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Abstract In this paper, we introduce two subclasses of the class of bi-univalent fucntions on
the open unit disk using subordination principle.We estimate sharp upper bounds on moduli the
first five coefficients in Maclaurin’s series of the functions in these subclasses. Also, we have
obtained Fekete-Szegö inequality and similar type of inequalities for these subclasses.

1 Introduction

Let U = {z ∈ C : |z| < 1} be a open unit disk in the complex plane C. The class

S = {f : U −→ C : f is analytic, univalent and f(0) = 0 = f ′(0)− 1}

has very nice properties. The class S is invarient under rotation, dilation, complex
conjugation but not invarient under addition of functions. Also the class S is invarient under disk
automorphisms, range transformations, omitted value transformations, square root transforma-
tions.

If f(z) =
∞∑
n=1

anz
n ∈ S then Area(f(U)) =

∫∫
U
|f ′(z)|2dxdy = π

∞∑
n=1

n|an|2.

Also if f ∈ S then
1− |z|

(1 + |z|)3 ≤ |f
′(z)| ≤ 1 + |z|

(1− |z|)3 for all z ∈ U,

|z|
(1 + |z|)2 ≤ |f(z)| ≤

|z|
(1− |z|)2 for all z ∈ U

and
1− |z|
1 + |z|

≤
∣∣∣∣zf ′(z)f(z)

∣∣∣∣ ≤ 1 + |z|
1− |z|

for all z ∈ U.

A function f ∈ S has the form f(z) = z +
∞∑
n=2

anz
n and it is starlike if f(z) ∈ f(U)

whenever rf(z) ∈ f(U), for all 0 < r < 1. The function f is starlike if and only if

Re

(
zf ′(z)

f(z)

)
> 0, for all |z| < 1.

(see [5]). Caratheodory ([4],[5]) proved in 1907 that for an analytic function
g(z) = 1 +

∑
n=1

bnz
n, if Re (g(z)) > 0, for all |z| < 1 then |bn| ≤ 2. Using this, one can

easily prove that if a function f(z) = z +
∞∑
n=2

anz
n is starlike then |an| ≤ n. If a function

f(z) = z +
∞∑
n=2

anz
n is univalent in U and f−1 is also univalent in U then f is called as bi-

univalent in U. The class of all biunivalent functions on unit disk U is denoted by Σ. In 1967,
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Lewin ([11]) introduced the class of bi-univalent functions and shown that |a2| ≤ 1.51. Bran-
nan and Clunie ([2]) conjectured that , if the function f is bi-univalent on U then |a2| ≤

√
2.

Netanyahu ([13]) proved that, if the function is bi-univalent then |a2| ≤ 4
3 . Still the coefficient

bounds for |a3|, |a4|, |a5|.... is an open problem. The study of subclasses of bi-univalent func-
tions was continued by Brannan and Taha (see [3] ,[21]) by introducing certain subclasses of
bi-univalent functions, S∗(α) and K(α) (0 ≤ α < 1) of starlike and convex functions of oder
α respectively. Srivastava et al.([16]) also contributed by introducing certain subclasses of bi-
univalent functions and found some initial coeffiecients bounds. Ma and Minda ([12]) introduced

the classes S∗(φ) =

{
f(z) = z +

∞∑
n=2

anz
n : f is univalent on U, zf

′(z)

f(z)
≺ φ(z)

}
and

K∗(φ) =

{
f(z) = z +

∞∑
n=2

anz
n : f is univalent on U, 1 +

zf ′′(z)

f ′(z)
≺ φ(z)

}
, where φ is an

analytic function with positive real part on the unit disk U , φ(0) = 1, φ′(0) > 1 and maps
U into a region which is starlike with respect to 1 and symmetric with respect to the real axis.
These classes include several well known subclasses of starlike and convex functions respec-
tively as special cases. In 1925, J.E. Littlewood proved the subordination theorem in operator
theory and complex analysis. It states that if h is analytic univalent function from the unit disk
U onto itself such that h(0) = 0 then the composition operator Ch(f) = foh defines linear
operator with operator norm less than 1 on various function spaces of analytic functions on the
unit disk U. These spaces include the Hardy spaces, Bergman spaces and Dirichlet spaces.
Various spaces of orthogonal polynomials are connected with bi-univalent functions (see [6],
[17],[23],[24].) The recurrence relation for the Horadam polynomials hn(x) was studied by
Horzum Kocer ([9]) and is given by

hn(x) = pxhn−1(x) + qhn−2(x) for all n = 3, , 4...

with
h1(x) = a, h2(x) = bx, where a, b, p, q are real constants.

The spaces of Fibbonacci polynomials, Lucas polynomials, Pell-Lucas polynomials, Chebyshev
polynomials are special cases of the space of Horadam polynomials.

2 Preliminaries

The following lemma is well known and gives bounds on absolute values of coefficients of
Schwarz function.

Lemma 2.1. ([5],[10],[15]) If u(z) =
∞∑
n=0

unz
n is an analytic function from open unit disk

U = {z ∈ C : |z| < 1} to itself then

|u0| ≤ 1, |un| ≤ 1− |u0|2 for all n=1,2,3,....

Further, if u0 = 0 then
∣∣u2 − µu2

1

∣∣ ≤ max{1, |µ|} for any real number µ. The result is sharp for
functions u(z) = z and z2.

If f(z) = z+
∞∑
n=1

anz
n is an analytic function on unit disk U with positive real part then |an| ≤ 2

for all n.

If p(z) =
n∑
i=0

aiz
i is a polynomial of degree n then Bernstein([1]) proved that

max
|z|=1
|p′(z)| ≤ nmax

|z|=1
|p(z)|

and equality holds if all zeros of p are at origin. Further for a polynomial p which has all zeros
in |z| ≤ 1 then Turan ([21]) proved that max

|z|=1
|p′(z)| ≥ n

2
max
|z|=1
|p(z)|. This inequality is sharp and
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equality holds for all polynomials that has all zeros on |z| = 1. Also Gardener et al.([8]) proved
that, if p has all zeros in |z| ≤ k ≤ 1 then |an−1|

|an| ≤ nk. This motivates us to study the maximum
modulus of polynomial function of several complex variables.
Let A,B1, ..., Bk be real numbers and u1, u2, . . . , un be complex numbers with |uk| ≤ 1. From
triangle inequality it is clear that

max
|uk|≤1

∣∣∣∣∣A+
n∑
k=1

Bkuk

∣∣∣∣∣ ≤ |A|+
n∑
k=1

|Bk| .

In following lemma we assert that equality holds in the above inequality. Now We prove

Lemma 2.2. Let Un = {(u1, u2, ..., un) ∈ Cn : |uk| ≤ 1} and ∂Un be its booundary.

If A,B1, B2, ..., Bn ∈ R, and C is a constant such that |C| ≤

∣∣∣∣∣A+
n∑
k=1

Bkuk

∣∣∣∣∣ on ∂Un then

|C| ≤

√√√√A2 +
n∑
k=1

B2
k ≤ |A|+

n∑
k=1

|Bk|.

Proof Define a function f on Un as

f(u1, ..., un) = A+
n∑
k=1

Bkuk.

Let g and h be functions on [0, 2π]n, defined as below:

g(θ1, θ2, ..., θn) = A2 +
n∑
k=1

B2
k +

n∑
k=1

ABk cos(θk) +
∑
j 6=k

BjBk cos(θk − θj)

and

h(θ1, θ2, ..., θn) = A2 +
n∑
k=1

B2
k +

n∑
k=1

|ABk| cos(θk) +
∑
j 6=k

|BjBk| cos(θk − θj).

Observe that

g(θ1, θ2, ..., θn) =

(
A+

n∑
k=1

Bke
iθk

)(
A+

n∑
k=1

Bke
−iθk

)
= |f(eiθ1 , eiθ2 , ...eiθn)|2

Consider the case A > 0. Similar proof will work for A < 0. Define φk as below:

φk =

{
θk − π if Bk < 0
θk if Bk > 0

.

Therefore

Bk cos(θk) =

{
|Bk| cos θk = |Bk| cosφk if Bk > 0.
−|Bk| cos(θk) = |Bk| cos(θk − π) = |Bk| cos(φk) if Bk < 0.

.

If BjBk < 0 then either Bj < 0, Bk > 0 or Bj > 0, Bk < 0. If Bj < 0, Bk > 0 then

BjBk cos(θj − θk) = −|BjBk| cos(π + φj − φk) = |BjBk| cos(φj − φk).

Similarly if Bj > 0, Bk < 0 then

BjBk cos(θj − θk) = −|BjBk| cos(φj − φk − π) = |BjBk| cos(φj − φk).
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Also if BjBk > 0 then either Bj > 0, Bk > 0 or Bj < 0, Bk < 0. If Bj > 0, Bk > 0 then
BjBk cos(θj − θk) = |BjBk| cos(φj − φk). If Bj < 0, Bk < 0 then

BjBk cos(θj − θk) = |BjBk| cos(π + φj − π − φk) = |BjBk| cos(φj − φk).

Therefore

g(θ1, ..., θn) = A2 +
n∑
k=1

B2
k + 2

n∑
k=1

ABk cos(θk) + 2
∑
j<k

BjBk cos(θk − θj)

= A2 + 2
n∑
k=1

B2
k + 2

n∑
k=1

|ABk| cos(φk) + 2
∑
j<k

|BjBk| cos(φj − φk) = h(φ1, ..., φn).

Hence (
|A|+

n∑
k=1

|Bk|

)2

≥ max
0≤θ1,θ2,...,θn<2π

g(θ1, ..., θn)

= max
0≤φ1,φ2,...,φn<2π

h(φ1, ..., φn)

≥ h(φ1, ..., φn)|φ1=0,...,φn=0

= A2 +
n∑
k=1

B2
k + 2

n∑
k=1

|ABk|+ 2
∑
j<k

|BjBk|

=

(
|A|+

n∑
k=1

|Bk|

)2

.

By maximum modulus principle for functions of several complex variables,

max
(u1,u2,...,un)∈U

n
|f(u1, ..., un)|

= max
(u1,u2,...,un)∈∂U

n
|f(u1, ..., un)| = max

0≤θ1,θ2,...,θn≤2π
|f(eiθ1 , eiθ2 , ..., eiθn)|

=
√

max
0≤θ1,θ2,...,θn≤2π

g = max
0≤θ1,θ2,...,θn≤2π

√
g

= A+
n∑
k=1

|Bk|.

Also∫
[0,2π]n

g = 2πn
(
A2 +

n∑
k=1

B2
k

)
+ 2

n∑
k=1

ABk

∫
[0,2π]n

cos(θk) + 2
∑
j<k

BjBk

∫
[0,2π]n

cos(θk − θj)

= (2π)n
(
A2 +

n∑
k=1

B2
k

)
.

Therefore

(2π)n
(
A2 +

n∑
k=1

B2
k

)
=

∫
[0,2π]n

g ≤
∫
[0,2π]n

max
0≤θ1,θ2,...,θn≤2π

g = (2π)n max
0≤θ1,θ2,...,θn≤2π

g.

This gives √√√√A2 +
n∑
k=1

B2
k ≤

√
max

0≤θ1,θ2,...,θn≤2π
g = max

(u1,u2,...,un)∈U
n
|f(u1, ..., un)|.
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Similarly, if C is constant such that |C| ≤ |f(u1, ..., un)| on ∂Un then |C|2 ≤ g on [0, 2π]n.

Hence
∫
[0,2π]n

|C|2 ≤
∫
[0,2π]n

g. This gives |C| ≤

√√√√A2 +
n∑
k=1

B2
k. 2

Remark 2.3. Let ak ∈ C for k = 1, 2, ..., n. Let F (z1, z2, .., zn) =
n∑
k=1

akzk be a function defined

on Un. If ak = |ak|eitk and zk = |zk|eiθk for all k = 1, 2, ..., n. then

|f(z1, z2, ..., zn)|2 =

 n∑
j=1

|aj ||zj |ei(tj+θj)
( n∑

k=1

|ak||zk|e−i(tk+θk)
)

That is

|f(z1, z2, ..., zn)|2 =
n∑
k=1

|ak|2|zk|2 + 2
∑

1≤j<k≤n

|aj ||ak||zj ||zk| cos(tj − tk + θj − θk).

If we choose θj = tj , θk = tk, and |zj | = |zk| = 1 for all j, k = 1, 2, ...n then

|f(z1, z2, ..., zn)|2 =
n∑
k=1

|ak|2 + 2
∑

1≤j<k≤n

|aj ||ak|.

If C be a constant such that |C| ≤ f on ∂Un then∫
∂Un
|C|2 ≤ (2π)n

(
n∑
k=1

|ak|2
)
+ 2

∑
1≤j<k≤n

|aj ||ak|
∫
[0,2π]n

cos(tj − tk + θj − θk).

But
∫
[0,2π]n

cos(tj − tk + θj − θk) = 0. Therefore |C| ≤

√√√√ n∑
k=1

|ak|2.

Similar to the lemma ( 2.2 ) the following lemma holds for a polynomial function of one complex
variable.

Lemma 2.4. If p(z) =
n∑
k=0

akz
k be a polynomial function then

max
|z|≤1

|p(z)| = max
|z|=1
|p(z)| ≤

n∑
k=0

|ak|.

Equality holds in above inequality if all ak are have same argument. Also∫
|z|=1

|p(z)|2dz = 2π
n∑
k=1

a2
k.

Moreover, C is constant such that |C| ≤ |p(z)| on |z| ≤ 1 then

|C| ≤

√√√√ n∑
k=1

a2
k ≤ sup

|z|≤1
|p(z)|.

Proof Assume that ak = |ak|eitk for all k = 0, 1, ...n. Then

|p(eiθ)|2

=

 n∑
j=0

|aj |ei(tj+jθ)
( n∑

k=0

|ak|e−i(tk+kθ)
)

=
n∑
k=0

a2
k +

∑
0≤i<k≤n

((
ajak(e

i(tj−tk+j−k)θ + e−i(tj+tk+j−k)θ
))

.
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That is,

|p(eiθ)|2 =
n∑
k=0

a2
k + 2

∑
0≤i<k≤n

(ajak cos((tj − tk + j − k)θ)) .

That is,

|p(eiθ)|2 ≤
n∑
k=0

a2
k + 2

∑
0≤j<k≤n

|ajak| =

(
n∑
k=0

|ak|

)2

.

By Maximum modulus principle,

max
|z|≤1

|p(z)| = max
0≤θ<2π

|p(eiθ)| ≤
n∑
k=0

|ak|

Moreover if all a1, a2, ..., an have same argument then tj − tk = 0 for all j, k = 0, 1, 2, ..., n and

|p(0)| =
n∑
k=0

|ak|.

If C is a constant such that |C| ≤ |p(z)| on |z| = 1 then∫
|z|=1

|C|2 ≤
∫
|z|=1

|p(z)|2 = 2π
n∑
k=1

a2
k +

∑
0≤j<k≤n

ajak

∫ 2π

0
cos((tj − tk + j − k)θ)dθ.

Since
∫ 2π

0
cos((tj − tk + j − k)θ)dθ = 0, |C| ≤

√√√√ n∑
k=0

a2
k. 2

These above lemmas are useful to find bounds on |an| for a function f(z) = z +
∞∑
n=2

anz
n in a

subclass of the class of bi-univalent functions Σ. Once we obtain these bounds in general, then it
is possible that to find an extremal functions of that subclass of Σ.

Definition 2.5. Principle of subordination: Let f and g be two functions from U to C, f is said
to be subordinated by g, denoted by f ≺ g if

f(U) ⊆ g(U)

Subordination principle says that, there exist Schwarz function u such that u(0) = 0 and

f(z) = g(u(z)) for all z ∈ U.

3 Two classes: ΣG
α,β,γ and ΣG

λ,µ,ν,δ

Let α, β, γ, µ, ν, δ be real numbers. Denote

A = {f : U −→ C : f is analytic function on U satisfying f(0) = 0, f ′(0) = 1} .

Let S denote the subclass of functions of A which are univalent(ie. one-one). As each f ∈ S

is one-one, f−1 exist but it may not be defined on U, but defined at least on
{
z ∈ C : |z| < 1

4

}
.

(By Kobe-quarter theorem, for each f ∈ S,
{
z ∈ C : |z| < 1

4

}
⊆ f(U).)

Let Σ =
{
f ∈ S : f−1 ∈ S

}
. This is called as class of bi-univalent functions on U.

For any function f(z) = z +
∞∑
n=2

anz
n in the class Σ, define two functions F1 and F2 as below:

F1(f)(z) =
(1− α)f(z) + αzf ′(z) + βz2f ′′(z)

(1− γ)f(z) + γzf ′(z)
,
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and

F2(f)(z) = λ

(
f(z)

z

)µ(
zf ′(z)

f(z)

)ν
+ (1− λ)

(
1 +

zf ′′(z)

f ′(z)

)δ
.

Let (pn = pn(x))
∞
n=1 be sequence of real valued polynomial functions of a real variable x and

G(x, z) =
∞∑
n=1

pn(x)z
n−1

be the generating function. Now we define two subclasses of Σ as below:

Definition 3.1. The class ΣGα,β,γ of bi-univalent functions defined as

Σ
G
α,β,γ =

{
f ∈ Σ : F1(f)(z) ≺ G(x, z) + 1− a and F1(f

−1)(z) ≺ G(x, z) + 1− a
}

Definition 3.2. The class ΣGλ,µ,ν,δ of bi-univalent functions defined as

Σ
G
λ,µ,ν,δ =

{
f ∈ Σ : F2(f)(z) ≺ G(x, z) + 1− a and F2(f

−1)(z) ≺ G(x, z) + 1− a
}
.

In this paper, we find bounds on |an|′s for n = 1, 2, 3, 4, 5. for the functions in following classes
ΣGα,β,γ and ΣGλ,µ,ν,δ.

Remark 3.3. Note that if we put values 0, 1 to parameters α, β, γ, µ, ν, δ, we get various perticu-
lar cases of the classes in deinitions (5) and (6). These paticular cases are as:

(i) Σ
G
α,β,0 =

{
f : (1− α) + αz

f ′(z)

f(z)
+ βz2 f

′′(z)

f(z)
≺ G(x, z) + 1− a

}
.

(ii) Σ
G
α,β,1 =

{
f : (1− α) f(z)

zf ′(z)
+ α+ βz

f ′′(z)

f ′(z)
≺ G(x, z) + 1− a

}
.

(iii) Σ
G
1,0,0 =

{
f : z

f ′(z)

f(z)
≺ G(x, z) + 1− a

}
.

(iv) Σ
G
1,1,1 =

{
f : 1 + z

f ′′(z)

f ′(z)
≺ G(x, z) + 1− a

}
.

(v) Σ
G
1,β,γ =

{
f :

zf ′(z) + βz2f ′′(z)

(1− γ)f(z) + γzf ′(z)
≺ G(x, z) + 1− a

}
.

(vi) Σ
G
0,β,γ =

{
f :

f(z) + βz2f ′′(z)

(1− γ)f(z) + γzf ′(z)
≺ G(x, z) + 1− a

}
.

(vii) Σ
G
1,µ,ν,δ =

{
f :
(
f(z)

z

)µ(
zf ′(z)

f(z)

)ν
≺ G(x, z) + 1− a

}
.

Let µ be any real number. Many authers give bounds on |a2|, |a3 − µa2
2| for a function

f in these and similar type of classes.( see [7],[14],[17], [19],[20] ). We found bounds on
|a1|, |a2|, |a3|, |a4|, |a5|, which are given in results of next sections.

4 Bounds on coefficients of functions in the class ΣG
α,β,γ

We begin with

Theorem 4.1. If f(z) = z +
∞∑
n=2

anz
n ∈ Σ

G
α,β,γ , then

(i) |a2| ≤ min

{∣∣∣∣∣ A2p
3
2(

4A2A2
3 − 2(γ + 1)A3

)
p2

2 + 2A2A3p3

∣∣∣∣∣ , |p2|
|A2|

}
,

(ii)
∣∣a3 − µa2

2

∣∣ ≤ ∣∣∣∣B1 − µ
p2

2

A2
2

∣∣∣∣+ |B2|,
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(iii)
∣∣a4 − 5µ(a2a3 − a3

2)
∣∣ ≤ √2|µ+ 1|

√
C2

2 + C2
3 +

√
2C2

2 + (µ2 + 1)C2
1 + |µ− 2||C1,

(iv)
∣∣a5 − µ

(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤ (|µ|+ |µ− 1|)
(√

2 |D5|+
√

2 |D4|+
√

6 |D3|+
√

2 |D2|
)
+
√
(1− 2µ)2D2

1 +D2
6

where B1, B2, C1, C2, C3, C4, D1, D2, D3, D4, D5, D6 are given by (4.2,4.3, 4.4.)

Proof Let

f(z) = z +
∞∑
n=2

anz
n ∈ Σ

G
α,β,γ .

Consider f−1 into its Taylor’s series,

f−1(w)

= w +
∞∑
n=2

cnw
n

= w − a2w
2 + (2a2

2 − a3)w
3 + (−a4 + 5a2a3 − 5a3

2)w
4 + (−a5 + 3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2)w
5 + o(w6).

By definition of class Σ
G
α,β,γ and subordination principle, there exist Schwarz functions

u(z) =
∞∑
n=1

unz
n and v(w) =

∞∑
n=1

vnw
n such that

F1(f)(z) = G(x, u(z)) and F1(f
−1)(w) = G(x, v(w)) for all z, w ∈ U.

On substituting series expressions of f and f−1 in above equations, we get

(1− α)

(
z +

∞∑
n=2

anz
n

)
+ α

(
z +

∞∑
n=2

annz
n

)
+ β

∞∑
n=2

ann (n− 1) zn

(1− γ)

(
z +

∞∑
n=2

anz
n

)
+ γ (z +

∑n
n=2 annz

n)

,

=
∞∑
n=1

pn(x)( ∞∑
n=1

unz
n

)n−1
+ 1− a,

and

(1− α)

(
z +

∞∑
n=2

cnz
n

)
+ α

(
z +

∞∑
n=2

cnnz
n

)
+ β

∑∞
n=2 cnn (n− 1) zn

(1− γ)

(
z +

∞∑
n=2

cnz
n

)
+ γ

(
z +

n∑
n=2

cnnz
n

) ,

=
∞∑
n=1

pn(x)( ∞∑
n=1

vnz
n

)n−1
+ 1− a.

Let

An = α+ nβ − γ for all n = 1, 2, 3, 4...

If we expand both sides of above equations into Taylor’s series axpansion and equate like powers
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of z, on both sides we get that

p1(x) = a.

a2 =
p2

A2
u1, c2 = −a2 =

p2

A2
v1, (4.1)

a3 =B1u
2
1 +B2u2, c3 = 2a2

2 − a3 = B1v
2
1 +B2v2, (4.2)

Where B1 =
(γ + 1)p2

2 +A2p3

2A2A3
, B2 =

p2

2A3

a4 =C1u
3
1 + C2u1u3 + C3u3, c4 = −a4 + 5a2a3 − 5a3

2 = C1v
3
1 + C2v1v3 + C3v3, (4.3)

Where C1 =
(2γ2 + 3γ + 1)p3

2 + (7A2 + 2(γ + 1)β))p3p2 + 2A2A3p4

6A2A3A4
,

C2 =
2(2A2 + β)γ + 3A2

6A2A3A4
, C3 =

1
3A4

,

a5 =D1u
4
1 +D2u

2
1u2 +D3u

2
2 +D4u1u3 +D5u4 +D6u1

c5 =− a5 + 3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2

=D1v
4
1 +D2v

2
1v2 +D3v

2
2 +D4v1v3 +D5v4 +D6v1. (4.4)

Where D1 =
B

8A2
2A3A5

, D2 =
C

8A2
2A3A5

, D3 =
D

8A2
2A3A5

,

D4 =
E

8A2
2A3A5

, D5 =
F

8A2
2A3A5

, D6 =
G

8A2
2A3A5

.

Also the real parameters B,C,D,G are given as below

B =
(
−4(A2 + γ)(A3 + γ) + 10γ3 + 6(β + 3A2)γ

2 + 4A2(β + 3A2)γ
)
p5

−
(
γ3 + 5γ2 + 4γ + 1

)
p4

2 − 2A3
(
γ2 + 2γ + 1

)
p2

2p3 + (2γ + 1)A2
2p

2
3

C =
(
−2(γ + 1)2A3 + 8γ2) p3

2 +
(
8γ3 + (16β + 8α+ 8A2)γ

2 + 4γA2
2 + 2A2

2
)
p3p2

+

(
−4γ3 + (−6β − 14A2 + 2A3) γ

2 − 12
(
β +

4
3
A2 − 1/3A3

)
A2γ + 2A2

2A3

)
p4.

D =6A2
2
((

1
3
p2

2 − 1
3
p3

)
γ +

1
6
p2

2 +
1
3
p3 (A3 + γ)

)
, E = 8A2

2A3p3,

F =6A2
2
(
−1

3
p2γ +

1
3
(A3 + γ) p2

)
G =4

(
−3γ2 + 3

(
A3 + γ − 2

3

)
γ + (7β + 2α)

)
A2A3p2.

From equations ( 4.1) we get

u1 = −v1, a
2
2 =

p2
2

2A2
2
(u2

1 + v2
1). Therefore |a2| ≤

|p2(x)|
|A2|

.

Adding equations in ( 4.2), we get

a2
2 =

B1

2
(u2

1 + v2
1) +

B2

2
(u2 + v2) = B1u

2
1 +

B2

2
(u2 + v2). Hence a2

2 = B1
a2

2

p2
2
+
B2

2
(u2 + v2).

If we solve the above equation for a2, we get

a2
2 =

B2p
2
2(u2 + v2)

2(p2
2 −B1)

=
p3

2

4A3

(
p2

2 −
(γ + 1)p2

2 +A2p3

2A2A3

) =
A2p

3
2(

4A2A2
3 − 2(γ + 1)A3

)
p2

2 + 2A2A3p3
.

Hence |a2| ≤ min

{∣∣∣∣∣ A2p
3
2(

4A2A2
3 − 2(γ + 1)A3

)
p2

2 + 2A2A3p3

∣∣∣∣∣ , |p2|
|A2|

}
.
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Let µ be any real number. Using equations (4.2), we get

a3 − µa2
2 = B1u

2
1 +B2u2 − µa2

2

Now by lemma (2.1), |u2| ≤ 1 − |u2
1|, |v2| ≤ 1 − |v2

1 |. So we can find real numbers x2, y2 such
that u2 = (1− u2

1)x2, v2 = (1− u2
1)y2.

Therefore a3 − µa2
2 = B1u

2
1 +B2x2(1− u2

1)− µ
p2

2
A2

2
u2

1.

That is, a3 − µa2
2 =

(
B1 − µ p

2
2
A2

2

)
u2

1 +B2x2(1− u2
1).

By triangle inequality, we get
∣∣a3 − µa2

2

∣∣ ≤ ∣∣∣∣B1 − µ
p2

2

A2
2

∣∣∣∣+ |B2|.

Now subtracting equations in ( 4.3), we get

5a2a3 − 5a3
2 = 2C1u

3
1 + C2u1(v3 − u3) + C3(v3 − u3).

Also for any real number µ, again from ( 4.3), we get

a4 − 5µ(a2a3 − a3
2) = C1(2− µ)u3

1 + C2u1(u3 − µ(v3 − u3)) + C3(u3 − µ(v3 − u3)).

Using lemma (2.1), we can write u3 = (1− u2
1)x3, v3 = (1− u2

1)y3 with |x3| ≤ 1, |y3| ≤ 1.
Therefore,

a4 − 5µ(a2a3 − a3
2)

=
(
−C2u

3
1 − C3u

2
1 + C2u1 + C3

)
(µ+ 1)x3 +

(
C2u

3
1 + C3µu

2
1 − C2u1 − C3µ

)
y3

+ (−µ+ 2)C1u
3
1.

By using triangle inequality, we get∣∣a4 − 5µ(a2a3 − a3
2)
∣∣

≤
∣∣(−C2u

3
1 − C3u

2
1 + C2u1 + C3

)
(µ+ 1)

∣∣+ ∣∣(C2u
3
1 + C3µu

2
1 − C2u1 − C3µ

)∣∣
+ |(−µ+ 2)B1| .

Further using lemma (2.2), we have∣∣a4 − 5µ(a2a3 − a3
2)
∣∣ ≤ √2|µ+ 1|

√
C2

2 + C2
3 +

√
2C2

2 + (µ2 + 1)C2
1 + |2− µ||C1|.

Now from equation (4.4)

3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2

= D1v
4
1 +D1u

4
1 +D2v

2
1v2 +D2u

2
1u2 +D3v

2
2 +D3u

2
2 +D4v1v3 +D4u1u3 +D5v4 +D5u4.

Using Lemma (2.1) we can find numbers such that |xi| ≤ 1, |yi| ≤ 1 and ui = (1− u2
1)xi,

vi = (1− u2
1)yi for all i = 2, 3, 4. and from the last equation we get

3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2

= 2D1u
4
1 −D2u

4
1y2 +D2u

2
1y2 +D3u

4
1y

2
2 − 2D3u

2
1y

2
2 +D3y

2
2 +D4u

3
1y3 −D4u1y3 −D5u

2
1y4

+D5y4 +D2u
2
1
(
−u1

2 + 1
)
x2 +D3

(
−u2

1 + 1
)2
x2

2 +D4u1
(
−u2

1 + 1
)
x3 +D5

(
−u2

1 + 1
)
x4.

Hence we have

a5 − µb =
(
µD5u

2
1 − µD5

)
y4 +

(
−µD4u

3
1 + µD4u1

)
y3

+
(
−µD3u

4
1 + 2µD3u

2
1 − µD3

)
y2

2 +
(
µD2u

4
1 − µD2u

2
1
)
y2 +

(
µD5u

2
1 −D5u

2
1 − µD5 +D5

)
x4

+
(
µD4u

3
1 −D4u

3
1 − µD4u1 +D4u1

)
x3 +

(
−µD3u

4
1 +D3u

4
1 + 2µD3u

2
1 − 2D3u

2
1 − µD3 +D3

)
x2

2

+
(
µD2u

4
1 −D2u

4
1 − µD2u

2
1 +D2u

2
1
)
x2 − 2µD1u

4
1 +D6u1 +D1u

4
1.
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By triangle inequality we have,

|a5 − µb| ≤
∣∣µD5u

2
1 − µD5

∣∣+ ∣∣−µD4u
3
1 + µD4u1

∣∣
+
∣∣−µD3u

4
1 + 2µD3u

2
1 − µD3

∣∣+ ∣∣µD2u
4
1 − µD2u

2
1

∣∣+ ∣∣µD5u
2
1 −D5u

2
1 − µD5 +D5

∣∣
+
∣∣µD4u

3
1 −D4u

3
1 − µD4u1 +D4u1

∣∣+ ∣∣−µD3u
4
1 +D3u

4
1 + 2µD3u

2
1 − 2D3u

2
1 − µD3 +D3

∣∣
+
∣∣µD2u

4
1 −D2u

4
1 − µD2u

2
1 +D2u

2
1

∣∣+ ∣∣(1− 2µ)D1u
4
1 +D6u1

∣∣ .
Therefore, by lemma (2.4) we get,

|a5 − µb| ≤
√

2 |µD5|+
√

2 |µD4|+
√

6 |µD3|+
√

2 |µD2|+
√

2 |(µ− 1)D5|

+
√

2 |(µ− 1)D4|+
√

6 |(µ− 1)D3|+
√

2 |(µ− 1)D2|+
√
(1− 2µ)2D2

1 +D2
6.

2

Following corollaries give bounds on absolute values of coefficients of functions in various sub-
classes of the class ΣGα,β,γ . These subclasses are obtained by just taking values 0, 1 to parameters
α, β, γ.

Corollary 4.2. If f ∈ Σ
G
α,β,0 then

(i) |a2| ≤ min

{
p2

α+ 2β
,

1
2

(α+ 2β) p3
2

(α+ 3β)
(
2α2 + 10αβ + p3α+ 12β2 + 2p3β − p2

2

)} ,
(ii)

∣∣a3 − µa2
2

∣∣ ≤ ∣∣∣∣∣12 p2
2 + (α+ 2β) p3

(α+ 2β) (α+ 3β)
−

µp2
2

(α+ 2β)2

∣∣∣∣∣+ 1
2

∣∣∣∣ p2

α+ 3β

∣∣∣∣ ,
(iii)

∣∣a4 − 5µ(a2a3 − a3
2)
∣∣ ≤ 1

3
√

2
|µ+ 1|

√√√√ (3α+ 6β)2

(α+ 2β)2
(α+ 3β)2

(α+ 4β)2 +
4

(α+ 4β)2

+
1
6

√√√√2
(3α+ 6β)2

(α+ 2β)2
(α+ 3β)2

(α+ 4β)2 ˆ +
(µ2 + 1)

(
p3

2 + (7α+ 16β) p2p3 + (2α+ 4β) (α+ 3β) p4
)2

(α+ 2β)2
(α+ 3β)2

(α+ 4β)2

+
1
6
|µ− 2|

∣∣∣∣p3
2 + (7α+ 16β) p2p3 + (2α+ 4β) (α+ 3β) p4

(α+ 2β) (α+ 3β) (α+ 4β)

∣∣∣∣ ,
(iv)

∣∣a5 − µ
(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤ (|µ|+ |µ+ 1|)

(√
3√
2

√
(α/3 + β) p2

(α+ 3β) (α+ 5β)
+

√
p3

α+ 5β
+

3√
2

√
1/6p2

2 + (α/3 + β) p3

(α+ 3β) (α+ 5β)

)

+ (|µ|+ |µ+ 1|)

1
2

√√√√(−2α− 6β) p3
2 + 2 (α+ 2β)2

p3p2 + 2 (α+ 2β)2
(α+ 3β) p4

(α+ 2β)2
(α+ 3β) (α+ 5β)


Corollary 4.3. If f ∈ Σ

G
α,β,1 then

(i) |a2| ≤

min
{

1/2 (α+ 2β − 1) p2
3

(α+ 3β − 1) (p3(α+ 2β − 1)− 2 p2
2 + 2α2 + 12β2 + 10αβ − 4α− 10β + 2)

,
p2

α+ 2β − 1

}
,

(ii)
∣∣a3 − µa2

2

∣∣
≤

∣∣∣∣∣ 2 p2
2 + (α+ 2β − 1) p3

2 (α+ 2β − 1) (α+ 3β − 1)
− µ p2

2

(α+ 2β − 1)2

∣∣∣∣∣+
∣∣∣∣ p2

2(α+ 3β − 1)

∣∣∣∣ ,
(iii)

∣∣a4 − 5µ(a2a3 − a3
2)
∣∣

≤ 1
3
√

2
|µ+ 1|√√√√ (7α+ 16β − 7)2

(α+ 2β − 1)2
(α+ 3β − 1)2

(α+ 4β − 1)2 +
4

(α+ 4β − 1)2 +
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√√√√2 (7α+ 16β − 7)2
+ (µ2 + 1) (6 p2

3 + (7α+ 18β − 7) p2 p3 + (2α+ 4β − 2) (α+ 3β − 1) p4)
2

36 (α+ 2β − 1)2
(α+ 3β − 1)2

(α+ 4β − 1)2

+
1
6
|µ− 2|

∣∣∣∣6 p2
3 + (7α+ 18β − 7) p2 p3 + (2α+ 4β − 2) (α+ 3β − 1) p4

(α+ 2β − 1) (α+ 3β − 1) (α+ 4β − 1)

∣∣∣∣ ,
(iv)

∣∣a5 − µ
(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤ 1/2 (|µ|+ |µ+ 1|)
√

6
√

p2

3α+ 15β − 3

+ 1/2 (|µ|+ |µ+ 1|)
√

T

(α+ 2β − 1)2
(α+ 3β − 1) (α+ 5β − 1)

+ (|µ|+ |µ+ 1|)

(
√

2
√

p3

α+ 5β − 1
+ 1/2

√
2

√
3 (6β + 2α− 2) p3 + 9 p2

2

(α+ 3β − 1) (α+ 5β − 1)

)
,

Where
T =

(
6α2 + 24β α+ 24β2 + 4α+ 8β + 6

)
p2 p3

+
(
2α3 + 14α2β + 32αβ2 + 24β3 − 18α2 − 84β α− 96β2 + 18α+ 42β − 6

)
p4

+ (−8α− 24β + 16) p2
3.

Corollary 4.4. If f ∈ Σ
G
1,β,1 then

(i) |a2| ≤ min
{

β p2
3

36β3 + 6β2p3 − 6β p2
2 ,
p2

2β

}
,

(ii)
∣∣a3 − µa2

2

∣∣ ≤ ∣∣∣∣β p3 + p2
2

6β2 − µ p2
2

4β2

∣∣∣∣+ ∣∣∣∣ p2

6β

∣∣∣∣ ,
(iii)

∣∣a4 − 5µ(a2a3 − a3
2)
∣∣ ≤ 1

18
√

2
|µ+ 1|

√
16
β4 +

9
β2

+
1

144

√
512
β4 +

(µ2 + 1) (12β2p4 + 18β p2 p3 + 6 p2
3)

2

β6 +
|µ− 2|

144

∣∣∣∣12β2p4 + 18β p2 p3 + 6 p2
3

β3

∣∣∣∣,
(iv)

∣∣a5 − µ
(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤
(|µ|+ |µ+ 1|)

(
3
√

6
√

2 p3 β + p2
2β +

√
6
√
W + 12β3/2√p3 + 6β3/2√p2

)√
10

60β2

Where W = 6β3p4 +6β2p2 p3−6 p2
3β−16β2p4 +8β p2 p3 +2 p2

3−7β p4 +4 p3 p2−p4.

Corollary 4.5. If f ∈ Σ
G
1,β,0 then

(i) |a2| ≤ min
{

2 (1 + 2β) p2
3

(1 + 3β) (12β2 + 2βp3 − p2
2 + 10β + p3 + 2)

p2

1 + 2β

}
,

(ii)
∣∣a3 − µa2

2

∣∣ ≤ ∣∣∣∣∣ p2
2 + (1 + 2β) p3

2 (1 + 2β) (1 + 3β)
− µp2

2

(1 + 2β)2

∣∣∣∣∣+
∣∣∣∣ p2

2 + 6β

∣∣∣∣ ,
(iii)

∣∣a4 − 5µ(a2a3 − a3
2)
∣∣ ≤ |µ+ 1|√

3

√√√√ (3 + 6β)2

(1 + 2β)2
(1 + 3β)2

(1 + 4β)2 +
4

(1 + 4β)2

+
1
6

√√√√ 2 (3 + 6β)2

(1 + 2β)2
(1 + 3β)2

(1 + 4β)2 +
(µ2 + 1) (p2

3 + (7 + 16β) p2p3 + (2 + 4β) (1 + 3β) p4)
2

(1 + 2β)2
(1 + 3β)2

(1 + 4β)2

+
1
6
|µ− 2|

∣∣∣∣p2
3 + (7 + 16β) p2p3 + (2 + 4β) (1 + 3β) p4

(1 + 2β) (1 + 3β) (1 + 4β)

∣∣∣∣ ,
(iv)

∣∣a5 − µ
(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤ (|µ|+ |µ+ 1|)
√

2

(
1/2
√

3

√
(1/3 + β) p2

(1 + 3β) (1 + 5β)
+

√
p3

1 + 5β
+ 3/2

√
1/6 p2

2 + (1/3 + β) p3

(1 + 3β) (1 + 5β)

)
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+(|µ|+ |µ+ 1|)
√

2

1/4
√

2

√√√√(−2− 6β) p2
3 + 2 (1 + 2β)2

p3 p2 + 2 (1 + 2β)2
(1 + 3β) p4

(1 + 2β)2
(1 + 3β) (1 + 5β)

 .

Corollary 4.6. If f ∈ Σ
G
1,1,1 then

(i) |a2| ≤ min
{

p2
3

−6p2
2 + 6p3 + 36

,
p2

2

}
,

(ii)
∣∣a3 − µa2

2

∣∣ ≤ ∣∣∣∣−1
6
p2

2 − p3

6
+

1
4
µp2

2
∣∣∣∣+ 1

6
|p2| ,

(iii)
∣∣a4 − 5µ(a2a3 − a3

2)
∣∣ ≤,

(iv)
∣∣a5 − µ

(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤ 5
√

2 |µ+ 1|
36

+√
(p2

3 + 3 p2 p3 + 2 p4)
2
µ2 + p2

6 + 6p2
4p3 + 4p2

3p4 + 9p2
2p3

2 + 12p2 p3 p4 + 4p4
2 + 128/9

24
+

1
6
|µ− 2|

∣∣∣∣14p2
3 +

3
4
p2p3 +

p4

2

∣∣∣∣ .
Corollary 4.7. If f ∈ Σ

G
1,0,0 then

(i) |a2| ≤ min
{

p2
3

−2 p2
2 + 2 p3 + 4

, p2

}
,

(ii)
∣∣a3 − µa2

2

∣∣ ≤ ∣∣∣∣−1
2
p2

2 − p3

2
+ µp2

2

∣∣∣∣+ 1
2
|p2| ,

(iii)
∣∣a4 − 5µ(a2a3 − a3

2)
∣∣

≤
√

13√
3
|µ+ 1|+ 1

6

√
18 + (µ2 + 1) (p2

3 + 7p2p3 + 2p4)
2
+

1
6
|µ− 2|

∣∣p2
3 + 7p2p3 + 2p4

∣∣ ,
(iv)

∣∣a5 − µ
(
3a2

3 + 6a2a4 − 21a2
2a3 + 14a4

2
)∣∣

≤ (|µ|+ |µ+ 1|)

(√
p2/2 +

√
2p3 +

√
3

2

√
p2

2 + 2p3 +
1√
2

√
−p2

3 + p2p3 + p4

)
.

5 Bounds on coefficients of functions in the class ΣG
λ,µ,ν,δ

Let µ, ν, δ, λ be real parameters .For any analytic function f let us recall the definition of operator
F2 as,

F2(f)(z) = λ

(
f(z)

z

)µ
.

(
zf ′(z)

f(z)

)ν
+ (1− λ)

(
1 +

zf ′′(z)

f ′(z)

)δ
. (5.1)

Also recall the definition.

Definition 5.1. The class ΣGλ,µ,ν,δ of bi-univalent functions defined as

Σ
G
λ,µ,ν,δ =

{
f ∈ Σ : F2(f)(z) ≺ G(x, z) + 1− a and F2(f

−1)(z) ≺ G(x, z) + 1− a
}
.

Let f ∈ ΣGλ,µ,ν,δ. Hence there exist Schwartz functions u(z) =
∞∑
n=1

unz
n and v(w) :

∞∑
n=1

vnw
n

form U to U such that u(0) = 0, v(0) = 0 and

F2(f(z)) = G(x, u(z)) + 1− a, F2(f
−1(w)) = G(x, v(w)) + 1− a for all z, w ∈ U (5.2)
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On substituting series expansions of f and f−1,

f(z) = 1 +
∞∑
n=2

anz
n, f−1(w) = 1 +

∞∑
n=1

cnw
n

in left hand side of equation (2) we get that

F (z) = λ

(
1 +

∞∑
i=2

aiz
i−1

)µ
z +

∞∑
i=2

iaiz
i

z +
∞∑
i=2

aiz
i


ν

+ (1− λ)

1 +

∞∑
i=1

(i+ 1) iai+1z
i

1 +
∞∑
i=1

(i+ 1) ai+1z
i


δ

and

F (w) = λ

(
1 +

∞∑
i=2

ciz
i−1

)µ
z +

∞∑
i=2

iciz
i

z +
∞∑
i=2

ciz
i


ν

+ (1− λ)

1 +

∞∑
i=1

(i+ 1) ici+1z
i

1 +
∞∑
i=1

(i+ 1) ci+1z
i


δ

.

Further expansion of above expression into power series in z, we have

F (z) =1 +A11a2z +
(
A21 a2

2 +A22 a3
)
z2 +

(
A31 a2

3 +A32 a2 a3 +A33 a4
)
z3

+
(
A41 a2

4 +A42 a2
2a3 +A43 a3

2 +A44 a2 a4 +A45 a5
)
z4

+
(
A51 a2

5 +A52 a2
3a3 +A53 a2 a3

2 +A54 a2
2a4 +A55 a3 a4 +A56 a2 a5 +A57 a6

)
z5 +O(z6).

F (z) =1 +A11c2w +
(
A21 a2

2 +A22 c3
)
w2 +

(
A31 c2

3 +A32 c2 c3 +A33 c4
)
w3

+
(
A41 c2

4 +A42 c2
2c3 +A43 c3

2 +A44 c2 c4 +A45 c5
)
w4

+
(
A51 c2

5 +A52 c2
3c3 +A53 c2 a3

2 +A54 c2
2c4 +A55 c3 c4 +A56 c2 c5 +A57 c6

)
w5 +O(w6).

Also, we can write the power series expession for G(x, u(z)) and G(x, v(w)) as below:

G(x, u(z)) =
∞∑
n=1

pn( ∞∑
n=1

unz
n

)n−1


=p1 + 1− a+ p2u1z +
(
p3u1

2 + p2u2
)
z2 +

(
p4u1

3 + 2 p3u1u2 + p2u3
)
z3

+
(
u1

4p5 + 3u1
2p4u2 + 2u1p3u3 + p3u2

2 + p2u4
)
z4

+
(
u1

5p6 + p2u5 + 2u1p3u4 + 3u1
2p4u3 + 3u1p4u2

2 + 4u1
3p5u2 + 2 p3u2u3

)
z5 +O(z6),

and G(x, v(w)) =
∞∑
n=1

(
pn

( ∞∑
n=1

unz
n

)n)
=(p1 + 1− a+ p2v1w +

(
p3v1

2 + p2v2
)
w2 +

(
p4v1

3 + 2 p3v1v2 + p2v3
)
w3

+
(
v1

4p5 + 3 v1
2p4v2 + 2 v1p3v3 + p3v2

2 + p2v4
)
w4

+
(
p2v5 + 2 v1p3v4 + 3 v1

2p4v3 + 3 v1p4v2
2 + 4 v1

3p5v2 + v1
5p6 + 2 p3v2v3

)
w5 +O(w6).

Equating coefficients of like powers of z, of power series expansion of left hand side and right
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hand side of equation (2) ,we get the equations for coefficients a′ns

1 = p1 + 1− a, A11a2 = p2u1, A21a
2
2 +A22a3 = p3u

2
1 + p2u2, (5.3)

A31a
3
2 +A32a2a3 +A33a4 = p4u

3
1 + 2p3u1u2 + p2u3, (5.4)

A41a
4
2 +A42a

2
2a3 +A43a

2
3 +A44a2a4 +A45a5

= u4
1p5 + 3u2

1p4u2 + 2u1p3u3 + p3u
2
2 + p2u4, (5.5)

A51a
5
2 +A52a

3
2a3 +A53a2a

2
3 +A54a

2
2a4 +A55a3a4 +A56a2a5 +A57a6,

= u5
1p6 + p2u5 + 2u1p3u4 + 3u2

1p4u3 + 3u1p4u
2
2 + 4u3

1p5u2 + 2p3u2u3. (5.6)

Solving these equations for a2, a3, a4, a5 we get

a2 =
p2

A11
u1 = Bu1. (5.7)

a3 =
p2u2

A22
+
p3u

2
1

A22
−

A21p
2
2

A2
11A22

= Cu2 +Du2
1 − E. (5.8)

a4 =
p4u

3
1

A33
−
A32 p2p3u

2
1

A11A22 A33
+
p2u3

A33
−

A32p
2
2u2

A11A22A33
+
A21 A32p

3
2 −A22A31p

3
2

A3
11A22A33

.

ie., a4 = Fu3
1 −Gu2

1 +Hu3 − Iu2 + J. (5.9)

Where

B =
p2

A11
, C =

p2

A22
, D =

p3

A22
, E =

A21p
2
2

A2
11A22

, F =
p4

A33
, G =

A32 p2p3

A11A22 A33
,

H =
p2

A33
, I =

A32p
2
2

A11A22A33
, J =

A21 A32p
3
2 −A22A31p

3
2

A3
11A22A33

.

La5 =Mu4
1 −Nu3

1 +Ou2
1u2 − Pu2

1 −Qu1u2 +Ru1 u3 + Su2
2 + Tu2 − Uu3 + V u4 +W

(5.10)

Similarly, we can find expressions for coeffinets c′ns of f−1 and below:

c2 = Bv1. (5.11)

c3 = Cv2 +Dv2
1 − E. (5.12)

c4 = Fv3
1 −Gv2

1 +Hv3 − Iv2 + J. (5.13)

Lc5 =Mv4
1 −Nv3

1 +Ov2
1v2 − Pv2

1 −Qv1v2 +Rv1v3 + Sv2
2 + Tv2 − Uv3 + V v4 +W.

(5.14)

Where

L = A4
11A

2
22A33A45, M = A4

11A
2
22A33p5 −A4

11A33A43p
2
3, N = A44p2A

2
22A

3
11p4,

O = p4A
4
11A

2
22A33 − 2A4

11A33A43p3p2,

P = 2A2
11A21A33A43p3p

2
2 +A44p

2
2A22A

2
11A32p3 −A2

11A22A33A42p3p
2
2,

Q = 2A3
11A

2
22A44p2p3, R = 2A4

11A
2
22A33p3, S = A4

11A
2
22A33p3 −A4

11A33A43p
2
2,

T = 2A2
11A21A33A43p

3
2 +A2

11A22A32A44p
3
2 −A2

11A22A33A42p
3
2,

U = A44p
2
2A

2
22A

3
11, V = A4

11A
2
22A33p2,

W = A41p
4
2A

2
22A33 +A21A22A33A42p

4
2 −A2

21A33A43p
4
2 −A44p

4
2A22A21A32 +A44p

4
2A

2
22A31.

The constants Aij are functions of parameters λ, µ, ν, δ which are given as below:



376 Krishnat D. Masalkar, Uday H.Naik and Channayya Hiremath

A11 =(µ+ ν − 2 δ)λ+ 2δ,

A21 =
1
2
(
−4 δ2 + µ2 + 12 δ + (2ν − 1)µ+ ν2 − 3 ν

)
λ+ 2 δ (δ − 3) ,

A22 =(µ+ 2ν − 6δ)λ+ 6δ,

A31 =λ

(
7
3
ν − 3

2
ν2 +

1
6
ν3
)
+ λµ

(
1
2
ν2 − 3

2
ν

)
+ λ

(
1
2
µ2 − µ

2

)
ν + λ

(
µ

3
− 1

2
µ2 +

1
6
µ3
)

+ (1− λ)
(

4
3
δ3 − 12 δ2 +

56δ
3
,

)
,

A32 =λ
(
2 ν2 − 5 ν

)
+ 3λµ ν + λ

(
µ2 − µ

)
+ (1− λ)

(
12 δ2 − 30 δ

)
A33 =3λµ+ 12 (1− λ) δ,

A41 =λ

(
−15ν

4
+

83ν2

24
− 3

4
ν3 +

1
24
ν4
)
+ λµ

(
7/3ν − 3/2ν2 + 1/6 ν3)

+ λ
(
1/2µ2 − µ/2

) (
1/2 ν2 − 3/2 ν

)
+ λ

(
µ/3− 1/2µ2 + 1/6µ3) ν

+ λ

(
−µ/4 +

11µ2

24
− 1/4µ3 + 1/24µ4

)
+ (1− λ)

(
−60 δ +

166 δ2

3
− 12 δ3 + 2/3 δ4

)
,

A42 =λ
(
ν3 − 8 ν2 + 11 ν

)
+ λµ

(
2 ν2 − 5 ν

)
+ λµ

(
1/2 ν2 − 3/2 ν

)
+ 2λ

(
1/2µ2 − µ/2

)
ν

+ λ
(
µ2 − µ

)
ν + λ

(
µ− 3/2µ2 + 1/2µ3)+ (1− λ)

(
12 δ3 − 96 δ2 + 132 δ

)
,

A43 =λ
(
2 ν2 − 4 ν

)
+ 2λµ ν + λ

(
1/2µ2 − µ/2

)
+ (1− λ)

(
18 δ2 − 36 δ

)
,

A44 =λ
(
3 ν2 − 7 ν

)
+ 4λµ ν + λ

(
µ2 − µ

)
+ (1− λ)

(
24 δ2 − 56 δ

)
,

A45 =4λν + λµ+ 20 (1− λ) δ,

A51 =λ

(
31 ν

5
− 29 ν2

4
+

55 ν3

24
− 1/4 ν4 +

ν5

120

)
+ λµ

(
−15 ν

4
+

83 ν2

24
− 3/4 ν3 + 1/24 ν4

)
+ λ

(
1/2µ2 − µ/2

) (
7/3 ν − 3/2 ν2 + 1/6 ν3)+ λ

(
µ/3− 1/2µ2 + 1/6µ3) (1/2 ν2 − 3/2 ν

)
+ λ

(
−µ/4 +

11µ2

24
− 1/4µ3 + 1/24µ4

)
ν + λ

(
µ5

120
+ µ/5− 5µ2

12
+

7µ3

24
− 1/12µ4

)
+ (1− λ)

(
992 δ

5
− 232 δ2 +

220 δ3

3
− 8 δ4 +

4δ5

15

)
,

A52 =λ

(
−23 ν +

139 ν2

6
− 11/2 ν3 + 1/3 ν4

)
+ λµ

(
ν3 − 8 ν2 + 11 ν

)
+ λµ

(
7/3 ν − 3/2 ν2 + 1/6 ν3)+ λ

(
1/2µ2 − µ/2

) (
2 ν2 − 5 ν

)
+ λ

(
µ2 − µ

) (
1/2 ν2 − 3/2 ν

)
+ 2λ

(
µ/3− 1/2µ2 + 1/6µ3) ν

+ λ
(
µ− 3/2µ2 + 1/2µ3) ν + λ

(
−µ+

11µ2

6
− µ3 + 1/6µ4

)
+ (1− λ)

(
8 δ4 − 132 δ3 + 556 δ2 − 552 δ

)
,

A53 =λ
(
2 ν3 − 14 ν2 + 17 ν

)
+ λµ

(
2 ν2 − 4 ν

)
+ λµ

(
2 ν2 − 5 ν

)
+ 2λ

(
µ2 − µ

)
ν

+ λ
(
1/2µ2 − µ/2

)
ν + λ

(
µ− 3/2µ2 + 1/2µ3)+ (1− λ)

(
36 δ3 − 252 δ2 + 306 δ

)
,
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A54 =λ
(
15 ν − 23/2 ν2 + 3/2 ν3)+ λµ

(
3 ν2 − 7 ν

)
+ 3λ

(
1/2µ2 − µ/2

)
ν

+ λµ
(
1/2 ν2 − 3/2 ν

)
+ λ

(
µ2 − µ

)
ν + λ

(
µ− 3/2µ2 + 1/2µ3)

+ (1− λ)
(
24 δ3 − 184 δ2 + 240 δ

)
A55 =λ

(
6 ν2 − 11 ν

)
+ 5λµ ν + λ

(
µ2 − µ

)
+ (1− λ)

(
72 δ2 − 132 δ

)
,

A56 =λ
(
4 ν2 − 9 ν

)
+ 5λµ ν + λ

(
µ2 − µ

)
+ (1− λ) ,

(
40 δ2 − 90 δ

)
A57 =5λ ν + λµ+ 30 (1− λ) δ.

Theorem 5.2. If f(z) = z +
∞∑
n=2

anz
n ∈ CGλ,µ,ν then

(i) |a2| ≤ min{|B|,
√
|E|+ |C|},

(ii) |a3 − µa2
2| ≤

1
2 |µC|+ |(1−

µ
2 )C|+

√
D2 + (µ− 1)2E2,

(iii)
∣∣a4 − 5µa2(a3 − a2

2)
∣∣ ≤ (|µ|+ |µ− 1|)(|I|+ |H|) +

√
(2µ− 1)(G2 + J2) + F 2,

(iv) |La5−µ(3a2
3+6a2a4−21a2

2a3+14a4
2)| ≤ (|µ− 1|+ |µ|)

(√
O2 +Q2 + T 2 +

√
R2 + U2 + |S|+ |V |

)
+
√
(2µ− 1)2(M2 + P 2 +W 2) +N2

Where the constants A,B,C,D,E,G,H, I, J are given just after equation (5.9) and the
constants L,O,Q, T, U,W as given just after equation (5.14).

Proof Since f(z) = 1+
∞∑
n=2

anz
n, f−1(w) = 1+

∞∑
n=2

cnw
n, and f(f−1)(w) = w for all w ∈ U,

we have

c2 = −a2. (5.15)

c3 = 2a2
2 − a3. (5.16)

c4 = −a4 + 5a2a3 − 5a3
2. (5.17)

c5 = −a5 + 3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2. (5.18)

From equation (5.7) we get that |a2| ≤ |B|.
From equations (5.10) and (5.14) we get u1 = −v1.
Adding equations (5.8) and (5.12) we get, 2a2

2 = C(u2 + v2)− 2E.
From lemma (2.1), we get |un| ≤ 1− |u1|2 ≤ |1− u2

1|.
Therefore we can write un = (1− u2

1)xn with |xn| ≤ 1 for all n = 2, 3, 4....
Therefore we have 2a2

2 = C(x2 + y2)(1− u2
1)− 2E.

By triangle inequality, we get |a2
2| ≤ |C|+ |E|.

Hence |a2| ≤ min{|B|,
√
|E|+ |C|}.

Using a2
2 =

C
2 (x2 +y2)(1−u2

1)−E, u2 = (1−u2
1)x2, v2 = (1−u2

1)y2 with |x2| ≤ 1, |y2| ≤ 1
and from expression of a3 in equation (5.8) we get that

a3 − µa2
2 =

1
2
µC
(
u2

1 − 1
)
y2 + C

((
−1 +

µ

2

)
u2

1 + 1− µ

2

)
x2 +Du2

1 + (µ− 1)E.

Hence lemma (2.1) gives that

|a3 − µa2
2| ≤

1
2
|µC|+ |(1− µ

2
)C|+

√
D2 + (µ− 1)2E2.

Now subtracting the equation (5.9) from the equation (5.12), and using equation (5.16) and
lemma (2.1), we get

5a2a3 − 5a3
2 = 2Fu3

1 − 2Gu2
1 + (H(x3 + y3)− I(x2 + y2)

(
−u1

2 + 1
)
+ 2J.
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Multiplying above equation by µ and subtracting it from the equation (5.9), we get that

a4 − 5µa2(a3 − a2
2) = k2 x2 + k3 x3 + j2 y2 + j3 y3 + Fu1

3 + (2µ− 1)Gu1
2 − (2µ− 1)J.

Where k2 = −I(µ− 1)(u1 − 1)(u1 + 1), k3 = H(µ− 1)(u1 − 1)(u1 + 1),

j2 = −Iµ(u1 − 1)(u1 + 1), j3 = Hµ(u1 − 1)(u1 + 1) and µ is any real number.

Therefore by lemma (2.4) and a triangle inequality, we get that∣∣a4 − 5µa2(a3 − a2
2)
∣∣

≤ |k2|+ |k3|+ |j2|+ |j3|+ |F |+ | (2µ− 1)G|+ | (2µ− 1)J |.

≤ (|µ|+ |µ− 1|)(|I|+ |H|) +
√
(2µ− 1)(G2 + J2) + F 2.

Subtracting La5 from the equation (5.14), we get

3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2

= V
(
−u2

1+
)
(x4 + y4) +

(
Ru3

1 + Uu2
1 −Ru1 − U

)
y3 +

(
−Ru3

1 + Uu2
1 +Ru1 − U

)
x3

+
(
Su4

1 − 2Su2
1 + S

)
y2

2 +
(
−Ou4

1 −Qu3
1 +Ou2

1 − Tu1
2 +Qu1 + T

)
y2 + 2W + 2Mu4

1 − 2Pu2
1

+
(
Su4

1 − 2Su2
1 + S

)
x2

2 +
(
−Ou4

1 +Qu3
1 +Ou2

1 − Tu2
1 −Qu1 + T

)
x2.

Let µ be any real number. Multiplying above equation by µ and subtracting it from the equation
(5.10), we get

La5 − µ(3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2)

=k1x2 + k2x
2
2 + k3x3 + k4x4 + k5y2 + k6y

2
2 + k7y3 + k8x4 + k9.

Where k1 = (u2
1 − 1)(µ− 1)(Ou2

1 −Qu1 + T ), k2 = −S(u2
1 − 1)2(µ− 1), k3 = (u2

1 − 1)(µ− 1)(Ru1 − U),

k4 = V (u2
1 − 1)(µ− 1), k5 = µ(u2

1 − 1)(Ou2
1 +Qu1 + T ), k6 = −µS(u2

1 − 1)2,

k7 = −µ(u2
1 − 1)(Ru1 + U), k8 = µV (u2

1 − 1), k9 = −u2
1(2µ− 1)(Mu2

1 − P )−Nu3
1 −W (2µ− 1).

Finally by lemma (2.1), we get

|La5 − µ(3a2
3 + 6a2a4 − 21a2

2a3 + 14a4
2)| ≤ |k1|+ |k2|+ |k3|+ |k4|+ |k5|+ |k6|+ |k7|+ |k8|+ |k9|

We note that by lemma (2.2) we will give bounds on |k1|, |k2|, ..., |k9| as

|k1| ≤ |µ− 1|
√
O2 +Q2 + T 2, |k2| ≤ |S||µ− 1|, |k3| ≤ |µ− 1|

√
R2 + U2,

|k4| ≤ |µ− 1||V |, |k5| ≤ |µ|
√
O2 +Q2 + T 2, |k6| ≤ |µ||S|, |k7| ≤ |µ|

√
R2 + U2,

|k8| ≤ |µ||V |, |k9| ≤
√
(2µ− 1)2(M2 + P 2 +W 2) +N2.

2

Corollary 5.3. If f ∈ Σ
G
µ,ν,1,δ then

(i) |a2|

≤ min


∣∣∣∣ p2

µ+ ν

∣∣∣∣ ,
√√√√∣∣∣∣∣
(
−2δ2 + 1

2µ
2 + 6δ +

(
ν − 1

2

)
µ+ 1

2ν
2 − 3

2ν + 2δ (δ − 3)
)
p2

2

(µ+ ν)
2
(µ+ 2 ν)

∣∣∣∣∣+
∣∣∣∣ p2

µ+ 2ν

∣∣∣∣
 ,

(ii)
∣∣a3 − µa2

2

∣∣
≤ 1

2

∣∣∣∣ µ p2

µ+ 2 ν

∣∣∣∣+
∣∣∣∣∣
(
1− µ

2

)
p2

µ+ 2 ν

∣∣∣∣∣+
√√√√ p3

2

(µ+ 2ν)2 +
(µ− 1)2 ( 1

2µ
2 +

(
ν − 1

2

)
µ+ 1

2ν
2 − 3

2ν
)2
p2

4

(µ+ ν)
4
(µ+ 2 ν)2 ,
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(iii)
∣∣a4 − 5µ(a2a3 − a3

2)
∣∣

≤ (|µ|+ |µ− 1|)

(∣∣∣∣∣
(
µ2 + 3µν + 2ν2 − µ− 5ν

)
p2

2

(µ+ ν) (µ+ 2ν) (µ+ 3ν)

∣∣∣∣∣+
∣∣∣∣ p2

µ+ 3ν

∣∣∣∣
)

+

√√√√(2µ− 1) (µ2 + 3µ ν + 2 ν2 − µ− 5 ν)2
p2

2p3
2

(µ+ ν)
2
(µ+ 2 ν)2

(µ+ 3ν)2 +
p4

2

(3 ν + µ)
2 ,

Corollary 5.4. If f ∈ Σ
G
µ,ν,0,δ then

(i) |a2| ≤ min

{∣∣∣ p2

2δ

∣∣∣ , 1
6

√
3
∣∣∣∣(δ − 3) p2

2

δ2

∣∣∣∣+ 6
∣∣∣p2

δ

∣∣∣} ,
(ii)

∣∣a3 − µa2
2

∣∣ ≤ 1
12

∣∣∣µp2

δ

∣∣∣+ 1
6

∣∣∣∣∣
(
1− µ

2

)
p2

δ

∣∣∣∣∣+ 1
12

√
4
p3

2

δ2 +
(µ− 1)2

(δ − 3)2
p2

4

δ4 ,

(iii)
∣∣a4 − 5µ(a2a3 − a3

2)
∣∣

≤ (|µ|+ |µ− 1|)

(
1

144

∣∣∣∣∣
(
12 δ2 − 30 δ

)
p2

2

δ3

∣∣∣∣∣+ ∣∣∣p2

δ

∣∣∣)+
√

(2µ− 1) (12 δ2 − 30 δ)2
p2

2p3
2

20736 δ6 +
p4

2

144 δ2 ,

6 Concluding Remark

Let f(z) = z +
∞∑
n=2

anz
n ∈ H(U) and pn(x)

∞
n=1 be sequence of orthogonal polynomails of real

variable x. with generating function G(x, z) =
∞∑
n=1

pn(x)z
n. If f ≺ G(x, z) then we get upper

bounds bn(x) such that |an| ≤ bn(x). Study of the geometric properties of these polynomials
bn(x) and their relation with the f explores more about subclasses of bi-univalent functions.
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