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Abstract A (right) module bundle over an algebra bundle £ = (£, p, X) is a vector bundle
M = (M, q, X) together with a morphism 6 : .# & £ — .# which induces a right &,-module
structure on .#, for each x € X. In this paper, we prove some important results involving exact
sequences of £-module bundles, mainly, the snake lemma.

1 Introduction

The concepts of algebra bundle and module bundle are studied widely in [2, 4, 6, 7]. An al-
gebra bundle [4] is a vector bundle £ = (£, p, X) in which each fibre £, is an algebra and for
each z in X, there is an open neighbourhood U of x, an algebra A and a homeomorphism
¢:U x A— p~1(U) such that for each y in U, ¢, : A — p~!(y) is an algebra isomorphism.

A vector bundle .# = (A ,q,X) is a right &-module bundle or simply a £&-module bundle
if there exists a morphism 6 : .#Z & & — .# which induces a right £,-module structure on .#,
for each x € X. A vector bundle morphism ¢ : .# — .4 of a &-module bundle .# into a
&-module bundle .4 is called a §&-module bundle morphism or simply £-morphism if for each
€ X, ¢y 1 My — Ny is a E,-module homomorphism. If ¢ is a homeomorphism then it is
called £-isomorphism [2].

Let A, .#' be £-module bundles and f : .# — .#' be a &-morphism. We say that f is of
locally constant rank if for each z € X, there is a neighborhood U of = in X such that dim Im f,
is constant fory € U.

All underlying vector spaces are real and finite dimensional and all algebras considered in
the paper are finite dimensional associative algebras. All module bundles, algebra bundles and
submodule bundles have same base space X. All exact sequences of module bundles have mor-
phisms with locally constant rank. Throughout this paper £ denotes an associative algebra bun-
dle. In the next section, we prove some important results involving exact sequences of -module
bundles including the snake lemma.

2 Results

Proposition 2.1. Let .# , .#' be &-module bundles and | : .# — #' be a &-morphism with
locally constant rank. Then, ker f,Im f are &-submodule bundles of M , . #', respectively.

Proof. By [8, Proposition 1], ker f, Im f are vector subbundles of .#, .#’ respectively. For each
z € X, ker f,,Im f, are submodules of ./, .#,. respectively. Hence the proof. O
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Definition 2.2. Let .7/ —— .# —— .#" be a sequence of £&-module bundles and ¢-morphisms
with locally constant rank. We say that this sequence is exact at . if Imu = Ker v. A
short exact sequence is a sequence 0 — .#' —— # —— .#" — 0 which is exact at each
M, M, A" This means that u is injective, v is surjective and Imu = Ker v.

u

Remark 2.3. Let .#7' —— .# —— .#" be a sequence of &-module bundles and &-morphisms
with locally constant rank. Then this sequence is exact if and only if the for each z € X,

M s My s ) is an exact sequence of £,-modules and &,-morphisms.

Lemma 2.4. Let X be a topological space andl : X — Hom(R"™, R™) be a continuous function.
Then the map

F: X x Hom(R™,RF) = X x Hom(R" R¥)
defined by (x, f) — (z, f o l(x)) is continuous.

Proof. ltis enough to show that the map (z, f) — fol(x) of X x Hom(R™,R¥) into Hom(R", R¥)
is continuous. Let (xy, fA)xea be anetin X x Hom(R™, R¥) converging to (x, f). Thenzy —
in X and f\ — f in Hom(R™,R¥). Since [ is continuous, [(zy) — I(z) in Hom(R™,R"). So
{lli(zx|])} is bounded. Now,

[fxel(za) = fol(z)

I(fxol(zx) = fol(zn)) + (fol(xr) = fol(z))]
15 = S+ 1) = 1)

Since {||{(xzx]|)} is bounded, the above inequality implies that f\ o I(z)) — f o l(z) in
Hom(R™,R¥). Thus, the map (z, f) — f ol(z) is continuous, as desired. o

IN

Lemma 2.5. Let u : A4 — M' be a &-morphism with locally constant rank. Let A be any
&-module bundle. Define

w:Hom(AM', N) — Hom( M, N)

by Ty (fy) = fuousV fo € Hom( M), Ny),x € X. Thenw is a E-morphism with locally constant
rank.

Proof. Clearly each u,, is a £,-homorphism. We need to show that @ is continuous. Let
prd - X, p M- X, pr: N> X,
qg:Hom( M, V) — X and ¢ : Hom(A',N) — X
be the bundle projections. Let x € X and
G1:p N (U) = U xR ¢y p " (U) = U xR™, ¢3:p;7 (U) —» U x RF

be the local trivializations at « of .#, .#', 4 respectively. Then

hi:q Y (U) = U x Hom(R™, RF)
given by hi(f,) = (y, ¢3y © fy o (¢1,)7") Yy € U, f,, € Hom(.A,,-N,) is a local trivialization
of Hom(.# , /") at z. Similarly, a local trivialization at z of Hom/(.#',./4") is given by

hy: ¢~ (U) = U x Hom(R",RF),

ha(gy) = (y, 93y © gy © (624)~") ¥y € U, gy € Hom(My, Ny).

Define ¢ : Hom(R™,R¥) — Hom(R",R¥)) by ¥(y, f) = (y, f © ¢2y 0 uy o (¢1,)""). Since

Y uy,y — (¢1,)" ',y = ¢, are continuous, the map y +— ¢, o uy o (¢1,) " is continuous.
By the Lemma 2.4, it follows that ¢ is continuous. Now, we have the following diagram.

ha
¢ 1(U) U x Hom(R™,R¥)
o1y v
¢\ (U) il U x Hom(R", RF)
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For any y € U and g, € Hom(.#,, .#,), we have

Vha(gy) = Dy, é3y 09y © (62,)7")
= (g, 3y 0 gy o (doy) ™" 0oy ouyo(dry)")
= (y.d3y0gy0uyo (¢1y)71)
and
hiu(gy) = Mhity(gy)
hi(gy o uy)
= (y,d3y0gy0uyo (1))

Thus, the above diagram is commutative. Hence 1 o h, = hj o So w

1)’ 7'~ '(U)
(h1)~! 0 4 o hy which is a continuous function. As z varies over X, the sets ¢'~!(U) forms
an open cover of Hom(.#', #"). Therefore u is continuous on Hom(.#',.#"). Hence 7 is a
&-morphism.

Now we show that @ has locally constant rank. Let z € X. We have

Uy : Hom( AL, Ny) — Hom( My, Ny)

given by, u.(f;) = fr o uy. It follows that Rank u, = Rank wu,-dim.4;. Since u is of locally
constant rank, Rank u,, is constant for all y in some neighborhood of . Also, dim .4}, is constant
in some neighborhood of . Thus, Rank %, is constant in some neighborhood of . O

Theorem 2.6. Let
M o " >0

be a sequence of £-module bundles and £-momorphisms with locally constant rank. Then this
sequence is exact if and only if for all - module bundles V', the sequence

0 — Hom(.#", ) —— Hom(.M ,.N) —— Hom(. ', N)
is exact, where
vy : Hom( M), N.) — Hom( My, Ny)
fo = foous
and
U, : Hom( My, N,) — Hom( My, Ny)
gz " Gz O Ug.

Proof. By Lemma 2.5 @, v are {-morphisms with locally constant rank. Let x € X. By the
theory of modules, the sequence

My My s M -0
is exact if and only if the sequence
0 — Hom(.z, A;) BRIEN Hom(.4,, ;) e Hom(.4, A;)
is exact for every £-module .#,.. Now the theorem follows from the Remark 2.3. O

Theorem 2.7. Let

0— N L ¥y s "
be a sequence of &-module bundles and £-momorphisms with locally constant rank. Then this
sequence is exact if and only if for all £- module bundles .#, the sequence

0 — Hom(M,.N") —— Hom(M, N ) —— Hom(.M, N")
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is exact, where
Uy : Hom( My, N,)) — Hom( My, Ny)

fo = ugofy

and
vy : Hom( My, Ny) — Hom( My, N,)
gz 7 Uz Oz
Proof. The proof is similar to the proof of Theorem 2.6. O

Definition 2.8. A short exact sequence 0 — .#' —— .# —— .#" — 0 is called split if there
is a {-isomorphism 6 : . # — #' & 4" such that the following diagram commutes where the
maps in the second row .#' — #' & A" and A’ & M" — A" are standard embedding and
projection respectively.

0 %, u j/ v j{” 0
Id 0 Id
0 M MM M 0

Figure 1: Diagram

The next theorem is analogous to modules which characterizes split short exact sequence.

Theorem 2.9. For a short exact sequence
0= . "~ M "~ "0

the following conditions are equivalent.

(i) The above short exact sequence splits.

(ii) There is a &-morphism [ # — ' such that f ou = Id 4.
(iii) There is a &-morphism g © M" — M such thatvo g = Id 4.
Proof. (i) = (ii): We have a -isomorphism 6 : .# — .#' & .#" such that the diagram in
Figure 1 commutes. By the commutativity of second square we get #(m) = (f,v) for some
&-morphism f : .# — .#'. By the commutativity of first square we have 6(u(m’)) = (m’,0)
form’ € 4. So (f(u(m'),v(u(m’)) = (m’,0) which gives f(u(m')) = m'.
(ii)) = (i): Define 0 : 4 — A’ © .#" by, § = (f,v). Then 6 is &-morphism such that the

diagram in Figure 1 commutes. Since 6, are isomorphisms 6 is £-isomorphism. The equivalence
of (i) and (iii) follows in similar lines. O

In [7], we have shown that every semisimple module bundle can be expressed as a direct sum
of simple module bundles uniquely up to isomorphism. This implies the following result:

Corollary 2.10. If ./ is semisimple &-module bundle then every short exact sequence
0. "~ H "> "0
splits.

Proof. Since .# is semisimple, Imu = Ker v is a submodule bundle of .# [7, Proposition 5.3,
5.4]. By [7, Theorem 5.11], there is a submodule bundle .#" of .# such that .# = Imu & .4".
Define f : .#' — ./ as follows. Any element of ./ is of the form (u(m),n) for some m €
M,n € A . Define f(u(m),n) = m. Then f is a &-morphism such that f o u = Id_4 . By
Theorem 2.9, every such exact sequence splits. O
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Definition 2.11. A {-module bundle & is called projective if for every &-epimorphism
g : M — A and every &-morphism f : & — A there is a {-morphism h 1 &P — A
such that the following diagram commutes.

h‘.w%
7 lg
\)e/‘/

Theorem 2.12. A {-module bundle & is projective if and only if every exact sequence
0= M s ¥V "2 =0

splits.

Proof. Let & be projective. Consider the exact sequence
0= M —— ¥ "5 P 0.

Let Id : & — £ be the identity morphism. Since the sequence is exact, v : A4 — & is an
epimorphism. As & is projective, there is a {&-morphism h : & — 4 such that v o h = Id. By
the Theorem 2.9, the exact sequence splits.

Conversely, suppose every such exact sequence splits. Let g : .# — .4 be -epimorphism
and f : & — A be a &-morphism. Let & = {(p,m) € & .4 : f(p) = g(m)}. Then £ is a
submodule bundle of &2 @ .#. Consider | : . — &, the projection onto first factor. Then 7
is £-epimorphism. So we have the exact sequence

0 kerm - ¢ "5 250

which splits by our assumption. So, by the Theorem 2.9 there is a {-morphism h : & — £ such
that 7 o h = Id. Let hy = 7 o h, where m, : £ — . is the projection onto second factor. Then
hy : P — A is a {-morphism and for p € 2, g(hi(p)) = g(m2(h(p))) = g(m2(p, m)) for some
m € A with f(p) = g(m). So g(hi(p)) = g(m) = f(p). Thus g o h = f as desired. O

Theorem 2.13 (Schanuel’s Lemma for Module Bundles). Let 0 — .# — & —— 4 — 0

and 0 = ' —“— P s ¥ 5 0 be two exact sequences, where &2, ' are projective.
Then P & M = P D M.

Proof. Since £ is projective, there is a &-morphism h : &2 — &’ such that v/ o h = v. This h
induces a {-morphism A’ : .# — .#’. So we have the following diagram.

0 M L P G N 0
b h Id
0 Y v g 4 N 0

Define o : oM — P and B : M — P O M by a(p,m') = h(p) — u'(m’) for
(p,m') € 2@ A" and B(m) = (u(m),h'(m)) for m € #. Then «, 3 are {-morphisms.

So we have an exact sequence, 0 — .Z L po.a 2 P 0. Since P’ is projective,

this exact sequence splits by the Theorem 2.12. Hence &' @ A4 = P & A’ . ]
Remark 2.14. Let
% u . %/
f f
N v _ ,/V/

be a commutative diagram of £-modules and ¢-morphisms with locally constant rank. Then
u(ker f) C ker f’ and v(Im f) C Im f'. So w and v induce the maps, w : ker f — ker f’
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and v : A /Imf — A /Im f’ given by, u(m) = u(m) V m € ker f (- restriction of u), and
o([n]) = [o(n)] ¥ [n] € A#"/Im f.

Lemma 2.15. The induced maps @ and v given in the above remark are &-morphisms with locally
constant rank.

Proof. Let z € X. We have rank u, = dimker f, — dim(keru, N ker f,). Since u, f have
locally constant rank, it follows that @ also has locally constant rank. Similarly, the restricted
map, ¥ : Im f — Im f’ has locally constant rank. Now, rank v,, = rank v, — rank v,.. Since v, v
are with locally constant rank, it follows that v has locally constant rank. Clearly, each u,, v,
are ¢,-homomorphisms. Also, % being a restriction of a continuous map, is continuous. So it
remains to show that v is continuous. Consider the following diagram:

N N

N/Imf —Y% 4 /Imf

where, g, ¢’ are the quotient maps. For n € .4, we have (vogq)(n) = v([n]) = [v(n)] = ¢'(v(n)).
Hence the above diagram is commutative. If G is any open setin .4”'/Im f’ then by the definition
of quotient topology, ¢'~!(G) is open in .4". Since v is continuous, v~!(¢'~!(G)) is open in ..
Butv=!(¢'~(G)) = (¢'0v) 1(G) = (¥oq)"(G) = ¢ '(v7'(G)). Thus, ¢~ (v~ 1(G)) is open
in .#". Again, by the definition of quotient topology, v~ !(G) is open in .4 /Im f. Thus ¥ is

continuous, as desired. m|
Theorem 2.16. Let
/ U v "
0 M M M 0
f! f f"
0 JV ’ u’ JV ’U/ JV” 0

be a commutative diagram of £-module bundles and &-morphisms having locally constant rank,
with the rows exact. Then the following sequences

0 — ker f/ —— ker f —— ker f"

and

S ) N ) N

are exact, where u, U are restrictions of u, v, respectively, and v’', v’ are induced by ', v,

respectively.

Proof. By Lemma 2.15, the induced sequences are sequences of ¢-module bundles and
&-morphisms with constant rank. Now the theorem follows by observing exactness of fiber

sequences and applying the Lemma 2.3 O
Remark 2.17. Let
/ u v "
0 M M M 0
f f I
0 2 u’ % v 2 0

be a commutative diagram of £-module bundles and £-morphisms having locally constant rank,
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with the rows exact. Then by Theorem 2.16, the following sequences
0 — ker f/ —“ ker f —— ker f",
N Imf s ¥ Imf —S A" [Imf” =0

are exact. Now we define 0 : ker f” — '/Im f’ as follows. Let 2z € X. Consider any
m' € (ker f""),. Since v, is surjective, there exists a m, € .#, such that m”’ = v, (m). Now

v (fa(m)) = 0 fu(m)
= Jfiov(m) (- v'of=["0ou)
[ (Wa(m)) = £/ (m") (. w(m) =m")

v (fa(m)) = 0z (. m” €ker f").
Therefore f,(m) € kerv), C Imw/,. Thus we can find a n’ € N/, such that f,(m) = ul,(n"). We
define 9,(m”) = n’ + Im f,. Then 9 is a {-morphism with locally constant rank. 9 is called
boundary morphism or connecting morphism.

Theorem 2.18 (Snake lemma). Let .4, A be £-module bundles, #', V"' be submodule bundles
of M, N respectively and M" = M| M, N" = N | N be corresponding quotient module
bundles. Let

0 VA u A T M 0
I f I
0 2 u’ % ! W 0

be a commutative diagram of &-module bundles and &-morphisms, where u,u’ are inclusion
maps, 7,7 are quotient maps. Then the sequence

0 — ker f —% ker f —— ker f"" —2— N /Im f' —“— N [Imf —"— ¥ /Im f" — O
is exact, where u, v are restrictions of u, v, respectively, and u’ , v are induced by u', v,
respectively, and 0 is the boundary morphism.

Proof. Tt is enough to show that 9 is continuous. Let W be any open set in .4 /Im f’. Then
7 '(W) is open in 4" where m : A’ — #'/Imf’ is the quotient map. But then
T (W) = Wi n 4" for some open set W; in .4 as .#" has subspace topology. Since f is
continuous and 7 is an open map, 7(f~!(W;)) is openin .Z". So w(f~1(W;))N Ker f is open
in Ker f”. Now the proof will be complete if we show that 9~ (W) = =(f~'(W,)) N Ker f".
Let m” € 0~'Y(W). Then d(m”) = n’ +Im f, = m,(n’) € W for some z € X, where
n' = u'(n') = f(m) with 7(m) = m”. Son’ € n;' (W) = Wy n 4" C W;. Hence
f(m) = n’ € W; which implies that m € f~!'(W)). Som” = w(m) € n(f~'(W1)) N Ker f".
On the other hand let m” € 7(f~'(W;)) N Ker f'. Then m” = n(m) for some m € .# with
f(m) € W,. By definition of 9, d(m”) = n' 4+ Im f. = m,(n") where n’ = v'(n’) = f(m). So
n' € Wy N A" =77 (W). Hence d(m") = m;(n’) € W which means that m” € 9~'(W). O
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