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Abstract In this paper we introduce and study a new sequence space which is defined by
lacunary almost convergent sequence . Further some inclusion relations, several topological
properties have been considered which fill up a gap in the existing literature.

1 Introduction

Let s be the set of all sequences real or complex. By l∞ and c, we denote the Banach spaces of
bounded and convergent sequences x = (xk) normed by ‖x‖ = supk |xk|, respectively. Let D
be the shift operator on s. That is,

Dx = {xn}∞n=1 , D
2x = {xn}∞n=2 ,...

and so on. It is evident that D is a bounded linear operator on `∞ onto itself and that
∥∥Dk

∥∥ = 1
for every k.

It may be recalled that Banach limit L is a non-negative linear functional on `∞ such that L
is invariant under the shift operator, that is, L (Dx) = L (x) ∀x ∈ `∞ and that L (e) = 1 where
e = (1, 1, 1, ...),(see, Banach [1]).

A sequence x ∈ `∞ is called almost convergent if all Banach Limits of x coincide. Various
types of limits, including Banach limits, are considered in Das [1], Simons [10] and Suche-
ston [11]. Subsequently almost convergent sequences have been discussed in Duran[3], Kig[5],
Nanda [8] and Schafere[9].

Let ĉ denote the set of all almost convergent sequences. Lorentz [4] prove that

ĉ =
{
x : lim

m
dmn (x) exists uniformly in n

}
where

dmn (x) =
xn + xn+1 + ...+ xn+m

m+ 1

By a lacunary θ = (kr); r = 0, 1, 2, ... where k0 = 0, we shall mean an increasing sequence
of non-negative integers with kr−kr−1 as r →∞. The intervals determined by θ will be denoted
by Ir = (kr−1, kr] and hr = kr − kr−1.

Recently Das and Mishra[2] have introduced the space ĉθ of lacunary almost convergent
sequences as follows:

ĉθ =
{
x : lim

r
trn (x− L) exists uniformly in n

}
where

trn (x) =
1
hr

∑
k∈Ir

xk+n

Note that in the special case where θ = 2r, we have ĉθ = ĉ.
The aim of this paper is to study a new sequence Nθ, which emerges naturally from the con-

cept of almost convergence and lacunary sequence. We also consider the spaces Nθ(p), which
generalize Nθ in the same way as l(p) generalize l (see [10]). We discuss a related sequence
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space. Also some matrix transformation was characterized.

Let {pr} be bounded sequence of positive real numbers. We define

Nθ(p) =

{
x :
∑
r

|trn|pr converges uniformly in n
}

and

Nθ(p) =

{
x : sup

n

∑
r

|trn|pr <∞
}
.

(Here and afterwards summation without limits runs from 0 to∞). If pr = p for all r, we write
N
p

θ and N
p

θ in place of Nθ(p) and Nθ(p) respectively. If p = 1, we write Nθ, Nθ for Nθ(p) and
Nθ(p) respectively.

It is now a natural question whetherNθ(p) = Nθ(p). We are only able to prove thatNθ(p) ⊂
Nθ(p). We have

Theorem 1.1. Nθ(p) ⊂ Nθ(p).

Proof. Suppose x ∈ Nθ(p). Then there is a constant R such that∑
r≥R+1

|trn|pr ≤ 1. (1.1)

Hence it is enough to show that, for fixed r, |trn|pr is bounded, or, equivalently, that trn is
bounded. It follows from (1.1) that |trn| ≤ 1 for r ≥ R+ 1 and all n. But if r ≥ 2,

(hr + 1)trn − hrtr−1,n = xkr+n. (1.2)

Applying (1.2) with any fixed r ≥ R+1 we deduce that xkr+n is bounded. Hence trn is bounded
for all r. Thus the theorem is proved.

Write M = max(1, sup pr). For x ∈ Nθ(p) define

gp(x) = sup
n
(
∑
r

|trn|pr)
1
M ; (1.3)

this is exist because of Theorem 1.1. We write,

Theorem 1.2. (i) Nθ(p) is a complete linear topological space parnormed by gp.

(ii)Nθ(p) ⊂ Nθ(q) for pr ≤ qr.
Proof. It can be proved by "standart" arguments that gp is a paranorm on Nθ(p) and also, with
the paranorm topology, the space Nθ(p) is complete. As one step in the proof we shall only
show that for fixed x, λx → 0 as λ → 0. If x ∈ Nθ(p), then given ε > 0 there is a R such that,
for all r ∑

r≥R

|trn|pr < ε. (1.4)

So if 0 < λ ≤ 1, then ∑
r≥R

|trn(λx)|pr ≤
∑
r≥R

|trn(x)|pr ≤ ε,

and since, for fixed R,
R−1∑
r=0

|trn(λx)|pr → 0

as λ → 0, this completes proof. If pr = p for all r, then gp is a norm for p ≥ 1 and p-norm for
0 ≤ p ≤ 1. To prove (ii), let x ∈ Nθ(p). Then there is an integer R such that (1.1) holds. Hence
for r ≥ R, |trn| ≤ 1. So that

|trn|qr ≤ |trn|pr

and this completes the proof.
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Theorem 1.3. (i) Let inf pr > 0. Then Nθ(p) is a complete linear topological space para-
normed by gp.

(ii) Nθ(p) ⊂ Nθ(q) for pr ≤ qr.

Proof. (i) It can be proved by " standard " arguments. It may, however, be noted that there is an
essential difference between the proof of Theorem 1.3(i) and that of Theorem 1. 2(i). If we are
given thatx ∈ Nθ(p) we can not assert (1.4). We now use the assumption that infpr > 0.
Let ρ = infpr > 0. Then for |λ| ≤ 1, |λ|pr ≤ |λ|ρ, so that gp(λx) ≤ |λ|ρ gp(x). The result new
clearly follows.
(ii) The proof differs from that of Theorem 1. 2(ii), since we can not assert (1.1). If x ∈ Nθ(p),
then

∑
r
|trn|pr is bounded. So trn is bounded for all r, n; say |trn| ≤ S. We may suppose that

S ≥ 1. Then

∑
r
|trn|qr ≤

∑
r
Sqr−pr |trn|pr ≤ RM

∑
r
|trn|pr .

Hence, the result follows.

2 Topological Results

In this section we discuss some topological results for Nθ(p) and Nθ(p) we now prove

Theorem 2.1. If a set B ⊂ Nθ(p) is compact, then given ε > 0 there is some j0 = j0(ε) such
that for all n

(
∞∑

r=j+1

|trn(x)|pr)
1
M < ε, ∀x ∈ B, j ≥ j0.

Proof. Let ε > 0 be given and for every x ∈ Nθ(p), let

U(x, ε2) = {y ∈
=
l (p) : gp(y − x) < ε

2}.

Then {U(x, ε2)}x∈Nθ(p) is a open cover for B. Since B is compact, there is x1, x2, · · · , xN ∈ B
such that

B ⊂
N⋃
i=1

U(xi,
ε

2
).

For each i, there is ji such that

(
∞∑

r=j+1

|trn(xi)|pr)
1
M <

ε

2
, forj ≥ ji.

Let j0 = max
1≤i≤N

ji. Then
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(
∞∑

r=j+1

|trn(xi)|pr)
1
M <

ε

2
, forj ≥ j0.

Since x ∈ B there is i0(1 ≤ i0 ≤ N) such that,

(
∞∑

r=j+1

|trn(x− xi0)|pr)
1
M <

ε

2
.

Let j ≥ j0. Then

(
∞∑

r=j+1

|trn(x)|pr)
1
M ≤ (

∞∑
r=0

|trn(x− xi0)|pr)
1
M + (

∞∑
r=j+1

|trn(xi0)|pr)
1
M <

ε

2
+
ε

2
= ε.

This completes the proof.
We now study local boundedness and β- convexity for Nθ(p). For 0 ≤ β ≤ 1, a nonvoid

subset U of a linear space is said to be absolutely β- convex if x, y ∈ U and |λ|β + |µ|β ≤ 1
together imply that λx + µy ∈ U . A linear topological space X is said to be β-convex if every
neighbourhood of 0 ∈ X contains an absolutely β- convex neigbourhood of 0 ∈ X . A subset B
ofX is said to be bounded if for each neigbourhood U of 0 ∈ X there is a bounded neigbourhood
of 0 ∈ X .

Theorem 2.2. Let 0 < pr ≤ 1. Then (i) Nθ(p) is locally bounded if infpr > 0, (ii) Nθ(p) is β-
convex for all β where 0 < β < lim inf pr.

Proof. Let inf pr = θ > 0. If x ∈ Nθ(p) there is a constant R > 0 such that for all n

∑
r

|trn(x)|pr ≤ R.

For this R and given δ > 0, choose an integer N > 1 such that

Nθ ≥ R
δ .

Since 1
N < 1 and pr ≥ θ we have

1
Npr ≤

1
Nθ

.

Therefore we have

∑
r

|trn(
x

N
)|pr ≤ R

Nθ
≤ δ.

Thus

{x : gp(x) ≤ R ⊂ Nx : gp(x) ≤ δ}.

This completes the proof of (i). To prove (ii), let β ∈ (0, lim inf pr). Then there is n0 such
that β ≤ pr for r > r0. Define

−
g(x) = sup[

r0∑
r=1

|trn(x)|β +
∞∑

r=r0+1

|trn(x)|pr ].



304 Ekrem Savaş

Since pr ≤ 1 and β ≤ pr for r > r0,
−
g is sub- additive and for r > r0

|λ|pr ≤ |λ|β , (0 < |λ| ≤ 1)

and so
−
g(λx) ≤ |λ|β−g(x) , (0 < |λ| ≤ 1.)

Therefore for 0 < δ < 1, ∪ = {x :
−
g(x) ≤ δ} is an absolutely β- convex set and this completes

the proof.

3 Matrix Transformation

Let A=(ank) be an infinite matrix of complex numbers. Let X and Y be any two subsets of space
of all sequences of complex numbers. We write Ax = (An(x)) if An(x) =

∑
k ankxk converges

for each n.
If x ∈ X implies that Ax ∈ Y , then we say that A defines a matrix transformation from X
into Y and we denote it by A : X −→ Y. By (X,Y ) we mean the class of matrices A such that
A : X −→ Y. If in X and Y there is some notion of limit or sum, the we write (X,Y,P) to denote
the subset of (X,Y) which preserves the limit or sum.

We now characterize some matrix transformations connecting N
p

θ .
We write,

trn(Ax) =
1
hr

∑
i∈Ir

An+i(x) =
∑
k

a(n, k, r)xk

where
a(n, k,m) =

1
hr

∑
i∈Ir

an+i,k.

We have

Theorem 3.1. Let 1 ≤ p <∞. Then A ∈ (l1, N
p

θ) if and only if

sup
n,k

∑
r

|a(n, k, r)|p <∞ (3.1)

A ∈ (l1, N
1
θ, P ) if and only if (3.1) with p=1 holds and∑

r

a(n, k, r) = 1 (for all n,k) (3.2)

(l1, N
1
θ, P ) is closed and convex in (l1, N

1
θ).

The proof is omitted.

References
[1] G. Das, Banach and other limits, Jour. London Math. Soc.(2) 7(1975).

[2] G. Das and S. K. Mishra, Banach limits and lacunary strong almost convergence, J. Orissa Math. Soc. 2
(1983), 61-70.

[3] J. P. Duran, Infinite matrices and almost convergence, Math. Z. 128, (1972), 75-83.

[4] G. G. Lorentz, A contribution to the theory of divergent sequences, Acta Math.80.(1948),167-190.

[5] J. P. King , Almost summable sequences, Proc. Amer. Math. Soc. 17, (1966), 1219-25.

[6] I. J. Maddox and J. W. Roles, Absolute convexity in certain topological linear spaces, Proc. Camb. Philos.
Soc. 66, (1969), 541-45.

[7] I. J. Maddox, Elements of Functional Analysis (Camb. Univ. Press)(1970).



On new paranormed sequence spaces 305

[8] S. Nanda, Some paranormed sequence spaces, Estratto da Rendiconti di Matematica (1), 4(1984), 11-19.

[9] P. Schefer, Almost cnvergence and almost summable sequences, Proc. Amer. Math. Soc. 20(3)(1969),460-
655.

[10] S. Simons, The sequence spaces l(pv) and m(pv), Proc. London. Math. Soc. 3(15)(1965), 422-436.

[11] L. Sucheston, Banach limits, Amer. Math. Monthly,74(1967),308-311.

Author information
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