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Abstract Using the technique of differential subordination, we define a certain class of functions
in punctured unit disk. We obtain certain sufficient conditions for meromorphic starlike and
convex functions. As special cases, we also mention some corollaries and obvious consequences
of the main results.

1 Introduction

Let X, denote the class of functions of the form
1 - _
f(z):Z—p+zak,pz’c P(peN=1{1,2,3,..1}), (1.1)
k=1

which are analytic and p-valent in the punctured unit disk Ey = E \ {0}, where E = {z € C :
|z] < 1}. A function f € X, is said to be meromorphic p-valent starlike of order « if f(z) # 0
for z € [Ey and

— l () « « 32
%p(f(z))> , (a < 1;2 € E). (1.2)

The class of all such meromorphic p-valent starlike functions is denoted by MS; ().
A function f € X, is called meromorphic p-valent convex of order « if f’(z) # 0 and

1 zf”(z) « a 32
—§Rp <1+ f’(z))> ; (a<l;z€E).

The class of all meromorphic p-valent convex functions defined above is denoted by M/, («) .
In particular MS;, = MSH(0), MS* = MS7(0) and MK, = MK,(0), MK = MK;(0).

The class MS*(«) was introduced and studied by Pommerenke [1], Miller [3], Mogra et al. [4],
Cho[7] and Aouf [5,6].

Let @ : C> x E — C (C is the complex plane) and % be univalent in [E. If p is analytic in E
and satisfies the differential subordination

D(p(2),2p'(2); 2) < h(z),P(p(0),0;0) = h(0), (1.3)

then p is called a solution of the differential subordination (1.3). The univalent function ¢ is
called a dominant of differential subordination (1.3) if p < ¢ for all p satisfying (1.3). A domi-
nant § < ¢ for all dominants ¢ of (1.3), is said to be the best dominant of (1.3).

In 2003, Irmak et al. [2] introduced and studied the subclass 7, (p; ). According to them a
function f € T (p) is said to be in 7, (p; «) if it satisfies the inequality

2f(2) + A2 F(2)
" ((1 N+ Azf'<z>> >
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forzeE, 0<A<1,0<a<ppeN.
Analogous to the class 75 (p; «), we define the class MT ,(A; «) as follows:
Let MT ,(X; @) be the subclass of X, consisting of functions f(z) of form (1.1) and satisfying

the inequality
(1+2))2f'(2) + A2 f"(2)
(T ) 7o

forzeE, —1<X<0,0<a< p;pe N.Wenote that for suitable choices of o and A\, we
obtain the following subclasses of MT,(\; «).

MTi1(Na) = MT(Na), —1<A<0,0<a<],
MTp(0;a) = MS)(a),0 < <p;p €N,
MTp(=1;a) = MKp(a),0 <a <ppeN,

MT(0;0) = MSH(a) = MS*(a) C MS*(0) = MS*,0< a < 1,

MT(=1;0) = MK (a) = MK(a) € MK(0) = MK,0 < o < 1,

In this paper, we define above class of M7 ,(X;«) functions in punctured unit disk and use
the technique of differential subordination to obtain certain new criteria for starlikeness and
convexity of meromorphic functions.

2 Preliminaries
We shall use the following lemma to prove our results.

Lemma 2.1. (/8])Let q be univalent in |E and let 6 and ¢ be analytic in a domain D containing
q(E), with ¢(w) # 0, when w € q(E). Set Q1(2) = 2¢'(2)¢la(2)], h(z) = 0la(2)] + Qi(z) and
suppose that either
(i) h is convex, or
(ii) Q, is starlike.
In addition, assume that

!/
ﬁm%(ﬁwd)>0ﬁmMZME
Q1(2)
If p is analytic in E, with p(0) = ¢(0), p(E) C D and

O0[p(2)] + 2p' (2)d[p(2)] < 0[q(2)] + 2¢'(2)¢la(2)], z € E,

then p(z) < q(z) and q is the best dominant.

3 Main Results

Theorem 3.1. Let g be univalent in E with q(z) # {0,m}, m € No = NU {0} and
1 ! /
8‘%(1+qu (2) p2d(2)  2d'(2) )>07 i
q'(2) (=) “a(z) =m
Suppose that f € ¥,. Define a function F(z) as F(z) = (1 +A)22f(2) + A3 f/(2), -1 <A <0

F/
and if F is such that 2 — ZF(S) # {0, m} satisfies

F/
1 ) 2q/(
1+ <1+ g

SO

3.1)
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where the complex powers in (3.1) take their principal values only.Then,

2F'(2)

*" Q)

<q(z), z € E,
and q is the best dominant.
Proof. For f € £, and F(2) = (1 4+ \)22f(2) + A\2>f'(2). Hence

2F'(2) (14 2X)2f"(2) + X\22f"(2)

S IC B (e O e e
Letu(z) =2 — Zﬁ;ij) Therefore (3.1) reduces to
2/ (2) 2q'(2)
e - T P

Define 0 and ¢ as
f(w)=1 and ¢(w)=

wh(w —m)7’

Clearly, the functions 6 and ¢ are analytic in domain D = C\ {0,m} and ¢(w) # 0,w €
C\ {0,m}, where m € Ny. Therefore

o (Nl ) = 2q'(2)
QI(Z) =zq ( )¢(Q( )) qﬂ(z)(q(z) _ m)’y
and h(z) = 0(q(z)) + Qi1(z) = 1 + Q1(z). A little calculation yields
2Qi(z) o, 2d"(2)  L2d(2)  2d'(2)
ot e Tam T -m

and

zh(z)  2Q(2)

Qi(z)  Qi(2)

In view of the given conditions, we have

2Q] (2)>
R ! >0
( Q1(2)
Therefore, Q;(2) is starlike in E and

R(2HO) oo sen

The proof, now, follows from Lemma 2.1. O

For § =1 =~ and m = p, Theorem 3.1 reduces to the following result:
Theorem 3.2. Let g be univalent in E with q(z) # {0,p}, p € N and satisfying the following
condition Y , .
§R(1+Zq/ ) _zalz)  zq(2) ) >0, z € E.
¢(z)  a(z)  aq(z)-p
For f € ¥, define a function F(z) as F(z) = (1 + X\)22f(2) + A2 f(2), —1 <A< O0andif F

F/
is such that 2 — ZF (S) # {0, p} satisfies the differential subordination
’ /
(- F3) ()
14 z D 2q' (2

q(2)(q(z) = p)’

- 50) 05 )
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then,

<q(z), z €E,
and q is the best dominant.

2
On selecting ¢(z) = 1 + gzz as a dominant in the Theorem 3.2, we observe that for a natural
number p, p > 2,
1" / / 18(1 — p) — 824
I (CE(C R B L (SR S B
¢(z)  alz)  a(z) —p 9(1 —p) +622(2 —p) +4z
Thus, we have the following result:

Theorem 3.3. For natural number p, p > 2 and —1 < X\ < 0, let f € ¥, and define F(z) =

(1+X)22f(2) + A2 f(2). If F(2) with2 — z;‘;iz)) # {0, p}, satisfies the condition

IS -
<2_ zg;g)) (2 - le;“éi;) _p) <1+ (34 222)(3 + 222 — 3p)’

then F(2) 5
zF' (2
2 — 1+ =22 E
F(z) < +3z,z€ ,
1 2F'(2)
ze§R<2 F(Z))>0,ZGE,

hence f € MT,(),0).
On taking A = 0 in Theorem 3.3 , we have:

Corollary 34.If f € £, ;{;()Z> # {0,p}, where p € N and p > 2, satisfies
2f"(z) _,2f'(2)
1 -2 -
e e T 12:2
—zf'(2) (3422%)(3 +222—3p)’
O
then 72)
zf'(z )
— ) <1+§z , z €,
ie. | 70
—p- (2L ) 0,2€E
» ( f(z) >0, zeli,
hence f € MS;,,.
Taking p = 2 in the above corollary, we have:
Corollary 3.5. If f € X, ;{Z()z> £ {0,2}, satisfies
L0 a(e)
YOI IC RN 1257
2 zf'(2) (34222)(3 +222 - 3p)’
f(2)
then
_zf’(z) <1+ 222 zeE

f(2) 3
hence f € MS;.
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By selecting A = —1 in Theorem 3.3, we get the following result:
2f"(2)
f'(2)
v (14228 4 2 (2f“2(2) ACy

a4 (14503 ) <= (5 - 56

(7))

2f"(2) 2
—<1+ 702) ) =< 1+§z2, zeE,

Corollary 3.6. If f € X, — (l + ) # {0, p}, where p € N and p > 2, satisfies

1222

1
R NP B F T

then

ie.
—al (14 200) .
§Rp (l—i— 0 >0, z € E,

hence f € MK,,.
On taking p = 2 in the above corollary, we have:

L
Corollary 3.7. [ f € Ty, jj(z()z) £ 3, satisfies

i) A il ),

(50 (- 7)

then

hence f € MIK,.
On putting 5 = 1 and v = 0 in Theorem 3.1, we have the following result:
Theorem 3.8. Let g be univalent in E, with q satisfy
CE R
7(z)  a(2)
Suppose that f € ¥,,,p € N. Define a function F(z) as F(2) = (1+X)22f(2) + A3 f/(2), =1 <

A < 0andif Fis such that 2 — Z?;S) = 0 satisfies )
—2F'(2) 2F"(z)  2F'(2)
o 0+ 3~ ) ()
2F'(2) q(z)
F(z)

, z€E,

then,

and q is the best dominant.

1
While selecting ¢(z) = ] te as a dominant in the above theorem, we can easily check that

z

§R<1 L) Zq%z)) :§R<1 “2) > 0.

q'(2) q(2) 1— 22

Hence we have the following result:
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Theorem 3.9. Let f € £,,p € Nand F(z) = (1 + \)22f(2) + A2 f/(2), —1 < X <0, such that

zg;ij) % 2. If F satisfies
—2F'(z) (1 2P (z) zF’(z))
F(z) F'(z) F(z) 2z
5 Z2F'(z) DL ek,
O F(2)
then, »
2F'(z 11—z
2— F(2) 1+z7z€E,

hence f € MT,(},0).

On taking A = 0 in Theorem 3.9, we have:

Corollary 3.10. If f € X, ;{;()Z) # {0, p}, where p € N satisfies the following

2f"'(2)  2f'(2) 2z

Y e ST

then fe) 1

2f'(z +z

_f(z) <1_Z,ze]E7
- — %l 2(2) >0, zeE
p\ f(2) ’

and hence f(z) € MS;.i.e. fis p-valently meromorphic starlike.

By putting p = 1 in the above corollary, we conclude:

_ /
Corollary 3.11. [f f € £, ;{ ()Z) # 0, satisfies the differential subordination
z
2f"(z)  zf'(2) 22
e e (T
then f)
zf'(z +z
IE) %172,261[3,

and hence f(z) € MS*.i.e. fis meromorphic starlike.
Selecting A = —1 in Theorem 3.9, we get:

Corollary 3.12. If f € X,,, p € N satisfy
21"(2) <1 L") zf”(Z)>

o e e ) 2
1_|_zf”(z) 1—22’
f'(2)
then () -
zf"(z z
—(l—l— f’(z))<l—z’Z€E’
ie. | f”( )
zf"(z
—%5 <1+ 70) > >0, z€eE

and hence f(z) € MK,.
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For p = 1 in the above corollary, we get:

Corollary 3.13. If f € X satisfy
2f"(2) (1 2O Zf”(Z)>

o\ e e ) | 2
1+z "(2) 1—2%
f(2)
then 02) -
z2f"(z z
—<1+ f’(z)><l—z’Z€E

and hence f(z) € MK.
Selecting § = v = 1 and m = 0 in Theorem 3.1, we get the following result:

Theorem 3.14. Let q(# 0) be a univalent function satisfying

2q"(2) 24 (2) .
%(H— 702 2 ) ) >0,z € E.
)

Suppose f € X,,p € Nand F(z) as F(z) = (1 + A

— ZZ];;S) # 0 satisfies

2f(2)+ A2 f(2), —1<A<0andifF,

1+Z(2Z§/%))/<l+wl(z) z€eE,

@_f5>2 2

then

and q is the best dominant.

+z . . .
as a dominant in the above theorem, we can easily check that
—z

(oo ) -5 ()0

Therefore, from Theorem 3.14, we obtain:

Selecting ¢(z) = i

Theorem 3.15. Let f € £,,p € Nand F(2) = (1 + \)22f(2) + A3 f/(2),—1 < X\ < 0, such
F/
that2 — = (2) #+ 0 satisfies

F(z)
F' !
Z<2_ZF((§) 1+4z+ 22
1+ LAV ;2 €L,

2_zF’(z) (I+42)

F(z)
then F(2) .

z z + z

2T (1o el

and hence f(z) € MT,(),0).

For A\ = 0 in Theorem 3.15, we have:
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Corollary 3.16. If f € X, ;{S)Z) # {0, p}, where p € N satisfies
|G 20
F'z)  f) 44422 o
—:/(2) T+ 70
f(z)
then P
2f'(z + 2z
e <1 z € E,
and hence f(z) € MS,,
Putting p = 1 in the above corollary, we have:
Corollary 3.17.If f € 2, ;{;()Z) £ 0, satisfies
LA 2:0)
f'(2) f(z) - 1+ 4z + 22 cE
—:/(2) T+ 70
f(z)
then P
2f'(z +z
B f(z) 1—-2’ cE,

and hence f(z) € MS™.
Taking A = —1 in Theorem 3.15, we have:

Corollary 3.18. If f € ¥,,, where p € N satisfies

L) (L 20 0)
e TR e ) 1rser
(1+zﬂ%@)2 (a7 75"
)
then 102) .
2f" (2 +z
—(1+ 6 ) < > z € E,
and hence f(z) € MK,,.
On substituting p = 1 in the above result, we get:
Corollary 3.19. If f € X satisfies
2f"(2) (1 22f"(z) _ Zf”’(2)>
O G O S E TR
(1+zﬂ%@)2 ey 7%
f'(z)

then

B zf”(z)) 142
(1+ 0) < , z € E,

and hence f(z) € MK.

Selecting 8 = 0 =  in Theorem 3.1, we have the following result:
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Theorem 3.20. Let g be a convex univalent function and let f € X,,p € N. Define F(z) =
F/
(14 N)2F() £ A3F(2), — 1 <A< 0and if Fis such that — ) 4 0 sarisfies

—zF'(2) 2F"(z) . 2F'(2) 2q'(2), z
o (e R ) <9<k
then,
2- Zf:(z) <4q(2), z €L,

and q is the best dominant.

2
Taking ¢(z) = 1 + =2* as a dominant in the above theorem. A little calculation yields that

1
R (1 + = (Z)> =2 > 0. Hence , we get the following result:

q'(2)
Theorem 3.21. Let f € X,,p € NIf F(2) = (1 + A\)22f(2) + \2*f'(2), —1 < XA < 0and
— 2F'(z) #+ 0 satisfies
F(z)
—2F'(2) 2F"(z)  zF'(2) 4 ,
o (4G Ry ) <5eeE
then
2F'(2) 2,

hence f € MT ,(),0).
For A = 0 in Theorem 3.21, we get:

Corollary 3.22. For f € ¥,,p € N.If f satisfies

4
< =2

S (S 0) .
i UM e e ) TaTe
then
2f'(2) 2,
e SR
hence f € MS;,.
For p = 1 in the above corollary, we have:
Corollary 3.23. For f € T, — Z}CQS) £ 0, satisfies
—2f'(2) (1 zf"(z) zf’(z)> 4, E
i VP e e ) TaTe
then
2f'(2) 2,
CIE

hence f € MS™.

Putting A = —1 in Theorem 3.21, we have:
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Corollary 3.24. For f € £,, — <1 +

then

Zf”(z)
f'(2)

) (G RN 4
78 (” 72) f'<z>>*3 S

z2f"(2) 2
<1+ e ) < 1+§zz,

> # 0,p € . If f satisfies

hence f € MK,.

For p = 1 in the above corollary, we get:

Corollary 3.25. If f € X satisfies

—2f"(2) ( zf"(z) Zf”(2)> ‘oo
e T e ) S3reh
then f"( ) 5
z z
- (” ) ) <1437
hence f € MK.
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