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Abstract In this paper we introduced the notion of an edge product number of a hypergraph.
The edge product number, EP,, (H) of a hypergraph H is the smallest number r such that HUr K,
is an edge product hypergraph. Later we obtained the edge product number of a star hypergraph,
open chain hypergraph and closed chain hypergraph for different sizes.

1 Introduction

The idea of graph labeling was introduced by Rosa during 1960 in [7]. It is the concept of
assigning labels to vertices, edges or both subject to certain conditions. Traditionally, the set
of labels which we assign to vertices or edges is a subset of integers. Graph labelings provide
us useful models for many applications such as astronomy, radar X-ray crystallography, circuit
design, data base management, communication network addressing etc. Rosa in [7] introduced
three types of labelings called «, 5 and p-labeling. Following this,many different types of label-
ings were introduced by many others. For more details about graph labeling reader may refer to
an extensive dynamic survey of Gallian [4]. In labeling problems, we have to find the optimal
way of labeling vertices or edges or both with distinct integers, k-tuples of integers, or group
elements subject to certain conditions. Such problems often turn up in link with applications in
circuit layout, network addressing or code designs.

Harary [5] introduced the notion of sum graphs of a graph G. A graph G(V, E) is said to
be a sum graph if there exists a bijection labeling f from the vertex set V to a set S of positive
integers such that zy € E if and only if f(z) + f(y) € S. The product analogue of sum graphs
was first introduced by Thavamani in 2011. He introduced edge product graph and edge product
number of a graph in [8] and [9] respectively. A graph G is said to be an edge product graph if
the edges of GG can be labeled with distinct positive integers such that the product of all the label
of the edges incident on a vertex is again an edge label of GG and if the product of any collection
of edges is a label of an edge in G then they are incident on a vertex. For many applications, the
edges or vertices are given labels that are meaningful in the associated domain. An enormous
body of literature has grown around graph labeling in the last four decades. However much less
is known about labeling of hypergraph. Hypergraph is a generalization of a graph in which any
subset of a given set may be an edge rather than two element subsets. With graphs we are limited
to describe and model only pairwise interactions while hypergraphs model any type of groupwise
complex interactions. Hypergraphs have demonstrated their power as a tool for understanding
problems in a extensive variety of scientific fields.

In [6] Jadhav and Pawar introduced the notion of an edge function and using this edge func-
tion an edge product hypergraph is defined. This paper [6] addresses the problem of hypergraph
labeling, this labeling gives the notions of hypergraph called edge product hypergraph and unit
edge product hypergraph. The present paper deals with one parameter called edge product num-
ber of a hypergraph by which one can verify that the labeling applied to given problem is optimal
or not. We initiate to study this labeling on certain types of hypergraphs and proved some results
on the edge product number of that hypergraphs.
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2 Preliminaries and Edge Product Hypergraph

We begin with recalling some basic definitions from [1]-[2] and [6] required for our purpose. In
this paper, we consider a simple hypergraph (n, m) without isolated vertices and of size m > 1.

Definition 2.1. A hypergraph H is a pair H(V, E) where V is a finite nonempty set and E is a
collection of subsets of V. The elements of V' are called vertices and the elements of E are called
edges or hyperedges. And U,,cge; = V and e; # ¢ are required, for all e; € E. The number of
vertices in H is called the order of the hypergraph and is denoted by |V'|. The number of edges
in H is called the size of H and is denoted by |E|. A hypergraph of order n and size m is called
a (n, m) hypergraph. The number |e;| is called the degree (cardinality) of the edges e;. The rank
of a hypergraph H is r(H) = max.,cg|eil.

Definition 2.2. For any vertex v in a hypergraph H(V, E), the set N[v] = {u € V : u is adjacent to v}U
{v} is called the closed neighborhood of v in H and each vertex in the set N[v] — {v} is called
neighbor of v. The open neighborhood of the vertex v is the set N[v] \ {v}. If S C V then
N(S) =UpesN(v) and N[S] = N(S)U S.

Definition 2.3. A simple hypergraph (or sperner family) is a hypergraph H(V, E) where £ =
{e1,€e2,--- , e} such thate; C e; implies i = j.

Definition 2.4. For any hypergraph #(V, E') two vertices v and u are said to be adjacent if there
exists an edge e € E that contains both v and « and non adjacent otherwise.

Definition 2.5. For any hypergraph H(V, E') two edges are said to be adjacent if their intersection
is nonempty. If a vertex v; € V belongs to an edge e; € E then we say that they are incident to
each other.

Definition 2.6. A star hypergraph is an intersecting family of edges having a common element
x. It is denoted by H(z) and the vertex z is called the center of H(z).

Definition 2.7. The vertex degree of a vertex v is the number of vertices adjacent to the vertex v
in #H. It is denoted by d(v). The maximum (minimum) vertex degree of a hypergraph is denoted
by A(H)(6(H)).

Definition 2.8. The edge degree of a vertex v is the number of edges containing the vertex v.
It is denoted by dg(v). The maximum (minimum) edge degree of a hypergraph is denoted by
Ap(H)(0g(H)). A vertex of a hypergraph which is incident to no edge is called an isolated
vertex. The edge degree (or vertex degree) of an isolated vertex is trivially 0. An edge of
cardinality one is called a singleton (loop), a vertex of edge degree one is called a pendant
vertex.

Definition 2.9. The hypergraph H(V, E) is called connected if for any pair of its vertices, there
is a path connecting them. If 7 is not connected then it consists of two or more connected
components, each of which is a connected hypergraph.

Definition 2.10. [6] Let H(V, E) be a simple and connected hypergraph. Let V(%) be the vertex
set of H and E(H ) be the edge set of . Let P be a set of positive integers such that |E/| = |P|.
Then any bijection f : £ — P is called an edge function of the hypergraph H.

Definition 2.11. [6] The function F'(v) = [[{f(e)| edge e is incident to the vertex v} on V(H)
is called an edge product function of the edge function f.

Definition 2.12. [6] The hypergraph H(V, E) is said to be an edge product hypergraph if there
exists an edge function f : £ — P such that the edge function f and the corresponding edge
product function F' of f on V() have the following two conditions:

(i) F(v) € P,foreveryv e V.

(i) If f(e1) x f(e2) x ... x f(ep) € P, for some edges ey, ea,...,e, € E then the edges
er, ey, ..., ep are all incident to a vertex v € V.
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Example 2.13. [6] Let H(V, E) be a hypergraph, where V = {v1,v2,...,vi6} and E = {e1, e,...,e7}.
In which the edges of H are defined as follows:

e1 = {v1,vs, 6,13, V14} er = {v1, 12},
e3 = {v1,v3,v4} es = {vs, ve, v7, v3},
es = {vs,vs, v9} e6 = {vs, Vs, V10, Vi1, V12 },

e7 = {vis, vie}-
Now define the edge function f : £ — P by
fle) =11, fe2) = 4, fes) =30, flea) =3,
f(65) = 2” f(66) = 203 f(€7) = 1320.

Then edge product function F' of f will be as follows:

F(Ul) = 1320, F(Uz) = 4, F(’Ug) = F(’U4) = 30,
F(vs) = F(vg) = 1320,  F(v7) = F(vg) = 3, F(vy) =2,
F(’Ulo) :F(’U]]) :F(’U]z) :20, F(’U]_g) :F(U|4) = 11, F(v15) :F(v16) = 1320.

Hence the given hypergraph is an edge product hypergraph.

3 Edge Product Number of a Hypergraph

In this section we introduced the notion of an edge product number of a hypergraph with suit-
able examples. Later we obtained the edge product number of a star hypergraph, open chain
hypergraphs and closed chain hypergraphs of different sizes.

Definition 3.1. The smallest number r such that H Ur K> is an edge product hypergraph is called
the edge product number of a hypergraph H. Which is denoted by EP,,(H).

Example 3.2. Let H(V, E) be a hypergraph, where V(H) = {vi,v2,v3,v4,vs} and E(H) =
{e1, e2}. In which the edges of H are defined as follows: e; = {v, v, v3, 04}, €2 = {v1, v2,v5}.
Now consider the hypergraph # U K, with vertex set

V = {v1,v2,v3,04,v5} U {wy, wa}.

E= {61 y 62} @] {63} where €] = {’U] , V2,03, ’U4}, €y — {U] , U2, 115}, e3 = {w] s wg}.

Define the edge function f : E — P by f(e;) =2, f(e2) =7, f(e3) = 14 The edge product
function F of f is defined by, F(v1) = 14, F(v2) = 14, F(v3) = F(v4) = 2, F(vs) = 17,
F(w;) = F(w;) = 14. Hence H U K is an edge product hypergraph and EP,,(H) = 1.

For any connected hypergraph #,EP,,(H) > 1. Let EP,,(H) = r. Anedge function f : E —
P and its corresponding edge product function F' that makes HUr K, an edge product hypergraph
are called an optimal edge function and optimal edge product function of H respectively. It
should be noted that there can be many optimal functions for a given hypergraph. Let V;,, and
E;, be the vertex set and edge set of H respectively and V,,; and F,,; be that of rK,. Then
the £P,,(H)=Cardinality of the set { F(v)|v € Vi, and F'(v) € f(FEin)}. If F(Vin) N f(Eip) is
empty then the function F' is called an outer edge product function otherwise it is called an inner
edge product function. Therefore the range of F’ has at least r elements.

Theorem 3.3. The optimal edge product function F has exactly r elements if and only if it is
outer edge product function.

Observation: For a hypergraph #, if EP,,(H \ v) < EP,(H).

Theorem 3.4. For a hypergraph H, if EP,(H \ v) < EP,(H) then F(v) N f(e) is singleton, for
some e € E 4.
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Proof. Let H be a hypergraph. Let EP,,(H \ v) < EP,,(H). Assume contrary that F'(v) N f(e)
is not singleton, for all e € E,,; Then for any e € E,,;, we have F'(v) N f(e) = {v1,va,...v4},
q > 1. It follows, F'(v;) = F(v2) = ... = F(vy) = p € P. Thus removing any vertex from
V1,02, ...,v, does not affect the edge product number of H. Hence we get, EP,(H \ v) =
EP,(H), for all v € V, which is a contradiction. Therefore F'(v) N f(e) must be singleton, for
some e € Fyq¢. O

Definition 3.5. A k-uniform connected hypergraph H is called a chain hypergraph if the edges
in H are interesting in such way that every edge in A is adjacent to at most two edges of H and
edge degree of each vertex is at most 2.

Definition 3.6. A chain hypergraph H(V, E) is called closed if every edge of H is adjacent to
exact two edges in H; otherwise it is open.

Example 3.7. Let H(V, E) be a hypergraph, where V' = {v, v, v3, v4,vs5,06} and E = {ey, 3, €3, €4 }.
In which the edges of H are defined as follows:

er = {vi,v2,v3}, ex = {v2,v3,v4},
e3 = {v4,vs, 06}, eq = {vs,ve, v }.
H(V, E) is a chain hypergraph which is closed.
Theorem 3.8. The edge product number of a star hypergraph H(x) is one.

Proof. Let H(x) be a star hypergraph with center z and v}, v, ..., v;’ be the pendant vertices in

e;, for 1 <14 < m, where s; € N denotes the number of pendant vertices in e;. Let p; X py X p3 X
... X py, = b. Consider the hypergraph H U K, with vertex set

_ 1.2 s] 1,2 s 1 2 s
V ={z,v,v1,...,0]" 03,05, ..., 0%, . Uy Uty oo, UL

»Ymo Ymo o Ym

U{wy,w},s; €N, fori=1,2,...,m.

and edge set
E= {617627 s 7em} U {em+l}
where e; = {z,v},v?,... v}, for 1 <i < m, emy1 = {wr, wr}. The set of all elements of P

are {p1,p2,...,Pm,b}. Define the edge function f : E — P by f(e;) = p;, for 1 <i < m and
f(em+1) = b. Then the edge product function F of f will be
Fh)=F@?) =... =F(v]") =p;, for1 <i<m,
s; € Nand
F(z)=1b
F(wl) = F(IUQ) =b.
Clearly, the range of F'is P and if f(e;) X f(e2)x...x f(e,) € P, for some edges ej, e2,...,e4 €

E then all the edges ey, e, . . ., ¢4 are incident to a vertex € V. Hence HUK is an edge product
hypergraph. Hence the proof. O

Here we use the notation v; for the pendant vertex belonging to the edge e; and v; ; for the
non-pendant vertex belonging to the edge e; and e;.

Theorem 3.9. If H(V, E) is an open chain hypergraph of size 5. Then EP,,(H) = 2.

Proof. Let H(V, E) be an open chain hypergraph of size 5. Let v},v?,...,v* be the pendant
vertices in e;, for 1 < 4 < 5, where s; € N denotes the number of pendant vertices in e; and
fuzll H,vii 15+ VUpgys for 1 <i < 4 be the non-pendant vertices in H, where r; € N denotes
the number of non-pendant vertices in e; N e;4;. Now we assume that EP,,(H) = 1. Then the
hypergraph H U K is an edge product hypergraph with vertex set

_ 1,2 s 1,2 s 1,2 S:
V= {v,v1,...,07" 03,03, ...,05, ..., V5,05, ...,05,

1 2 T 1 2 &) 1 2 T
’U1727’U172, . UI:Z’U273’ ’112)37 e 7’0273, ey '114)5,1)4’5, . ,'U4?5} U {wl,wz}
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and the edge set
E= {elv €2, €3, €4, 65} U {66}7

—f] 2 s1oo1 2 7
where e; = {v],v],..., ] V12 Vs U1k )
— gl 2 si 1 2 rict 1 2 7 ; _
er = {0,070 U Ve U e Vi Vit s Vi s fOr T <i < des =
1,2 ss 1 .2 Ty _
{vs,v5,...,05 s U450 UL 5y - ,v4’5}, e¢ = {wi,w;}. Let the elements of P are {p1, p2, p3, 4, ps, b}.

The mapping f : £ — P is an optimal edge function and F is the optimal edge product function
of f . Let the optimal edge function f is defined by f(e;) = p;, for 1 < i < 5and f(es) = .
Then the optimal edge product function F' of f will be

Flv))=F@})=...=F@) =p;, for1 <i<5
Folj1) = F(0 1) = .. = F(vj%,,) = pipis1 =t say , for 1 <i<4
F(wl) = F(’wz) =b.

Since p;p;+1 # pi+1Pi+2- Hence we have, t| # tp, 1, # t3,t3 # t4. Now the edges e and es are
adjacent to only one edge in H. So ¢, can be f(e;) = p; and t3 can be f(es) = ps. Also the range
of function F'isin P, it follows t; = t4 = b, t, = p; and t3 = ps. Therefore p;ps = paps,ts = Py
and t3 = ps that is trpy = pats, pop3p2 = PaP3ps = P2 = p4. This contradicts the assumption
that the elements of P are distinct. Hence £P,,(H) > 1. The edge function given in Example
3.10 shows that EP,,(H) = 2. i

Example 3.10. Let 7 (V, E) be an open chain hypergraph of size 5, Then H U 2K is an edge
product hypergraph with the vertex set V= {vy,va,...,v;3} U{w;, ws, w3, ws} and the edge set
E = {ej,ez,e3,¢e4,e5} U {eq, e7}. In which the edges of H are defined as follows:

ey = {"U],’Uz,'l)},?};;}, € = {7)2,"03,’114,’1}5}, €3 = {v5avﬁav7708}a
es = {vs,v7,v9,v10}, €5 = {vio,v11,V12,v13}, es = {wi,ws}, e7 = {ws3, ws}.
Define the edge function f : £ — P by
f(el) = 283 f(62) = 223 f(63) = 273 f(64) = 33
fles) =2°, f(e) = 2", fler) =2

Example 3.11. Let #(V, E) be an open chain hypergraph of size 6, Then H U K, is an edge
product hypergraph.

Figure 1. Example: 3.11

Theorem 3.12. [f H(V, E) is an open chain hypergraph of size m > 7. Then EP,,(H) = 2.
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Proof. Let H(V, E) be an open chain hypergraph of size m > 7. Let v},v?,... ,v;" be the
pendant vertices in e;, fori = 1,2,...,m, where the number s; € N denotes the number of
pendant vertices in e; and vZ i1V fZH, Uy, fori = 1,2, — 1, be the non-pendant
vertices in H, where the number r; € N denotes the number of non- pendant vertices in e; Ne; .
Now let us assume that EP,,(H) = 1. Then the hypergraph HUK is an edge product hypergraph

with the vertex set

12 si.1 .2 s 1 .2 S
V ={v, 07,07 00,05, 00 U Uiy e, U

1 2 (el 1 2 T 1 2 Tml

V125 U125+ U123 U23, V3 35+« 5 V335w o s Upy s Umn—Lms - -+ 3 U 1m}U{w],wz}

and edge set
E= {617627 e 7em} U {em+l}7

_ 1,2 S1 1 2 T
Whereel—{vl,vl,...,vl,U]Z,vlz,.. U b
_ o5 ] 2 ric1 1 ) T : _ _
e; = {vl, v} . v Vi Vit Vi1 s Vit ”+1,...7vi7i+1},f0r2§zgm 1, em =
2 Sm oyl 2 Tm—1
{vm,vm,...,vm U 1ms U tms s Uy .m }» €m+1 = {wi, w2}, The set of all elements of

P are {p1,p2,...,Pm,b}. The mapping f : E — P is an optimal edge function and F' is the
optimal edge product function of f. Let the optimal edge function f is defined by, f(e;) =
pi, 1 <i<mand f(em+1) = b. Then the optimal edge product function F of f will be

Fl))=F})=...=F@) =p,1 <i<m

F(Uz!,i-&-l) = F(Uz‘Z,iH) =... =P ) =pipist =tisay, 1 <i<m—1
F(wl) = F(’wz) =b.
Since p;p;+1 7# pi+1Pi+2, hence we have ¢y #£ ty,ty # t3, ..., tm_2 # t,_1. Further according to
the definition, the range of F is in P, so t, can be f(e;) = p; and t,,,_» canbe f(e,,) = pm. But

we obtain t3 = t4 for some m > 7, which is a contradiction. Hence £P,,(H) > 2, form > 7.
Now consider the hypergraph H U 2K, with the vertex set

. 1 2 S1 1 2 82 1 2 Sm
V={v, 01, ., 07 00,05, .. 0 U Ut U
1 2 1 1 2 7 1 2 Tm—1
Vi Vi s sV 90235023+ Up3s -+ o s U1y U L ms - - - ’,Umem} U {wy, wy, w3, wy}

and the edge set
K= {elv €2,..., e’m} U {em+1,€m+2}.
Then there may arise two cases

C(CH) and the elements

of P={2:1<j<cju{24*":0<k < c}U {2A+2“,2A+2“+'}. We define the
edge function f : E — P as follows: f(e;) = 24, f(ey) = 2¢7, for 1 < i < ¢,
flezip1) = 2477 for 1 < i < ¢, flems1) = 2472¢, f(emsa) = 24721, Then edge
product function F of f is

Flo))=F@?) =...=F(") = f(e;),for 1 <i<m

F(U%i—l,%) = F(U%i—l,%) == F(U;z 1] 21) f(ezz'—l) X f(€2i)
— pAFe—itl o geti g At2etl f(em+2)7 forl <i<e

F(”%vi,ZiH) = F<U%1,2i+l) =...= F(”Zfziﬂ) = f(€2i) X f(€21‘+1)

= 0Tt pATemt — A2 — f(e ), forl <i<ec
F(w) = F(w,) = 2412
F(’UJ3) = F(w4) = 2A+26+1.

Clearly the F(v) = P. Now the set P of labels which we have chosen is the union of
three sets namely P, = {2¢+1 202 2ctel Py = {24 24+1  24%c} and P3 =
{2A+2¢ 2A+2e+1Y guch that P = P; U P, U P3 and we observe following properties:
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Case-2:

a. 2c+l X 2c+2 — 226+3 > 220
c(e+l)

b. product of all elements of P = 2671 x 2642 x . x 22¢ = 26+ 55 < 24 < A+2e
2A+2c+l

c. 26l x 2A 5 pA+e

d. 201 x 2042 x 24 > 24+2¢+1 that is product of two smallest elements of P; and the
smallest element of P is greater than largest element of P;

e. 24 x2A4+1 5 2A+2¢+1 that is the product of two smallest elements of P; is greater than
largest element of P;

f. 26t x 2A4+2¢ 5 2A+2¢+] that is product of the smallest element of P; and the smallest
element of P; is greater than the largest element of P;.

Hence from above we conclude that, If the product of a collection of more than one element
of P isin P then the collection consists of exactly two elements with one from P; and other
from P, with the product being in P3;. And for that collection of two elements, we have
the corresponding edges incident to a vertex v € V. Hence H U 2K, is an edge product
hypergraph and its edge product number is 2.

m is even:

consider m = 2¢, forall ¢ > 4. Let A = ¢* + @

The elements of P = {2°7147 : 1 < j < c}U {241 : 1 <j < c}u {24121 pA+2e)
Define the edge function f : E — P by, f(es) = 27 for 1 < i < ¢, f(es_1) =
24%eH1=1 for 1 < i < e flems1) = 241271 flemya) = 2442, Then edge product
function F' of f will be

F(vll) :F(viz) =...=F]) = f(e;),for1 <i<m
F(Uzli—l,zi) = F(U%i—l,Qi) =...= F(U;gi:ll,zi) = f(e2i—1) x f(e)
= Atetl=i  ge=lti L pAt2e — (e ) for] < i < c
F(v%i,ZH»l) = F(U%i,ZH»l) == F(“Zfziﬂ) = fle2) x f(eair1)

— ZcfH»i % 2A+cfi _ 2A+2071 — f(€m+l)7 for 1 <i<e
F(wi) = F(w) = f(ems1) =247
F(w3) = F(w4) = f(eerz) = 2A+26.

Clearly the range of an edge product function F' is the elements of P and the rest of the
proof is similar to the previous case.

O

Example 3.13. Let H(V, E) is an open chain hypergraph of size 7. Then H U 2K; is an edge
product hypergraph.

Theorem 3.14. I[f H(V, E) is a closed chain hypergraph. Then EP,,(H) > 2.

Proof. Without loss of generality, let us consider the closed chain hypergraph of smallest size.
Let H(V, E) be a closed chain hypergraph of size 3. Suppose EP,,(H) = 1. Then the hypergraph
‘H U K3 is an edge product hypergraph with vertex set

_ 1,2 st 2 sy 1 2 s3
V—{’l)l,’l)l,...7’l)1 y U2y Uy ey Uy, U3, U3, .o+, UsT,

12 o1 2 o1 2 rs
Ul VT s Vs 023,V 5 -5 U253, U3 15 U3 15 - -5 U3y U {wr, wa}

and the edge set

E= {61,62, 63} U {64}
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Figure 2. Example: 3.13

where
el = {U117U12, .. 7Ufl,v]172, 1112,2, . ,Uf"2, vi],q;%,]’ o 71};?1 ,
e2 = {v3,03, ... ,vgz,v}’z, v%’z, e 71);'7'2,1)%’37 1}%’37 st
e3 = {véwg, . 71;‘39371;%73,1)%’37 ... 71);723,1;%71,1)%’1, . 71);31 ,

€4 = {wl,U}z}.

Let the optimal edge function f : E — P defined by f(e;) = p;, for 1 <i <3 and f(ey4) = .
where P = {p1, p2, p3,b}. Then optimal edge product function F' of f will be

F(Uil)ZF(’Uiz):...:F(vfi):pi7f0r1Sig:},
F(Uz'l,iJrl) = F(”%,iﬂ) == F(v:ji-t,-l) = p;pir1 = t; say, for 1 <i <2
F(u3))=F(3)=...= F(v3) = pap1 = 3,

F(’LU]) = F(wz) =b.

Since p;pi+1 7 pi+1Pi+2, We have ¢ # ta,ta # t3. Now ¢ can be f(e3) = p3. Since range of F’
is in P, it follows ¢; = ps, t, = t3 = b, a contradiction. Hence EP,,(H) > 2. O

Example 3.15. Let #(V, E) be a closed chain hypergraph of size 3. Then EP,,(H) = 2.

Theorem 3.16. If H(V, E) is a closed chain hypergraph of size m > 4. Then EP,(H) = 3.

Proof. Let H(V, E) be a closed chain hypergraph of size m > 4. By Theorem 3.14, EP,,(H) >
2. Now let us assume that EP,, (%) = 2. Then the hypergraph H U 2K, is an edge product
hypergraph. Consider the hypergraph H U 2K, with vertex set

_ 1,2 s 1,2 S 1 2 Sm
Vo= {v, 01, . 07 00,05, 000 U Uy e, U
1 2 ro1 2 r 1 2
U1727'U172,...,Ul,27’U273,’U2737...,02737...7’Um_1,m,1}m_17m,...,
Tm—1 1 2 Tm
vm_l,m,vmﬁl,vmﬁl,...,vml}U{wl,wz,w3,w4}
and edge set
E - {617627 .- -76771,} U {€m+1;em+2}a
_ 12 sioo1 2 o1 2 Tm
where e; = {v],v],..., 0] ,vlﬁz,vl’z,‘..,vl’z,vmyl,vmyl,...,vm"jl},
(12 si 1 2 rict 1 2 ™ .
e; = {07, 0T U 0 e U U 1 Vs Vg S TOr 2 < <m— 1
_ 1 2 Sm 1 2 Tm—1 1 2 T
€m = {Umavmv' .. avm 7Um—l,mavm—l,m7' c. 7vm71’mvvm,,lvvm,la s 7’077;7:1}7

em+1 = {wi, w2}, emy3 = {ws, ws}.We prove two cases of theorem separately.
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Figure 3. Example: 3.15

Case-1 m is even: Consider m = 2¢, for all ¢ > 2. Let the optimal edge function is defined by,
f(e;) =pi,forl <i <mand f(enq1) = b1, f(em+3) = ba, where P = {p1,p2,p3 ..., Pm, b1, b2}
Then the optimal edge product function will be

F(vil) = F(vf) =...=F@))=p; forl <i<m
F('Uz!,i+l) = F(UZ’Z,H»I) =...= F(U;H) =pipit1 =t;say, forl <i<m—1
F(”%c,l) = F(vgc,l) == F(Ugéfl) = D2e X D1 =t

F(w1) = F(’LUz) = b]
F(w3) = F(w4) =b;.

Since p;p;+1 # Pi+1Pit2, Wehave t; # t;1,for1 = 1,2,... . m—1andt;. # t,. It follows,

taey=th=t4=... =122
and
tr =13 =15 = ... =t
that is
P2e XP1L = P2 XP3=P4 XP5=...= P2c—2 X P2e—1,
P1 XP2=pP3 XP4=DpP5 XP6=...=Pre—1 X P2¢c
P _P2_Pa_ P2
D2 P4 D6 D2e

Suppose the last term % > 29, then we get,

P2c > P2 > Pa... > Pre—2 > P2c

a contradiction. Hence the hypergraph H U 2K, is not an edge product hypergraph. There-
fore EP,,(H) > 3.

Now consider the hypergraph H U 3K. Let

_ 1,2 sy o1 2 $2 1 2 s
V ={v, 07, .. 07 00,05, 00 U Uiy e, U
1 2 71 1 2 2
101727’01727""U1,271}2737U2737""U2,37"'7
1 2 Tm—1 1 2 Tm
Um—l,m’”m—l,m""7vrr:n—1,m7vm71’vm7la"-avmvl}U{w17w2aw37w47w5aw6}
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and £ = {61,62, ceslmy FU{emt1, emt2, €mi3 )
Let A=c2+ (Hl . The elements of

P = {20+i 1<i< C} U {2A+i 1<i< C} U {2A+c+272A+20+172A+20+2}

Define the edge function f : E — P by

Then the edge product function F' of f will be

F)=F@}) =...=F() = f(e;),for 1 <i<m
F(UZIi,ZiH) = F(U%i,ZiH) =...=F(vyy,) = f(e2i) x fleait1)
— pAterl=i y petitl AR _ po Y for] << |
F(U%i—lli) = F(”%i—l,%) == F(”Zi:f,zi) = f(62z'—1) X f(€22‘)
— ety pAFeHI=I _ AR _ p(o ) for ] << c— 1
F(vy, ) = F(v3e1) = ... = Fug) = f(eae) x f(er

—_ 2A+l X 2C+l — 2A+C+2 (em+l

F(Uéc—l,zc) = F(U%c—l,zi) ... = F(U;ir 121) f(eZc 1) X f(e2c
— 220 % 2A+1 — 2A+2c+1

)
)
)
flem+2)

F(wy) = F(wy) = f(emyr) = 24142
F(w3) = F(ws) = f(emyn) = 2472
F(ws) = F(we) = f(emqe3) = 2472%2,

Clearly, the range of F' is P. Now the set P of labels which we have chosen is the

union of three sets namely P; = {2¢+1 2642 2¢te} py = {2A+] 2442 2A4+c) and
Py = {2AFe+2 pAF2et] 9 A+2e421 guch that P = P; U P, U P and we have the following
observations:

a. 2c+l X 2<:+2 > 22c
b, 26t1 x 2642 5 | x 2¢tc < DA

2c+1 % 2A+1 — 2A+c+2'

& o

20F 1 x 2642 5 2AFL 5 2A+2¢42 that is product of two smallest elements of Py and one
smallest element of P; is greater than largest element of Ps.

e. 2411 x 2A4+2 5 2A+2¢+2 that is the product of two smallest elements of P is greater
than largest element of P;.

f. 20F1 x 2A+et2 5 2A+2¢+2 that is product of smallest element of P; and the smallest
element of P; is greater than the largest element of P;.

g. 2c+l X 2A+c — 2A+2c+l‘



On Edge Product Number of Hypergraph 283

Hence from above observations and after verifying all the possibilities of product of two or
more labels of edges is in P, we conclude that, if the product of a collection of more than
one element of P is in P then the collection consists of exactly two elements with one from
Py and other from P, with the product being in P5 . And for that collection of two elements,
we have the corresponding edges incident to a vertex v € V. Hence H U 3K is an edge
product hypergraph and EP,,(H) = 3

Case-2 m is odd: Consider m = 2c¢+ 1, for all ¢ > 2.

Consider the hypergraph H U 2K,. Let the optimal edge function f is defined by, f(e;) =
pi, 1 <i<mand f(eni1) = b1, f(ems3) = by, where P = {p1,p2,...,Pm,b1,b2}. Then
the optimal edge product function will be

Fl)=F@})=...=F@) =p;,forl1 <i<m
F(vg)iﬂ) = F(“z‘%i-&-l) =...= F(v;iiﬂ) = pipir1 = t; say, for 1 <i<m—1
F(’U%c+l,l) = F(U%c+l,l) ... = F(”gif:h) = P2c+1 X P1 = tact1

F(wl) = F(wz) = b].
F(w3) = F(w4) = bz.

Since pipiy1 7 Piy1Pit2, We get t; # tiq, for 1 = 1,2,...m — 1 and tpcq1 # t1. It
follows,
t1h=13=15s=... =12c41

=ty =te=...=tr.

But t5.11 = 1 = pact1 X p1 = p1 X p2, Which is a contradiction. Thus the hypergraph
H U 2K is not an edge product hypergraph. Hence EP,,(H) > 3. Now we consider the
hypergraph ‘H U 3K. Let

1 2 vSm

— 1 2 S1 1 2 S2
V(H) = {v], 07, 0], 03,05, ..., 032 0o U, Uy e Up

1 2 T 1 2 (9] 1 2
U1,27 ”1,27 e 7U1,2’,U273’ 1}2’3, “e ,'U273, ey 'Umfl,m7vmfl,m7 ey

Tm—1

1 2 T
Umflﬁmavm,lvvm,lv cee 7vmwf]} U {w17w27w3a w47w57w6}

and E(H) = {e1,e2,...,em} U{em+1,em+2, €m+3}. The set of all elements of
P={2"M 1 <i<cu{2tel"i1<i<e—1MU

atb _atb_ . atb | . _ _
{2 5 ’2 > +c I}U{2a+ 5 +c 172a+b+c 2’2a+b+c 1},

where a = ¢ + 2, b = 3¢? + 8¢ + 8. Define the edge function f : E — P by

fleaiy) =271 for1 <i<e,

flea) =217 for1 <i<ec—1,
flea) =277,

flezes1) = 207%“*,

f(€m+1) — 2a+“T+b+c—l,

Flemsn) = 207042,

f(em+3) — patbte—1

The rest of the proof is similar to the previous case. Hence H U 3K, is an edge product
hypergraph and EP,,(H) = 3 for all m > 3.

Example 3.17. Let H(V, E) be a closed chain hypergraph of size 6. Then EP,,(H) = 3.
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Figure 4. Example: 3.17
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