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Abstract In this paper, we present a full generalization for the power GCDQ and LCMQ
matrices defined on g-ordered gcd-closed sets over Euclidean Domains. Structure theorems,
determinants, reciprocals, inverses, and p-norms are also presented. In addition, Some examples
are given in the Euclidean domain Z[].

1 Introduction

LetT = {t1,t2,...,tm} be a well ordered set of m distinct positive integers witht; < tp < --- <
tm. If r is any real number, then the power GC'D matrix defined on T"is (1) xm = (ti,t;)",
where (¢;,t;) is the greatest common divisor of ¢; and ¢;, and the power LC'M matrix on T is
[T7]mxm = [ti,t;]", where [t;,t;] is the least common multiple of ¢; and ¢;. Set T is said to be
factor-closed if ¢ € T for any divisor ¢ of ¢; € T, and it is ged-closed if (¢;,¢;) € T, for all ¢;

and ¢; in T. In 1876, Smith [20] showed that if 7" is factor-closed then det (T') = ﬁlaﬁ(ti) and

det[T] = _I}lqb(ti)w(ti), where ¢ is Euler’s totient function and 7 is a multiplicative function such

that w(p’“) = —p. In 1988/92, Beslin and Ligh [3, 4, 5, 6, 19] factorized the GC'D and LC M
matrices if 7" is gcd-closed set, and computed their determinants. Later, in 1992, Borque and
Ligh [7] conjectured that the LC'M matrix on a gcd-closed set is invertible. In 1996, Chun [§]
introduced the concept of power GC'D and LC'M matrices and gave general formulas for their
structures, determinants and inverses over the domain of natural numbers. In 1998, Hong [15, 16]
showed inductively that if 7" is gcd-closed and m < 3, then det (7') divides det [T]. Otherwise, if
m > 4 then there exist a gcd-closed set such that det (7") does not divide det [77]. In 1990, Li [18]
gave a generalization of Smith’s determinant by obtaining the value of det (T') if T is defined
on arbitrary ordered sets of distinct positive integers. In 2009, Hong et al. [17] generalized
the power GC'D matrices defined on factor-closed sets over unique factorization domains. In
1996, Haukkanen and Sillanpaa [14] studied the GC'D and LC'M matrices defined on lcm-closed
and gcd-closed sets. In 1997, Haukkanen [13], in his famous paper ”On Smith’s Determinant”
gave a counter example for the conjecture of Bourque-Ligh that the least common multiple
matrix on any gcd-closed set is invertible. El-Kassar et al. [9, 10, 11, 12] extended many results
concerning GCD and LC'M matrices defined on factor-closed sets to arbitrary principal ideal
domains. Recently, Awad et al. [2] gave a generalization for the power GC'D and LC M matrices
defined on gcd-closed sets over unique factorization domains, where all the obtained results in
the previously published articles are considered as a special case of the presented generalization
if the unique factorization domain R is taken to be the domain of natural integers Z. Now,
since there are no measures in unique factorization domains and the p-ordering process used in
[2] is somehow complicated, so it is better to use new measures in order to make the ordering
process more clear and sharper. Moreover, it is well-known that every Euclidean domain is
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a unique factorization domain but the converse is not true. In [1], Awad et al. generalized
the Reciprocal power GC D@ matrices and power LCM (@) matrices defined on arbitrary and
factor-closed g-ordered sets are presented over any Euclidean domain S with measure ¢(z) for
every x € S, where ¢ (x) is the norm of x defined on S. In our paper, we generalize all the
obtained results in [2] to any Euclidean domain .S by modifying the Jordan totient function over
Euclidean domains with measure function ¢ (x). First, we generalize the power GC'D(Q and
LCM(@ matrices defined on g-ordered gcd-closed sets over any Euclidean domain S. Then,
we present complete characterizations for their decompositions, determinants, reciprocals, and
inverses. In addition, some examples in the Euclidean domain Z[i| are given.

In what follows, let S be an Euclidean domain of measure ¢ with a complete prime residue
system P = {p1 p2,...,pm}, and T = {t,t2,...,tm} be a set of non-zero non-associate ele-
ments in S with measure q. If {p;,p2,...,p;,...} is a well-ordered listing of all primes in P
of S that divide all the elements of 7', the g-ordering <, on S is defined as follows: ¢; <, ¢; if
q(t;) < q(t;), which is a well-defined linear ordering on S. Hence, if the set T' = {t,%2, ..., tm }
such that t| <, tp <4 -+ <4 tm, then we say that T is g-ordered. Through this paper, we denote
by E(t) to be complete set of distinct non associate divisors d of any ¢ € S, and by Ji ; (¢)
on S — {0} to be the Jordan totient multiplicative function defined as follows: If x is a non-

zero element in S with the unique factorization, up to associates T = upf“ p‘;’ ...pom, where

«; are positive integers and w is a unit in S, then Jk s( Hq i pl) 1] and

Z Jks

deE(x)

2 Preliminaries

A zero-divisor x is a non-zero element of a ring .S such that there is a non-zero element y in .S
with zy = 0. An integral domain is a commutative ring with unity and with no zero-divisors.
Two elements x and y of an integral domain .S are said to be associates if x = uy, where u is a
unit in S.

Definition 2.1. An integral domain S is said to be an Euclidean Domain (ED), if there is an
arithmetic function d : S — {0} — N U {0}, which satisfies that for every pair of non-zero
elements a and b of .S

) d(a) < d(ab)
(ii) b= aq + r, where either r = Q0 or d(r) < d(a).

For example, if S = Z[i] is the ring of Gaussian integers and ¢ : S — {0} — N U {0} defined
by q (a + bi) = a® + b, then S is an ED with measure q.

Definition 2.2. Let ' = {¢;, ¢, ..., t,, } be a set of non-zero non-associate elements in an ED S
with measure g, and let {p;, pa, ..., pi, ..} be an ordered listing of all primes in P of S that divide
all the elements of 7. In addition, assume that {p;,ps,...,p;, ..} has the order inherited from
the well ordering of P. The g-ordering on S is defined via the following scheme: ¢; <, t; if
q(ti) < q(t;).

We note that the relation <, is a well-defined linear ordering defined on S. Hence, if the set
T = {ti,t2, ...t } such that t; <, tr <4 ... <4 t.,, then we say that 7" is g-ordered.

Definition 2.3. Let .S be an ED of measure ¢, and let P = {py, p2, ..., pm } be a complete prime
residue system of S. Define the Jordan totient multiplicative function J , (¢t) on S — {0} as
follows: If x is a non-zero element in S with the unique factorization, up to associates, x =
upy' py?...pS, where p; are distinct and non associate elements in P, «; are positive integers,
and v is a unit in S, then

Jiys(x) = HQ[pz']k(aﬁl)[Q(pi)k —1]

with J 5( ) = 1.
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Theorem 2.4. If S is an ED with measure q and prime residue system P, and E(x) is a complete
set of distinct non associate divisors d of x € S, then

Z Jk:s

deE(z)
Proof. Since Jj, () is multiplicative, then f(z Z J,s(d) is also multiplicative, and
deE(x)
Z Jes(d) =1+ q ()™ " )" = 11+ o+ ¢ ()" [a(p)* — 1]
deE(p;?)
=14q()" — 1+ +q@) ™ —q) ™" =q )" =q )"

3 Power GCDQ Matrices Defined on gcd-Closed Sets Over Euclidean
Domains

Definition 3.1. Let S be an ED with prime residue system P and measure q. If T = {¢;, 2, ..., t:n }
is a g-ordered set of non-zero non-associate elements in S. Then, the 7" power GC DQ matrix
defined on T is the m x m matrix(T"), whose ij'" entries are (¢;;), = q ((t;,t;))", where r is
any real number.

Example 3.2. 7 = {1, 1 + 4,2} is g-ordered set in Z[] with the measure function ¢ (a + bi) =
a® + b*. The 2" power GC D(Q matrix is

11
(T*,=1|1 4 4
1 4 16

3.1 Factorizations of Power GCDQ Matrices Defined on gcd-Closed Sets Over
Euclidean Domains

In this section, we study the factorizations of 7" power GC D(Q matrices defined on gcd-closed
sets over EDs.

Theorem 3.3. Let S be an ED with prime residue system P and measure q. If T' = {t1,t2, ..., tmm }
is any g-ordered set of non-zero non-associate elements in S. Then, the r*" power GC DQ matrix
is decomposed as (T") , = EG,ET.

Proof. Let D = {y1, s, ..., yn } be the minimal gcd-closed set containing 7 in S, and E(x) be a
complete set of distinct non-associate divisors d of z in S. Define the n x n diagonal matrix G,
as:

G, = diag > Jp.s(d), > Jrs(d), ..., > Jp.s(d)
dEE(y1),d¢E () A€ E(y2),d¢E(yu) dEE(yn),d¢ E(y.)
a(yu)<a(yr) q(yu)<q(y2) a(yu)<a(yn)
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and E,,x, = (e;;) such thate;; = 1 if y; € E(¢;) and 0 otherwise. Then,

(EGTET)ij = Zeik Z Jr,s(d)ejk
k=1 d€E(yk),d¢ E(y.)
q(yu)<q(yr)

= Z Z Jr,s(d)

yr€E(t;) dEE(yk),d¢ E(yu)
y€E(t;)  alyu)<a(yk)

_ S @
Yk €EE((ti,t5)) dEE(yx),d¢ E(yu)
q(yu)<4q(yx)

= [Q(tiytj)pr'

Example 3.4. Let 7' = {1,1 +4,2,5} be a g-ordered gcd-closed set in Z[i]. Then,

100 0 10 0 0 111 1
opr_ |1 100 03 0 0 01 10
T 0l1 110 00 12 0 0010

100 1 00 0 624 000 1

1111

1 4 4 1

= = (T2

1 4 16 1 (T

11 1 625

Theorem 3.5. Let S be an ED with prime residue system P and measure q. If T' = {t1,t2, ..., t;m }
is any g-ordered set of non-zero non-associate elements in S. Then, the r*" power GC DQ matrix
is decomposed into a product of mxn matrix G, and m xn incidence matrix B, for some positive
integer n > m.

Proof. Let D = {y1, 2, ..., yn } be the minimal gcd-closed set containing 7" in S, and F(z) be a
complete set of distinct non-associate divisors d of = in S. Define the n x n diagonal matrix G,
as in the above theorem, and let B, be defined as b;; = 1 if g;; # 0 and O otherwise. Then,

n

(GrBr)ij = > (ginbij) = > > Ir,s(d)
k=1 Yy €E(t;) dEE(yx),d¢ E(yu)
wR€B()  alye)<alyr)

= Z Z Jrs(d) = [q(tit;)p]"
Yy EE((ti,t))p) dEE(yx),dE E(yu)
a(yu)<a(yr)

Example 3.6. Let T be defined as above, then

1 0 0 O 11 11 11 1 1
CyBy — 1 3 0 O 01 10 _ 1 4 4 1

1 3 12 0 0010 1 4 16 1

1 0 0 624 0 0 01 1 1 1 625

Theorem 3.7. Let S be an ED with prime residue system P and measure q. If T = {t1,t2, ..., tm }
is any q-ordered set of non-zero non-associate elements in S. Then, the r'" power GCDQ matrix
is decomposed as a product of m x n matrix G, and its corresponding transpose GT.
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Proof. Let F be an extension of the field of fractions F of S in which J,. ;(¢) has a root for every
t e T,set D= {y1,y2,...,yn} to be the smallest gcd-closed set containing 7" in S, and E(z) to
be a complete set of distinct non-associate divisors d of z in S. Define the m x n matrix G,. such

Jrs(d) if y; € E(t;) and O otherwise. Then,

that g;; =
d€E(y;),dZE(yu),q(yu)<a(y;)

n

(G7'Gf)ij = Z(gikgjk) = Z Z Jr,s(d) Z Ir,s(d)
k=1 y€E(t;) | d€E(yx),dE E(yu) d€E(yk),d¢ E(yu)
yrEE(t;) a(yu)<a(yr) q(yu)<a(yx)

Z Z Jr,s(d) = [q(tiatj)p]r'
y€E((tit)p) | d€EE(yx),d¢E(yu)
q(yu)<q(yr)

Example 3.8. Let T be defined as above, then

1 0 0 0 1 1 1 1 11 1 1
Gszzlﬁo 0 0 V3 V3 0 |_ |14 4 1

1 V3 VIi2 0 0 0 VI2 0 1 4 16 1

1 0 0 +624 0 0 0 624 11 1 625

3.2 Determinants of Power GCDQ Matrices Defined on gcd-Closed Sets Over
Euclidean Domains

Theorem 3.9. Let S be an ED with prime residue system P and measure q. If T = {t1,t2, ..., t;m }
is any q-ordered gcd-closed set of non-zero non-associate elements in S. Then, the determinant
of the r*" power GCDQ defined on T in S is:

det(T"), =[] Jrs(d) ]
i=1 \d€E(t;),d¢E(ty),qtu<t;<q(t;)

Proof. Since T is gcd-closed set in S, then T' =~ D and (Tr)q = EG,ET. Hence,
det(T"), = det(EG,ET) = det(E) det(G,.) det(ET) = 1 x det(G,) x 1

m

=det(G,) =[] > Jrs(d) ] .
(tu)<ti<q(ts)

i=1 \deE(t;),d¢E(ty),q(t

Example 3.10. Let 7" be defined as above, then

det[(T?)), = Z Trs(d) Y Z Jys(d Z Jps(d

deE(1 deE(l+i) deE(2 deE(5
dgE(t ) d¢E(ty) dgE(t ) dgE(t )
q(tu)<q(1) q(tu)<q(l+4) q(tu)<aq(2) q(tu)<q(5)

=1x3x12 x 624 = 22464.

Remark 3.11. Note that we may prove the above theorem by using the factorization (77), =
G,B,or (T"), = G,GT.

Corollary 3.12. (Beslin-ligh result) If T = {t|,ta, ..., t;m } is a gcd-closed set of positive integers,

then det(T) = [ | 2 o(d).

i=1 dlti, dlfu, tu<t;
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Proof. By Theorem 65, det(T"), = H ( 2 Jr,s(d)>' Letr = 1 and
i=1 deE(t;),dE E(ty),q(tu)<t;<q(t:)
S = Z with ¢ = |.|, then J; z = ¢, where ¢ is Euler’s totient function. Therefore, det(T") | =

H( > Jl,z(d)> = H< > ¢><d)>- o
i=1 \dE€E(t:),d¢E(tu),qty<ti<q(t:) i dlti, dlfu, tu<t;

3.3 p-Norms of the Power GCDQ Matrices Defined on ged-Closed Sets Over
Euclidean Domains

In the following, we investigate the [, norms of any r*" power GC D@ matrix defined on ged-
closed sets over EDs.

Definition 3.13. Let S be an mn-dimensional Euclidean space domain with measure ¢, and let
A e Smm 1If p € N, define the p-Norm to be the function that maps A to a real number [|A]|,
such that

1

P

1Al = ZZ q(aij))

Theorem 3.14. Let S be an ED with a prime residue system P and measure q, and let T =

{t1,t2,...,tm} be a q-ordered gcd-closed set of non-zero non-associate elements in S. Then, for
any real number r and integer p, the 1, norm of the r*"* power GCDQ matrix is equal to:

1

p

Y| T Yo Ts(d)

i=1j=1 | yx€E((ti,t;)) dEE(yr),d¢E(yu)

a(yu)<q(yr)
Proof. Let F be any extension field of the field of fractions F' of S in which " J,,. s(d) has
deE(t;)
d¢B(tw)
tu <qti

pt" root. Then,

1 1

1Tl = {3 (Z[q<ti,tmp)) - (Z (Z{qm,tjm))

1

p

= (2> Y. Jeald)
i=1j=1 | ye€E((t:,t;)) | d€E(yx),d¢E(yu)
a(yu)<q(yx)

Example 3.15. Since T' = {1, 1 + ¢,2 + i} is ged-closed over S = Z [i], then
1

H% ZZ Z Z J6,s(d)

i=1j=1de€E(t;,t;) | d€E(yx),d¢E(y.)
a(yu)<aq(yx)

= (Jo,s(1) + Jo.s(1) + Jo.s(1) + Jo.s(1) + (J6,s(1) + Jo s (1 + 7))
+ Jos(1) 4+ Jo.s(1) + Jos(1) + (Jo.s(1) + Jo.s (2 +1)))7
=(I4+14+1+1+14+63+1+1+1+1+15624)3

= V/15696.
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4 Reciprocals of Power GCDQ Matrices Defined on ged-Closed Sets over
Euclidean Domains

Definition 4.1. If T" = {¢y, 2, ..., t,n} be a g-ordered set of non-zero non-associate elements in
an ED S with measure ¢, then the Reciprocal r* power GCDQ matrix defined on T over S is

la(ti, t5)]"

Theorem 4.2. Let S be an ED with prime residue system P and measure q. If T = {t1,t, ..., tm }
is any g-ordered any set (not necessary gcd-closed) of non-zero non-associate elements in S.
Then, the v power Reciprocal GCDQ matrix (1/ (T7),) is decomposed as 1/(T)q = E (1/G) ET.

the matrix 1/(7"), whose 5" entry is

Proof. Let D = {y1,y2, ..., yn } be the minimal gcd-closed set containing 7" in S, and let F(x)
be a complete set of distinct non associate divisors d of x in S. Define the n x n diagonal matrix
(1/G,) as follows:

. 1 1 1
(1/G,) = diag Z L T Z T
rs(d) r,s(d) Jr,s(d)
d€E(y1),d¢ E(yu) d€E(y2),d¢ E(yu) d€E(yn),d¢ E(yu)
q(yu)<a(y1) q(yu)<a(y2) q(yu)<q(yn)

and E is m x n such that e;; = 1 if y; € E(t;) and 0 otherwise. Then,

(E (I/GT) ET)ij = Zeik Z Jr :(d) Cik

k=1 deE(yx),d¢ E(yu).q(yu)<a(yx)

- Z Z 7 }l(d)

Yk €E(t:),yx €E(t;) dEE(yi),d¢ E(yu)sa(yu)<alyr)

1
= 2 2 Jr.s(d)

Yk €EE((ti,t;)) dEE(yx),d¢ E(yu),q(yu)<a(yr)

(
= 1/ [Q(tiﬂtj)r .

Example 4.3. Let T be defined as above, then

11 1 1
I R
Y@y,=|, i i
Tl ko
11 1
1000 1 0 0 0 1111
3
and B (1/Gy), BT 11000 -2 0 0 01 10
I 1110 0 0 —& 0 0010
1 00 1 o 0o o -& 000 1

Theorem 4.4. Let S be an ED with prime residue system P and measure q. If T = {t1,t2, ..., tm }
is any g-ordered any set (not necessary gcd-closed) of non zero non-associate elements in S.
Then, the r*" power Reciprocal GC DQ matrix (1/ (T") q) is decomposed into a product of m xn
matrix (1/G,) and m x n incidence matrix (1/B,.) for some positive integer n. > m.

Proof. Let D = {y1, 42, ..., yn } be the smallest gcd-closed set containing 7" in S, and E(x) be a

complete set of distinct non associate divisors d of  in S. Define the m x n matrix (1/G,) such

that g;; = > ﬁ ify; € E(t;), and O otherwise. Let (1/B,) be defined
deEB(y;),d¢ B(yu)a(yu)<a(y;)



Power GCDQ and LCMQ Matrices on GCD-Closed Sets over EDs 37

as b;; = 1if g;; # 0 and O otherwise.

n

(1/G) (1/B))i =Y (aubiy) = Y > 1

Jrs(d)
k=1 YR €EE(t:),yx €E(t;) dEE(yr),dE E(yu).q(yu)<qa(yx)

1 1
= > > Trs(d) ~ Ta(ti, )]

yk€EE((ti,t)p) dEE(yr),d¢ E(yu),q(yu)<a(yr)

Example 4.5. Let T be defined as above, then

10 0 0 111 I T T
1 =3 0 0 0110 g o5 1

1/Go) (1/By) = ; N .

(1/G2) (1/B2) 13 30 0010 1 5 1
10 0 -2]]00 01 L

Theorem 4.6. Let S be an ED with prime residue system P and measure q. If T = {t|,t2, ..., tm }
is any g-ordered any set (not necessary gcd-closed) of non zero non-associate elements in S.
Then, the r*" power Reciprocal GCDQ matrix (1/ (Tr)q) is decomposed into a product of m xn
matrix (1/G,.) and its corresponding transpose (1/G,)" .

Proof. Let F be an extension of the field of fractions F of S in which 9ij, defined above, has a
root for every t € T and D = {y1, s, ..., yn } be the smallest gcd-closed set containing 7" in S
and F(x) be a complete set of distinct non associate divisors d of x in S. Then,

n

((1/Gr) (1/G)T)ij =D (gikgin)

k=1

—ZJZJ;@

yr€E(t:),yn €E(t;) d€E(yx),d¢ E(yu),q(yu)<q(yr)

1 1
= > > Trs(d) ~ Ja(ta tp)]

Yk €EE((ti,t5)p) dEE(yr),dE E(yu),q(yu)<a(yx)

Example 4.7. Let T be defined as above, then

1 0 0 0 11 1 1
. 1 /-2 0 0 0 /-3 /-3 0
(I/GZ)(I/GZ) = 1 3 3 0 0 0 3 0
i \V7Te ~T6
10 0 — o 0 0 0 /-2
11 1 1
|1 i% % 1
I3 1% }
111 &

4.1 Determinants of Reciprocal Power GCDQ Matrices on ged-Closed Sets over
Euclidean Domains

Theorem 4.8. Let S be an ED with prime residue system P and measure q. If T = {t1,t2, ..., tm }
is any q-ordered gcd-closed set of non-zero non-associate elements in S. Then, the determinant
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of the r*" power Reciprocal GCDQ matrix 1/ (TT)q defined on T in S is equal to the product of

s 1

det(1/(17),) = [[ > Tro(d)

i=1 \de€E(t;),d¢E(t.),q(t.)<q(t:)

Proof. LetT be a g-ordered setin S. Since 7' is gcd-closed set, then 7' = D. Hence, by Theorem
4.2 wehave (1/T7), = E (1/G,) ET, where E is a lower triangular matrix with diagonal entries
e;; = 1. Therefore,

det(1/T"), = det(E (1/G,) ET) = det(E) det (1/G,.) det(E") = det (1/G,.)

m
1

=11 2 Jr.s(d)

i=1 \d€E(t;),d¢E(tv),q(ts)<q(t:)

Example 4.9. Let T be defined as above, then

_ 351
det[(T72)], = ~32500°

and

4
2 1
det(1/77), H (dEE( o Z J2’S(d)>

=1 d¢E(tu),q(tu)<q(t:)

S (L3 (L3 (024 38T
o 4 16 625) 2500

Note that we may prove the above theorem by using the factorizations 1/ (1), = (1/G;) (1/ GT)T
and 1/(17), = (1/G;) (1/B,).

4.2 p-Norms of the Reciprocal Power GCDQ Matrices Defined on gcd-Closed Sets
Over Euclidean Domains

Theorem 4.10. Let S be an ED with a prime residue system P and measure q, and let T =
{t1,t2,...,tm} be a q-ordered gcd-closed set of non-zero non-associate elements in S. Then,
for any real number r and integer p, the l, norm of the " power Reciprocal GCDQ matrix is
equal to:

1
p
" 1
i=1j=1 | yr€B((tit;)) dEE(yr),d¢ E(ya) "
q(yu)<q(yr)
Proof. Similar to the proof of Theorem 3.14. O

5 Inverses of Power GCDQ Matrices on gcd-Closed Sets over Euclidean
Domains

Theorem 5.1. Let S be an ED with prime residue system P and measure q. If T' = {t1,t2, ..., t;m }
is any q-ordered gcd-closed set of non-zero non-associate elements in S. Then, the inverse of the

rth power GCDQ matrix is (TT);l = t;; such that

Hp Tk Hp
tij = Z ((Z> ( )Jm(d)

R e ) a(t)<alts)

deE(ty),d¢E
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Proof. LetT = {t1,ts, ..., t;n} be a g-ordered gcd-closed set of non zero non associate elements
in S, then the 7" power GC DQ matrix (1"), = EG,ET. Thus,

(T i = (BGET)F' = ()G~ (B)™"), = (BTG (B) ),

J

m 1
_ (7T —1 _ , ,
= (U (G) U)ij = ,}_lukzgkk Ukj

= > (t:) 5 : Tps(d) 1 (?;) '

t€E(t) ts € B(te) A€ B(th), ¢ E(tw),a(tu)<a(tr)

Example 5.2.let 7' = {1,1 + 4,2} be a g-ordered gcd-closed set Z [i]. Then,

4 1
2 | 3 = 0
-1 _ 1 5 1
Ty =] -3 & —-n»
1 1
0 -5 w

6 Power LCMQ Matrices on gcd-Closed Sets over Euclidean Domains

6.1 Structurs of Power LCMQ Matrices on ged-Closed Sets over Euclidean Domains

Theorem 6.1. Let S be an ED with prime residue system P and measure q. If T' = {t1,t2, ..., tm }
is any g-ordered gcd-closed set of non-zero non-associate elements in S. Then, the r*" power
LCMQ matrix [T"], can be decomposed, up to associates, as [T"], = D, E (1/G) ET D,..

Proof. Let D = {y1,y2, ..., yn} be the smallest gcd-closed set containing 7" in S, and E(x) be

a complete set of distinct non associate divisors d of z in S. Define the n x n diagonal matrix
(1/G,) as follows:

(1/G,) = diag( Y Jr,sl(yl)’ Sy Ly

deE(t) deE(ty) Trs(2) dEE(ty,) Tr.s(Yn)
d¢ E(t,,) d¢ E(t,) d¢ E(t,)
q(tu)<q(t|) (I(tu)<(I(t2) (I(tu)<Q(tn)

and E,, <, = (e;j) suchthate;; = lify; € E(t;) and 0 otherwise. Let D, be m x m diagonal
matrix whose diagonal entries are of the form d;; = ¢ (ti)r. Then,

(DTE (I/Gr> ETDr)ij = (Dr(l/TT)qDT) =q (tz)r (1/TT)’LJ q (tj)r

) aty)” [ B ] )
[q(ti, ty)]" [(ti,tj)r} = [alti, 5]

Example 6.2. let 7' = {1,1 + 4,2} be a g-ordered gcd-closed set Z [i]. Then,

1 0 0 0 11 1 1 1 0 0 0
04 0 0 | S| 04 0 0
D, (1/1?), Dz = P
q 0 0 16 0 | 0 0 16 0
|0 0 0 625 11 1 & 00 0 625
[ 4 16 625
4 4 16 2500 5
= :[T ]q
16 16 16 10000
| 625 2500 10000 625
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6.2 Determinants of Power LCMQ Matrices on gcd-Closed Sets over Euclidean
Domains

Theorem 6.3. Let S be an ED with prime residue system P and measure q. If T = {t1,t2, ..., t;m }
is any q-ordered gcd-closed set of non-zero non-associate elements in S. Then, the determinant
of the r*" power LC M Q matrix [T"], is equal to

det[17], = I > ) a

i=1 \d€E(y:),d¢E(yu)q(yu)<q(yi)

Proof. Let T be a g-ordered set in S. Since T is gcd- closed set, then T = D. But, [TT]q =
D.E(1/G,) ETD, and E is lower triangular matrix with diagonal entry e;; = 1. Therefore,

det[T"], = det(D,E (1/G,) ETD,)
= Tg(t:)" x det (1/G,) x Tq(t:)"
11 > 1

i=1 \d€E(y;),d¢ E(yu),q(yu)<a(yi)

Example 6.4. let T = {1,1 +4,2,5} be a q-ordered gcd-closed set in Z][i].

4
1
det[Tz}q:H Z m Q(ti)zxz
i=1 \d€E(y:),d¢ E(yu),a(yu)<q(y:) """

3 624

3
=(1x1)x (_Z x 16) x (_R X 256) x (—@ x 390625)

= —224640000.

6.3 p-Norms of the Power LCMQ Matrices Defined on gcd-Closed Sets Over
Euclidean Domains

Theorem 6.5. Let S be an ED with a prime residue system P and measure q, and let T =
{t1,t2, ..., tm} be a q-ordered gcd-closed set of non-zero non-associate elements in S. Then,
for any real number r and integer p, the l, norm of the r'" power Reciprocal GCDQ matrix is
equal to:

1
p
. mom q(tl)q(t) pr
Ir ]q”p = ZZ Z Z ( q(t; t-)]
i=1j=1 | uw€B((ti.t;)) dEE(ys).d¢E(y.) Y
a(yu)<a(yx)
Proof. Similar to the proof of Theorem 3.14. O
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