Jaski

llv = sl < c*[|v—s]].

Clearly, |\.7-'3(Z)v - ]—'3(2)3| < ¢*|lv — s|]] — 0as n — oo over interval [(x_1,s) for all k =
1,2,--- ,p+ 1. Therefore there exist m such that ]-'3(km) is contraction on B,,,. Thus by general
Banach contraction theorem the operator equation s(s) = F315(s) has unique solution over the
interval [Cx—1,¢x) forall k =1,2,--- ,p+ L.

Hence, the operator equation s(s) = Fs(s) has unique solution over the interval [0, 7] which is
mild solution of the equation (3.1). O

Example 3.5. The fractional order integro-differential equation:

°D2s(s,n) = syn(s,m) + s(s,n)sy(s,m) + /q e=*Cmac, < elo, %)
0
“D25(6.1) = syy(5.1) + 5(5.m)s (5.7) el 63
_ slsn) 12
S(§,77)*ma S € [*7*)

over the interval [0, 1] with initial condition s(0,n) = so(n) and boundary conditions s(s,0) =
s(s,1) = 0. The equation (3.3) can be reformulated as fractional order abstract equation in
U= L*[0,1],R) as:

‘D z(s) = Az() + fu(s, 2(), Tu2(s)), < €0, VI
5 (3.4)
2(s) = g(s, 2(5)) s€ [5, 3)

over the interval [0, 1] by defining 2(s) = u(s, ), operator Au = w” (second order derivative
with respect to 7).

The functions f1, f> and g over respected domains are defined as f (s, z(c), P12(s)) = (< (;))/ +
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o e HdC, fo(s, 2(5), Paz(s)) = E5 and (s, 2(5)) = sl respectively.
(1) The linear operator A over the domain D(A) = {s € U; s” exist and continuous with s(0) =
s(1) = 0} is self-adjoint, with compact resolvent and is the infinitesimal generator of Cp semi-
group S(s) over the interval [0, 1] given byS(c)u = Y oo | exp(—n’n%) < s,¢, > ¢, and
én(C) = V2sin(nn¢) foralln = 1,2, - - - is the orthogonal basis for the space U.
(2) The function 77,75 : [0, 1] x [0, 1] x4 — U are continuous with respect to ¢ and differentiable
with respect to z for all z and hence P;, P, are Lipschitz continuous with respect to z. This means
there exist positive constant h and h3 = 0 such that || Py (s, z1) — Pi(s, 22)|| < p}llz1 — 22| for
k=1,2.
(3) The function fi, f> : [0,1] x U x U — U are continuous with respect to ¢ and is differential
with respect to argument z, P12z and P>z. Therefore there exist positive constants f;; and f3;
such that || fx (s, 21, Prz1) — fi(s, 22, Pez2)|| < fiylle1 — 22|l + 3y || Pez1 — Pz, 21,22 € By,
for some rg and k = 1, 2.
(4) The impulse ¢ is continuous with respect to ¢ and Lipchitz continuous with respect to z with
Lipschitz constant g* = % < 1.
Thus, by theorem-(3.4) the integro-differential equation (3.4) has unique solution over [0, 1].
Hence, the equation (3.3) has unique solution over the interval [0, 1].

4 Equation with Non-local Conditions

This section derived sufficient conditions for the existence of solution of following non-local
Cauchy Problem

CD)\S(g) = AS(§) +fk+1 <§,S(§)7Ac ak+l(§7<as(<))dg>a S € [Ci7<i+l)7 1= 1727"' Y

5() = gi(s,5(5))s < € [6i, Gi)
s(0) = so + h(s)

“.1)

in the Banach space U.

Definition 4.1. The function s(s) is called mild solution of the impulsive fractional integro-
differentia equation (3.1) over the interval [0, T'] if, s(<) satisfies the integral equation

U0+ h(s) + [ (o= MV (s — Of (<, 5(0), Prs(Q))dC, ce0.)
5() = < gx(s,5(¢)), S € [sk, Cr)
U(s — Ck)gr(Crs s(Ck)) + /g(g — MWV (s = Q) frr(s,5(0), Pror1s(Q))dC < € [Cryshr1)
' (4.2)
where,
Pes(s) = /0 ar(s,¢,5(O))dC, U / C(O)S(0)dh, V(s) = A /0 06(0)S(20)df

are the linear operators defined on U/. Here, ¢, (8) is probability density function over the interval
[0, c0) defined by
1 > I'(nA
\C Z yrolg=An= 1Msin(nﬂ)\)

T n!

:1

and the operator S(c) is semi-group generated by evolution operator A.

Assumption 4.2. Assumptions for the existence of the mild solution of fractional evolution equa-
tion with non-instantaneous impulses.

(B1) The evolution operator A generates Cy semigroup S(s) for all ¢ € [0,7].

(B2) The function fx(s,-,-) are continuous and fx(-,u,v) is measurable on [0,7]. Also there
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exist 3 € (0,\) withmy € L7 ([0, T],R) such that | f(s, v, s)| < myk(s) for all u,v € U. Also

my(s) = supeepo,r{fie (<) h = 1,2,k + 1} with My = [jm||}/”.

(B3) The operator Py : [0,T] x U — U are continuous and there exist a constants i} such that
[|Pyv — Pys|| < pillv — s|| and let p* be maximum of p} forall k =1,2,--- [k + 1.

(B4) The operator h : Y — U is Lipschiz continuous with respect to w with Lipschitz constant
0<h*<1.

(B5) The functions g, : [sk, (k) x U are Lipchitz continuous positive constants 0 < g; < 1 such
that [[gx. (s, v(<)) = gr(s, s())I| < gillv — sl-

Theorem 4.3. (Existence Theorem) Under the assumptions (B1)-(B5), the nonlocal semi-linear
fractional order integro-differential equation (4.2) has mild solution provided Mh* < 1 and
Mg* < 1.

Proof. From the lemma-(3.3) ||U(<)|| < M forall s € By, = {s € U : ||s|| < k} for any positive
constant k. Therefore,

U(S)(s0 + h(s))| < M(|so| + h*[[s]| + [h(0)])- (4.3)

According to (B2) f(-, v, s) is measurable on [0, 7] and one can easily shows that (¢ — ¢)*~! €
1

L7[0,¢] forall¢ € [0,7]and 3 € (0, ). Letb = ﬁ € (-1,0), M, = ||meL . By Holder’s

inequality and assumption (B2), for ¢ € [0, 7],

1
B

* A—1 M § = 0
[ 1= 02V e = Oneste) Pestolac < m)( JAG dc)

M M, _
M < — ML pO4n)(1-8)
TN+ b) P

For ¢ € [0,¢;) and for positive r we define F and F> on B, as, Fis(s) = U(s)(sp + s(u)) and
Bs(s) = [5(c =MW (s = Q) fils,s(¢), Pis(¢))dC respectively then, s(<) is mild solution
of the semilinear fractional integro-differential equation if and only if the operator equation
s = Fis + F»s has solution for s € B,. for some r. Therefore the existence of a mild solution of
(3.1) over the interval [0, 1) is equivalent to determining a positive constant 7, such that Fy + F
has a fixed point on B,,.

Step:1 || Fyv + Fys|| < 1o for some positive rg.

Let v, s € B,,, and choose

4.4)

sol + |~(2)] n MM, JHB)(1-8)
1 - Mh* (1—Mh*)1"()\)(1+b)1*5 1 ’

ToZM

and using inequalities (4.3) and (4.4)

M M, (14+b)(1-B)

|Flv(§) + F28(§)| < M(‘50| + h*||v|| + |h(0)‘> + ng

<7y (since, Mh* < 1)
Therefore, ||Fiv + Fas|| < ro for every pairs v, s € By,.

Step: 2 F) is contraction on B,,.

For any v, s € B,, and s € [0,¢), we have |Fiv(s) — F1s(s)| < Mh*||v — s||. Taking supremum

over [0,¢1), [|Fiv — Fis|| < Mh*||v — s||. Since, Mh* < 1, F} is contraction.

Step: 3 F; is completely continuous operator on B, .

Let {s,, } be the sequence in B,, converging to s € B,, then,

|Fasn(s) — Fas(s)| < /0 g(c — MV (s = O 50(€), Prsn(€) = (¢, 5(C), Prs(¢))]d¢

A

< S0P 151(G0(6): Fisal0) = £1(6:5(0) As(O)

Continuity of f and K leads to || F>s,, — F»s|| — 0 as n — oo. Thus, F; is continuous.
To show {F»s(s),s € By} is relatively compact it is sufficient to show that the family of
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functions {F»s,s € B,,} is uniformly bounded and equi-continuous, and for any ¢ € [0,¢),
{F>s(s), s € By, } is relatively compact in /.

Clearly for any s € B,,, ||F2s|| < ro, which means that the family {F>s(s),u € B,,} is uni-
formly bounded.

Forany v € B, and0 < 71 <7 <,
|F28(T2) —FQS(TI)‘

<| [[tm= 0= 0nts@. s + | [ =02 = (= 0 Vim0

£1(6.5(0), Pls(o)dc] + ’ /0 N = M V= O — Vim — O] £ s(Q), Ku(C))d

<L+L+1

and assuming (B1), (B2), (B3) and Holder inequality the integrals I; < F(A)IS{%(TQ -

R)(E00-8), 1y < L MM () )(14005) and Iy < M o000 sup (0 V(rp—
Q) =V(n=Ql

The integrals I; and I, are vanishes if 71 — 7, as they contain term (7, — 71). By assumption
(B1), the integral I3 also vanishes as 771 — 7. Therefore |F>s(m2) — Fas(71)| tends to zero as
71 — 7 for independent choice of s € B,,. Hence, the family { F2s, s € B,, } is equicontinuous.
Consider X(¢) = {F»s(s),s € By, } forall ¢ € [0,¢) It is obvious that X' (0) is relatively com-
pact.

Let ¢ € [0,5) be fixed and for each ¢ € [0,¢;), define an operator F, on B,, by formula
Fes(s) = [3 (¢ = OMW(s = O)fils,s(¢), Prs(¢))d¢. Compactness of the operator V(<)
leads to relative compactness of the set X.(¢) = F.s(s), s € By, inU.

Moreover, from inequality (4.4)

Fas(6) = Fus9) < [ 6= 0 Wl = Ofilsss(O ASONdC < gy gpas — 910

Therefore, X (<) is relatively compact as it is very closed to relatively compact set X, (). Thus,
by Ascoli-Arzela theorem the operator F is completely continuous on B,,,. Hence,by theorem
(2.3), F1 + F; has fixed point on B,,, which is mild solution of the equation (4.1) over the interval
[Oa S1 )

On the interval [c, (x) forall K = 1,2,--- | p and for positive r we define F; and F> on B,
as, Fis(s) = gx(s, s(s)) and F>s(c) = O then, s(s) is mild solution of the semilinear fractional
integro-differential equation if and only if the operator equation s = F}s + Fjs has solution for
u € B, for some r. Therefore the existence of a mild solution of (3.1) over the interval [, (x)
is equivalent to determining a positive constant 7o, such that £ + F5 has a fixed point on B,,. In
fact, it is obvious due to assumption (BS5).

On the interval [k, <r+1) forall k = 1,2, --- | p and for positive r we define F and F> on B,
as, Fis(s) = U(s—Cr)gn(Cr, s(G)) and Fas(<) = [ (=M 'V (6=C) frr (<, 8(C), Prs15(¢))dC
respectively then, s(<) is mild solution of the semi-linear fractional integro-differential equation
if and only if the operator equation s = £} s+ F3s has solution for v € B, for some r. Therefore
the existence of a mild solution of (3.1) over the interval [(x,cx+1) is equivalent to determining
a positive constant o, such that F + F> has a fixed point on B,,.

Selecting,

|sol + 1g(:, 2)| MM,
1— Mg~ (1= Mg LA (1 +b)'-5

ro =M (s — Ck)(“rb)(l—ﬁ)

and using similar arguments for interval [0, ¢;) and by theorem (2.3), F} + F> has fixed point on
B,,, which is mild solution of the equation (4.1) over the interval [(x, sk+1)- O
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Example 4.4. Fractional partial integro-differential system with nonlocal conditions:

1 /s 1
D¥s(c,1) = syy(s.n) + 5/, e~*Cma¢, ¢ elo, 3)
. L [f s 2
Dzs(s,m) = syy(s,m) + %/, e~slemqc, = [5, 1] 4.5)
__ slem) 12
s(e,n) = 10(1 + s(s,7m))’ <€ [3’ )

over the interval [0, 1] with initial condition s(0,7) = so(n) + Z?:l +-s(1/4,m) and boundary
conditions s(s,0) = s(s, 1) = 0.

The equation (4.5) can be reformulated as fractional order abstract equation in U = L2([07 1],R)
as:

“DAo(6) = Ax() 4 fils 2(6) Pex(s)), <€ [0,5) UL, 1
4.6)
2() = (<, (<)) celz2)

over the interval [0, 1] by defining z(s) = s(s, -), operator As = s” (second order derivative with
respect to 7).
The functions f;, f> and g over respected domains are defined as fi (s, 2(), P12(s)) = = IN e=*9dc,

f2(s,2(s), Paz(s)) = & [5 e7*©)d¢ and g(s, 2(s)) = % respectively.
The equation (4.6) satisfies the conditions (B1-B5) of the hypothesis with Mh* < 1 and M g* <
1. Hence the equation (4.6) has a mild solution over the interval [0, 1].

5 Conclusion

In this work, we have derived sufficient conditions for the existence of generalized non-instantaneous
semilinear Cauchy problem. Sufficient conditions for the existence of mild solution for gen-
eralized non-instantaneous semilinear fractional evolution Cauchy problem with classical and
non-local conditions derived using Banach fixed point theorem and Krasnoselskii’s fixed point
theorem respectively are weaker conditions.
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