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Abstract In this paper, we introduce the notion of nonuniform affine system, nonuniform
quasi-affine system and nonuniform co-affine systems in L?(R). We provide the complete char-
acterization of nonuniform affine frame and the corresponding nonuniform quasi-affine frames
by means of an operator associated with the corresponding systems. Furthermore, we obtain the
characterization of all such translation invariant operators. Finally, we show that there does not
exist any frame associated to the nonuniform co-affine system in L?(R).

1 Introduction

Signals are in general non-stationary. A complete representation of non-stationary signals re-
quires frequency analysis that is local in time, resulting in the time-frequency analysis of signals.
In real life application all signals are not obtained from uniform shifts; so there is a natural ques-
tion regarding analysis and decompositions of this types of signals by a stable mathematical tool.
Gabardo and Nashed [18] and Gabardo and Yu [19] filled this gap by the concept of nonuniform
multiresolution analysis and nonuniform wavelets based on the theory of spectral pairs for which
the associated translation set A = {0,r/N} 4+ 2Z is no longer a discrete subgroup of R but a
spectrum associated with a certain one-dimensional spectral pair and the associated dilation is
an even positive integer related to the given spectral pair.

The notion of frames was first introduced by Duffin and Shaeffer [15] in connection with
some deep problems in non-harmonic Fourier series, and more particularly with the question of
determining when a family of exponentials {em"t in € Z} is complete for L?[a,b]. Frames
did not generate much interest outside non- harmonic Fourier series until the seminal work
by Daubechies et al.[16]. After their pioneer work, the theory of frames began to be studied
widely and deeply, particularly in the more specialized context of wavelet frames and Gabor
frames. Frames provide a useful model to obtain signal decompositions in cases where re-
dundancy, robustness, over-sampling, and irregular sampling play a role. Today, the theory of
frames has become an interesting and fruitful field of mathematics with abundant applications
in signal processing, image processing, harmonic analysis, Banach space theory, sampling the-
ory, wireless sensor networks, optics, filter banks, quantum computing, and medicine. Sharma
and Manchanda [28] presented a necessary and sufficient conditions for nonuniform wavelet
frames in the frequency domain. For more about frames and their applications, we refer to
[1,2,3,4,5,6,7,8,9, 13, 26, 27].

In order to obtain translation invariance of the discrete wavelet transform, the concept of
quasi-affine frames in Euclidean spaces was introduced by Ron and Shen [25], where they proved
that quasi-affine frames are invariant by translations with respect to elements of Z™. They also
proved that if X is the affine system generated by a finite set ¥ C L*(R") and associated with
a dilation matrix A, and X is the corresponding quasi-affine system, then X is an affine frame
if and only if X is a quasi-affine frame, provided the Fourier transforms of the functions in ¥
satisfy some mild decay conditions. Chui, Shi, and Stockler [14] gave an alternative proof of this
fact, and relaxing assumption of the decay conditions. Bownik [12] used this result to provide
a new characterization of multiwavelets on L?>(R"). Co-affine system is the another concept
related to the above context which was initially defined in [20] for the case of R where the
authors proved that the co-affine system can never be a frame for L?(R) and was subsequently
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extended to L?(R™) by Johnson [23]. Some of the other interesting articles dealing with these
concepts can be found in [10, 11, 21, 22].

The main purpose of this paper is to introduce the notion of nonuniform affine system,
nonuniform quasi-affine system and nonuniform co-affine systems in L?(IR). We also define the
frames associated with nonuniform affine and nonuniform quasi-affine systems. We show that
the necessary and sufficient condition for a nonuniform affine system generated by a finite fam-
ily of functions is a nonuniform affine frame is that the corresponding nonuniform quasi-affine
system forms a nonuniform quasi-affine frame. This characterization is obatined by means of
an operator associated with the corresponding systems known as Sesquilinear operator. Further-
more, we obtain the characterization of all such translation invariant operators. Finally, we show
that there does not exist any frame associated to the nonuniform co-affine system in L?(R).

The remainder of the paper is organized as follows. In Section 2, we introduce the notion
of nonuniform affine and nonuniform quasi-affine systems in Euclidean space and discuss frame
properties of these systems via sesquilinear operators. we also show translation invariance of
these operators. In Section 3, we define the nonuniform affine dual and nonuniform quasi-affine
dual of a finite subset ¥ of L?(IR) and show that a finite subset ® of L?(R) with cardinality same
as that of ¥ is an affine dual of W if and only if it is a quasi-affine dual of ®. In Section 4,
nonuniform co-affine system in L?(R) is introduced and then we show that there does not exist
a frame corresponding to nonuniform co-affine system.

2 Nonuniform Affine and Quasi-Affine Frames in L*(R)

For an integer NV > 1 and an odd integer » with 1 <r < 2N — 1 such that r and N are relatively
prime, we define

r rk
A_{O,N}+2Z—{N+2n.neZ,k—0,1}.

It is easy to verify that A is not necessarily a group nor a uniform discrete set, but is the union

of Z and a translate of Z. Moreover, the set A is the spectrum for the spectral set ¥ = [0, %) u
(4, 25-1) and the pair (A, Y) is called a spectral pair [17, 18, 19].

Definition 2.1. Fourier transform of a function f € L*(R) is defined by

F{f(x)}() = fe) = / F(a)e 2 gy

Forj € Zand a,b € R, let D;, T, and E}, and be the unitary operators acting on f € L?(RR)
given by dilations, translations, and modulations, respectively:

T.: L*(R) — L*(R), T.f(z)= f(x—a) (Translation by a),
Ey: L*(R) = L*(R), FE,f(z) = e*® f(z) (Modulation by b),
D; : I*(R) — L*(R), D,f(x)=(2N)*f((2N)z) (N-Dilation operator)

Using the definition of the above operators, the following result can easily be proved.
Proposition 2.2. For N € N, j € Z and a € R, we have the following properties hold:
i) Dj:L*(R) — L*(R) is unitary map.
it)  D;jTaf(x) = Ton)-saD; f(2).
i) F(D;f(x)) (&) = D F{f(2)}(&).

(
(
(
(iv)  F(Taf(x))(§) = E_oF(f(2)(S)-
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For a given family of functions ¥ = {41, 4,...,9n_1} in L*>(R), define the nonuniform affine
system

A(lP):{%A(x):jeZ,AeA,ngzN—l}, 2.1)

where ¥y j \(z) = (2N)7/2¢, (2N) z — X).The nonuniform quasi-affine system generated by
W C L*(R) is defined by

ANW) = {Pra(z) j €ZAEAT<E<2N -1}, 2.2)

where

) D;Toibe(x) = (2N)7/24hy (2N)Iz — N), i >0,) €A,
Ve ja(z) =
NV PIADje(x) = 2NV e (2N) 7 (= N),  j<O0,A€A.

Definition 2.2. The nonuniform affine system .A('¥) defined by (2.1) is called nonuniform affine
Bessel family if there exists a constant B > 0 such that

S KEP<B|fIF forall f e L*(R). (2.3)

neA(Y)

Definition 2.3. The nonuniform affine system .A('¥) defined by (2.1) is called nonuniform affine
frame if there exist constants A and B with 0 < A < B < oo such that

Al < XS Kl < Bl 2.4)

nEA(P)

holds for every f € L?(IR). The largest constant A and the smallest constant B satisfying (2.4)
are called the optimal lower and upper frame bounds, respectively. A frame is a nonuniform tight
frame if A and B are chosen so that A = B and is a nonuniform Parseval frame if A = B = 1.

Similarly, the system A%(¥) defined by (2.2) is called a nonuniform quasi-affine Bessel
family if there exists a constant B > 0 such that (2.3) holds when B is replaced by B and A('P)
is replaced by A?(W). It is called a nonuniform quasi-affine frame if there exists a constant Aand
B > 0 such that(2.4) holds when A is replaced by A, B is replaced by B and A('P) is replaced
by A?(¥).

For two family of functions W = {uy,vn,...,¥on—1} and ® = {¢1,92,...,pon_1} in
L*(R), we define a sesquilinear operator Sy o : L*(R) x L*(R) — C by

2N—-1

Sva(f,0)= YD (fvhejn)leein g fg€LX(R). (2.5)

=1 jeZ reA

It should be noted that if A(‘¥) and (&) are nonuniform affine Bessel families, then Sy ¢ defines
a bounded operator. In the similar manner, we define the operator Sy ¢ by

2N—1

S‘~I’<I> fv Z Z Z f7 W,g, Qpé,],kag>a f’g € LZ(R) (26)

(=1 jJEZ XeA

Itis easy to see that Sy ¢ is dilation invariant, that is, Swo(Dsf,Dsg) = Swa(f,g) forall
J € Z, and Sy o is invariant by translations with respect to A\, A € A. We write Sy ¢ = Sy and
S~\y’\y = 8~q1.

For j € Z, let ; denotes a full collection of coset representatives of A/(2N)7A, i.e.,
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N { {0,1,2,....22N)i =1},  j>0
j:

{0}, j<O.

For any j € Z and f, g € L*(R), we define

2N-—1
Si(£,9)= Y. D> (fitein)pein9)
=1 M\eA
and
. 2N—1 }
Sj(f7 g) = Z Z <f7 wf,j,)\> <¢‘€,j,>\?g> .
=1 XeA

In order to prove main results in this paper, we first state and prove the following lemmas.

Lemma 2.1. Let ¥ = {¢,4¢2,...,¢on—1} and ® = {p1,2,...,02n-1} be two family of
functions in L>(R). Fora fixed L € N, j > —L and f, g € L?*(R), we have

Si(f,9) N S(TL £, Thg).

UENL

Proof. For j > 0, S;(f,9) = S;(f,9) = S;(T, f,T»g) for any o € A. Now, for any integer j
such that —J < j < 0, ; is invariant with respect to translation by (2N) ™70, o € A. That is,

Si(Tonyiofs Tanyiecg) = Si(f,9), o€A

Note that, for any m < L,

(2N)L—1 (2N)™—1(2N)L—m_1
> o asen iy
o=0 v=0 B=0
Hence,
202N)E—1 (2N)™—1 (2N)E—™—1
)DEIEED SERUEED DR DRI v
oceNL o=(2N)L =0 B=0

Therefore, we have

@N)~I—12N)L+i 1

L —L
Z Sj (Toﬁ ng) = (ZN) Sj(TB(zzv)*jer(zw)L f, TU(ZN)*1+W+(2N)L9)
oceNy ~=0 B=0

22N)~9—1 22N)Eti 2

(ZN)_L Z Z Si(Tﬁ(ZN)—-7+'yf7 TB(ZN)_-7+’yg)'

=(2N)=J o=(2N)L+i—-1

Since
ve{@2N)7,(2N)7 +1,...,2(2N)7 — 1}

and
B e {(@2N)’ —1,(2N)"*7 2(2N)"*7 -2},

we have 8 = (2N)E* 4+ rand y = (2N) 7 + s,
where , 4
ref{-1,0,1,...,2N)E —2} s € {0,1,...,(2N)~7 —1}.

Hence,

BR2N)™ +~=2N) +r2N)7 + (2N) 7 +s= (2N)* +r+1) 2N) 7 +3,
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so that

BRN) 44 = (N +r+ 1) 2N) 7 + (v - (2N) 7).

Therefore, we obtain

202N)77 -1 2(2N)E+ 2
- ZSj(TafaTag) = (2N Z Z Si(Tiy—@n)-3) [ Tiy—2n)-5)9)
cENy y=(@2N)=7 B=(2N)L+i—1
(2N)79 -1
= @N)Y ) Si(T,f.Th9)
=0
(2N) i1
= Z Si(T-~ f, T-vg)

- v ¥

(2N) I_12N-1
(T [ tbeja) (Pejn T—~9)
(=

v=0 1 AeA
(N)"T—12N—1
= Y DY beien - (Begen)-inis 9)
50 =1 xea
2N —
Z Z faq/}Z,J)\ 5023)\’ >
=1 Aeh
= SJ( )

This completes the proof of the lemma.

Now we proceed to state and prove the second lemma in which we prove two important
properties of the operators S; and S; when ® = .

Lemma 2.2. Let ¥ = {¢1,¢2,...,¢on—1} C L*(R). Put ® = ¥ in the definitions of S; and
S;. If f € L*(R) has compact support, then

@ lim 3 (Dyf,Dsf) =0.

—00 520

®) lim 2N)™ 3 3 Si(T,f.T6f) = 0.

j<—JoeN,
Proof. We have,
IN—1 '
NS (DsfDsf) =D 3" S UDsf, (2N)PTaDj) [
j<0 7<0 £=1 XEA
Let A = supp f. Since
(Dyf, TxDjipe) = (f, D_jTxDjtbe)

= (f,Ton)y-72D-1Djtbe)
= <T_(2N)—J>\f, Dj—J¢Z>'
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we have,

’ 2

(D f, TaDjibe)|* = ‘/Rf(x+(2N)—JA)DJ-,J¢@(x)dx

IN

1713 / D, o) Pl
A—(2N)=7x

1913 | @M=Dy, (@N) =62 P
A—(2N)=7 A

[ e ()P
(2N)=G=(A—(2N)=7 \)

I ()P
(2N)=U=DA—(2N) =i

Thus,

2N—1
SOS(Daf,Da) < TR RN S / S () P
3<0 j<0 Aen” (2N)~ TIX o

Note that (2N) =0~/ A—(2N)=X = (2N)~7 ((2N)’A — )). Since A is compact and |(2N)”A| =
(2N)~7|A[, we can choose Jo large enough so that (2N)’A C [0, N]if J > Jo. Since {[0, N] + X : X € A}
is a disjoint collection, it follows that {(2N)~7 ((2N)7A — X) : X € A} is also a disjoint collec-

tion. Hence,

N1
S S0ut.0sp) < YN [ 1) P
§<0 <0 ALEJA(ZI\/)*J((2]\7)JA—)\) —1
2N—1
= I11E [ 0ste) 3 WP
where
Gy =Y (2NYX | en)-5(eNn)7a-r)-
j<0 AEA
Observe that |G ;(x)| < Z(ZN) . Since Z |t? € L'(0, N), if we can show that

G; — 0ae. as J — oo then by Lebesgue dommated convergence theorem, the last integral
above will converge to 0 as J — oo.

Let E={z€R:z=—(2N) JXforsome j <0and A € A}. If z ¢ E, then 2N)iz + X # 0
forany j < 0 and X € A so that |(2N)’z + A| = (2N)? for some o € Z. Thus, 2N)'z + A ¢
(2N)’Aif J > —o. Thatis, z € (2N)=7((2N)’A = \) if J > —o. Since F is a set of measure
zero, it follows that G; — 0 a.e. as J — oo. This proves part (a) of the lemma.
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To prove part (b), we have
- Z Z Sj(TUf7 Tof)
j<—JoEeN;

22NJ 1 2N—1

Z DY D KTofitbey )P

N)J j<—J =1 XeA

2( -1 2N-—1

Z Z Z Z| —@irf, D)

o=(2N)J j<—J =1 XeA

2(2N)7 -1 2N—1

< 2N)I713 Z YT / NEORE

Jj<—J f=1 AeA’Ato—

2(2N)7 -1 2N—1
RABCUIP I IR IDS /. r(e) P
Jj<—J £=1 XeA I(A+o—(2N)IA)

2N—1

<N IR Z ZZ/ > lunte)Pa

o=(2N)7 j<—J A J(At+o—(2N)7A)
2N 1
= U713 [ Hole) 3 o)

where
2 —1

Hy=(2N)~ Z D0 xen-i(ate)-

o=(2N)7 j<—J AEA

As in part (a), to complete the proof, we need to show that H; — 0 a.e. as J — oc.

Note that (2N)7A C [0, N] if J > Jy. For such an J, consider the set (2N)”(A + o), where
o€ Ny. Ifz € (2N)/(A+ o), thenx = y + (2N)”/ o for some y € (2N)’A C [0, N]. Since
ly| < 1and|(2N)/o| = (2N)=7 - (2N)/*! = 2N. Thus, 2N) 9 (A+ o) C (2N)~7=7710, N)
forany j < J.

For J > Jy, fix j < —J and A € A. Then

(2N) I (A+X) =X C (2N)77 ((2N)~?[0,N) + o) — A.

Since the set A is compact, each A + )¢ can intersect with only finitely many sets of the form
A+ A\, A € A. So there exists an integer w € A such that each z € R can belong to at most
w such sets. Thus, in particular, any x € R can belong to at most w sets in the collection
{(2N)79(A+ o) — X : 0 € Ny}. Each of these sets is contained in (2N)~7=7=1[0, N) — ),
hence so is their union. Thus,

2(2N)7 -1

Z X(2N)=i (At+o)—A S WX(2N)—3—T-1[0,N)—A
o=(2N)’

Now,
Z X(@2N)=i=J=1[0,N)=x = Z X(2N)i=1[0,N)—X
j<—J i>0

= XuEN-oN)-x = Xon)-x = 1.

>0
Combining all the above estimates, we get

Hy(z) < 2N)™ - w.
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Therefore, it follows that # ;(z) — 0 as J — oo uniformly in z. This completes the proof of the
lemma.

Theorem 2.1. Let ¥ = {¢1,¢,...,%on_1} C L*>(R). Then

(a) A(Y) is a Bessel family if and only if AY(¥) is a Bessel family. Moreover, their exact
upper bounds are equal.

(b) A(W) is an nonuniform affine frame if and only if A9(¥) is a nonuniform quasi-affine

frame. Moreover, their exact lower and upper bounds are equal.

Proof. Taking ® = ¥ in the definitions of S; and S;. Suppose that A(\P) is a Bessel family with
upper bound B > 0. Then, by Lemma 2.1, for all f € L?(IR), we have

Sulf.h) = 3 S = Jim ¥ &)

j=—00 i>—L

= Lle(2N S S(TL1.T,f)

oceNL j>—L
- L
< Lll_)moo(ZN) EZN Su(To f, To f)
[ L
< lim 2N)"% > B|T, f[3 = BIIfI3.

L—oo
G’ENL

Thus, the nonuniform quasi-affine system .47(¥) is also a Bessel family with upper bound B.
Conversely, let us assume that A?X (W) is a Bessel family with upper bound C' > 0. Fur-
ther, assume that there exists f € L*(R) with ||f|l» = 1 and Sw(f, f) > C. We have

oo o 2N-1
YOS = >0 Y el
j=—J j=—J £=1 X\eA
oo 2N—
= ) Z Z (fitej—am)
7=0 (=1
oo 2N-—1

= > > Y UDs e

=0 =1 XeA

= ZSJ(DJﬁ Dyf).
=0

Since Sy(f, f) = hm Z S;(f, f) > C, there exists J € N such that
J—o0 ]——J

ST =D.8i(Dsf,Dsf) > C

j==J j=0
Now,
w(Dsf,Dsf) =Y Si(Dsf,Dsf) = S;(Dsf,Dsf) >C
:0 j=0

If g = D;f, then we have ||g|l» = || Dsf|l2 = || f|l2 = 1 but Sw(g, g) > C. This is a contradiction
to the fact that A%(¥) is a nonuniform Bessel family with upper bound C. This proves part (a)
of the theorem.

We will now prove part (b). We have already dealt with the upper bounds in part (a) of the
theorem. Therefore, we need only to consider the lower bounds A and A. Suppose that A(\P) is
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an nonuniform affine frame with lower frame bound A. Then, for all f € L?(R) with compact
support, we have

Se(f,f) = lim 2N)™" Y 3" Si(T,f.T.f)

L=oo G€NL j>—L
= lim 2N)"" > > " Si(T,£,T,f) (by Lemma ?2(b))
L=ve0 oceNL jEL
J— 1 —L
= Lh—>n;o(2N) g\; S‘P(thfaTaf)
> lim 2N)7F ) AT 15 = A1l
cENL

The set of all such f is dense in L?(R). So this holds for all f € L?>(R). Hence, A > A.
To show that A < A, we assume that it is not true and get a contradiction. Thus, there exists
€ >0, f € L*(R) with ||f|| = 1 such that Sg(f, f) < A — .
Without loss of generality, we can assume that f has compact support. Since Sy is dilation
invariant, we also get
Sy(Dsf,Dsf) < A—e

By Lemma 2.2 (a), there exists JJ € N such that
ZSj(DJf, DJf) < 6/2.
§j<0

Hence,

Sw(Dsf,Dsf) < Y Si(Dyf,Dyf)+e/2

Jj=0

= Y Si(Dsf,Dsf)+¢/2

7>0
< Se(Dyf,Dsf)+e/2<A—¢/2.

This contradicts the definition of the lower bound A of A(¥) and completes the proof of the
theorem.

We have seen that Sy ¢ is dilation invariant and 5‘\;:@ is invariant by translations with

respect to A, A € A. In the next theorem, we obtain the characterization of translation invariance
of S\y’cp.
Theorem 2.2. Let ¥ = {¢,¢2,...,¢on—1} and ® = {p1,92,...,02n_1} generate two
nonuniform affine Bessel families. Then Sy o is translation invariant if and only if Sy ¢ = S-y@.
Proof. Suppose that Sy o is translation invariant. Then, as in the proof of Theorem ??, for all
f, g € L*(R) with compact support, we have

Sva(f.g) = Jim 2N)™" > Swo(T,f.T,9)
UGNL
= [lim @N)"" )7 Svoe(f.9) = Swalf.9),
O’ENL

where we have used the translation invariance of Sy ¢. By density and the boundedness of the
operators Sy ¢ and Sy o, the equality holds for all f, g € L*(R).
Conversely, assume that Sy ¢ = Sy . Then for m € A,

Svo(Tnf, Tmg) = SwolTnf Tmg)
IN—1

Z Z Z<Tmf, DjT/\1/)e> <DjT)\<)0€7 TnLg>

=1 j>0\EA

2N—-1

+ Y DY (Tnfs @NYPTADje) (N Y TaD;pe, Trng).

£=1 j<0XeA
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Since m € A, there exists a unique mg € Lambda such that —m = my. Therefore, in the first
sum, we have

<Tmf7 DjTwa) = <f7 TmoDjT/\w€>
= {f, DiTanyimgrate)-
Similarly, we can write (D;Ta@e, Trng) = (DTN )imer %2 9)-

For a fixed j > 0, we have {\ + (2N)/mg) : A € A} = {\ : X € A}. Therefore, for a fixed
j >0, we have

Z<Tmf’DjT/\WMDjT/\W’Tmm - Z<f,DjTAW><DjTAW,9>
NeA 2
- Z<fv Ve i) (Pegn, 9)-
AEA

In the second sum, we have
<Tmfa (ZN)j/ZT)\Dj'(/JZ> = <f? (2N)j/2Tm4)+)\Dj1/}€>'

By a similar argument as above, we get for each j < 0,

> (T f, 2NV PTADjbo) (2N)PTADjior, Trng) = Y {f28eja)(Brjrs 9)-
NeA XeA

Hence, we have
Sw.o(Tinf, Ting) = Sw.o(f, 9) = Swa(f, 9)

This proves that Sy ¢ is invariant by translations with respect to m, where m € A. Since Sy ¢ is
invariant with respect to dilations, it follows that it is invariant with respect to all « of the form
x = (2N)’m, m € A, j € Z. But such elements are dense in R. This can be seen as follows.
Since {[0, N] + m : m € A} is a partition of R, {(2N)7[0, N] + (2N)?m : m € A} is also a
partition of R for any j € Z. Hence, if € R, then for each j € Z, there exists a unique m € A
and y € [0, N] such thatz = (2N)/y+ (2N )’m so that |x— (2N )?m| = |(2N)’y|. Since |y| < 1,
we can choose j sufficiently large to make |z — (2N)/m/| as small as we want. Since Sy ¢ is a
bounded operator and translation is a continuous operation, it follows that Sy ¢ is invariant with
respect to translation by all elements of R. This completes the proof of the theorem.

3 Duals Nonuniform Affine and Quasi-Affime Systems in L*(RR)

We start this section with the definition of nonuniform affine duals.

Definition 3.1. Let ¥ = {41, 4¢s,...,¢Yon_1} and ® = {p1,¥2,...,02n—1} be two subsets of
L*(R) such that A(W) and A(®) are Bessel families. Then @ is called a nonuniform affine dual
of Wif Sya(f,g) = (f,g) forall f,g € L?>(R), that is,

2N-—1

SO k) pegneg) forall f,g € LA(R). (3.1)

r=1 jEZAEA

We say that @ is a nonuniform quasi-affine dual of ¥ if Sy o(f, g) = (f, g) forall f,g € L*(R),

that is,
N1

SN (Fbein)(Bring) forall f,g € L*(R). (3.2)

t=1 jEZ XeA

Since Sy.¢ and Sy ¢ are sesquilinear operators, it follows from the polarization identity that
(3.1) or (3.2) holds if and only if it holds for all f = g in L*(K).
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Theorem 3.1. Let ¥ = {4,¢2,...,9n_1} C L*(R) generate a nonuniform affine Bessel
family. Then ® = {¢y, ¢2,...,pan—_1} is an affine dual of W if and only if it is a nonuniform
quasi-affine dual of W.

Proof. We first assume that & is a nonuniform affine dual of ¥. So Sy &(f,g) = (f, g) for all
f.g € L*(R). Since (T, f,T,g9) = (f,g) forall y € R and for all f,g € L*(R), it follows that
Sy ¢ is translation invariant. Hence, by Theorem 2.2, we have

Svo(f.9) = Svo(f.g) = (f.g) forall f,g € L*(R).

Therefore, @ is a nonuniform quasi-affine dual of V.
Conversely, assume that @ is a nonuniform quasi-affine dual of W. Let f € L*(R) be a
function with compact support. By Lemma 2.2 (a), we have

ZSj(DJf,D]f) —0as J — co.
Jj<0

ie.,
AIN—1

ZZZD‘]]{‘¢Z’J’ (pgj)\,DJf>—>OaSJ—>OO (33)

j<0 £=1 XeA

Now, since P is a nonuniform quasi-affine dual of ¥, we have

I£1P =D fIP

(Dsf,Dyf)
AN—1

Z ZZ<D'7f7&57j,>\><§5f,j,>mD.]f>

=1 jEZXeA

IN-1 IN-1
= D> Y D Dsf e ) Beinn Daf)+ D DD (Dyf e in)(BeinDaf).
(=1 j>0XeA (=1 j<0 XA

The second term goes to 0 as J goes to oo, by (3.3). Hence,

2N -1

SN DS e ) Begn Daf) = | fl5 as T — oo (3.4)

(=1 j>0XeA

But,

2N -1

Z Z Z<DJfa Qz)f,j,/\><95£’j’)\, DJf> =

=1 j>0AEA

[
—_

Z Dy f,%ei ) {eein Dif)
AEA

<.
I \/

[

(frbej—a ) (@ej—ax: [)

)
)

%

o

>

m

>

I
M5 1MF 1

fﬂ/)e,m (e f)-

\\/M
mM

~
Il
<.

Hence, by (3.4), we have

2N—-1

STSTS e £ = I111E

(=1 jJEZ AEA

This shows that (3.1) holds for all f = g with compact support. Since such functions are dense
in L2(R), (3.1) holds for all f = g in L?*(R). This completes the proof of the theorem.
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4 4. Nonuniform Co-Affine Systems in L*(R)

We know that the nonuniform quasi-affine system A%(\¥) was obtained by reversing the dilation
and translation operations for negative scales j < 0 and then by renormalizing from the nonuni-
form affine-system A(W). Therefore, a natural question arises: what happens if we reverse these
operations for each scale j € Z. In this section we answer this question. We first make the
following definition.

Definition 4.1. Let ¥ = {11, %»,...,%an_1} C L*(R) and let the sequence of scalars be o =
{ag; 1 <t <2N —1,j € Z}. The weighted nonuniform co-affine system A*(¥, a) generated
by ¥ and « is defined as

A*(P,0) = {4} = ar;TaDjhe : 1 <L <2N —1,j € Z,A € A}. (4.1)

Let A*(¥, ) be a weighted nonuniform co-affine system generated by ¥ and «. For f € L?(R),
define

IN-1
Tp(@)= D Y > T f Ai 1
r=1 jEZXEA

Itis clear that I'y(z + \) =T’ (x) for all X € Ai.e., I'y is integral-periodic.

In order to prove the main result of this section, we first state and prove the following
lemma
Lemma 4.1. If A*(\P, ) is a Bessel system for L?(IR), then for each f € L?(R), we have

/ON [¢(z)de = /R

Proof. By invoking Plancherel theorem, we have

2N—1

3 Yl @) [ (V) )| [ Fee)| e

(=1 j€Z

N2N-1

N
/0 Iy(z)de = /0 ZZZ|<Txf7O%jTADjW>‘2dx

r=1 jFEZXEA
IN—-1

N
= Y P /0 SO T D) P

(=1 jez AEA
2IN—-1

- Z Z|O‘l7j|2/R|<f7T—ij1/Jz>\2dx

=1 jez
2N—1

= > o,

=1 j€Z

2 [|[ o2 @nye e @

2N-1 , B VR
= X YloufoM L1 @) @) as
2N—1

= 3 Y PN) / FOPIDe (2N)ig) Pe.

1 jez
This completes the proof of the lemma.

Now we proceed show that there does not exist any frame corresponding to nonuniform
co-affine frame in L*(R).
Theorem 4.1. Let ¥ = {11, v, ...,%sn_1} be a family of functions in L?(R) and o = {ay; :
1 <¢<2N —1,j € Z} be a sequence of scalars. Then A* (¥, ) defined by (4.1) cannot be a
frame for L?(R).
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Proof. Suppose that 4*(¥, ) defined by (4.1) is a frame with bounds Ay and By. That is,

2N—1

ApllfIE< D0 YD W vl < Ballfl; forall f € L*(R).

f=1 jJEZ XEA
On taking f = z/;;fmh% for a fixed jo € Z, \g e Aand 1 < {y < 2N — 1, we have

2N -1

Hthjo)\0||4 < Z Z Z |<’(/}2<0,j07)\0’w2j;>\>|2 < B‘P||1/’f€o,jo7ko”%'

(=1 jEZXeA
which implies ||¢Z07j01/\0||% < By.
Since |47, ;o 5, ll2 = e jol 1 |2, it follows that
|ty jol* < Bwl[thg, |32 forall jo € Zand 1 < £y <2N — 1. (4.2)
By the definition of I'y, we have
Aw|fl3 <T¢(z) < Byl fl; forall f € L*(R).

Integrating over [0, N] and using Lemma 4.1, we obtain

2N—1

Agl|fII3 < / Do D>l PRN) e (RN)€) PIF()PdE < Byllf[l5  forall f € L*(R).
=1 jez
which implies,
2N-1
Ap < Y3 o PF2N) e (2N)E) P < By forae. € € R.

=1 jez
Now, integrating over [1,2N] after making the substitution £ — (2N)"¢, n € Z, we have

2N 2N—1

/o > > lae PRN) b (N )Y€ Pde

t=1 jEZ

IN

Ap(2N — 1)

2N 2N—1

/0 S S Jaes  PRN) G (N Pde

(=1 jEZ

2N—1 (2N)7+!

CITD 9B DY T

(=1 j€Z

Using (4.2), we obtain

2N—-1

(2N)
Av@N—1) < N S S Bullelly / [0(€) P

=1 j€Z
2N—1

= eV Y Balv? Z/ (e P

JEL
2N-1

N)* > By
/=1

— (2N)"(2N — 1)By

Thus,
Ay < (2N)"By foreachn € Z.

By letting n — —oo, we see that Ay = 0. Hence, A*(¥, ) cannot be a frame for L?(R). This
completes the proof of the theorem.
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