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Abstract In this paper we wish to investigate some interesting results associated with the
comparative growth properties of composite p-adic entire functions using generalized relative
order («, ) and generalized relative lower order («,3), where a and 3 are continuous non-
negative functions defined on (—oco, +00).

1 Introduction, Definitions and Notations

Let us consider an algebraically closed field K of characteristic zero complete with respect
to a p-adic absolute value |-| (example C,). For any A € K and R €]0, +o0], the closed disk
{z € K: |z — A] < R} and the open disk {z € K : |z — A| < R} are denoted by d (A, R) and
d (A, R™) respectively. Also C'(A, r) denotes the circle {x € K : |z — A| = r}. Moreover A (K)
represents the K-algebra of analytic functions in K, i.e., the set of power series with an infinite
radius of convergence. For the most comprehensive study of analytic functions inside a disk or
in the whole field K, we refer the reader to the books [18, 19, 20, 22]. During the last several
years the ideas of p-adic analysis have been studied from different aspects and many important
results were gained (see [4] to [17]).

Let f € A(K) and r > 0, then we denote by |f| (r) the number sup {|f (x) | : |z| = r}
where |-| (r) is a multiplicative norm on A (K). Moreover, if f is not a constant, the | f| (r) is
strictly increasing function of r and tends to +oo with r, therefore there exists its inverse function

7]+ (IF (0)],00) = (0,00) with Tim [f] (s) = oc.

[¥]

For z € [0,00) and k € N, we define log™ z = log (log[k_l] :c) and exp*l z =

Oy = 2 and

exp (exp*~"z) where N is the set of all positive integers. We also denote log!
expl’) 2 = z. Throughout the paper, log denotes the Neperian logarithm. Taking this into ac-
count the (p, ¢)-th order and (p, ¢)-th lower order of an entire function f € A (K) are defined as

follows:

Definition 1.1. [8] Let f € A (K) and p, ¢ are any two positive integers. Then the (p, ¢)-th order
0”9 (f) and (p, q)-th lower order A9 (f) of f are respectively defined as:

(] (]
o (1) = timsup 2 1) 14 300 (1) = liminf! %810,
R rotoo ogld

Definition 1.1 avoids the restriction p > ¢ of the original definition of (p, ¢)-th order
(respectively (p, g)-th lower order) of entire functions introduced by Juneja et al. [21] in complex
context.

When ¢ = 1, we get the definitions of generalized order and generalized lower order
of an entire function f € A (K) which symbolize as o?) (f) and A\P) ( f) respectively. If p = 2
and ¢ = 1 then we write o>" (f) = o(f) and A® (f) = \(f) where o (f) and X (f) are
respectively known as order and lower order of f € A (K) introduced by Boussaf et al. [14].
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Now let L be a class of continuous non-negative functions « defined on (—oo, +00)
such that a(z) = a(zg) > 0 for x < z¢ with a(x) T 00 as © — +oo and a((1 + o(1))z) =
(1+o0(1))a(z) as * — +oo. We say that a € L, if o € L and a(cz) = (1 + o(1))a(z) as
xg < 2 — oo for each ¢ € (0, +00), i.e., a is slowly increasing function. Clearly L° C L.

The concept of generalized order («, 8) of entire function in complex context was in-
troduced by Sheremeta [23] where o, 8 € L. In complex context, several authors made close
investigations on the properties of entire functions related to generalized order («, 3) in some
different direction. For the purpose of further applications of generalized order («, 3) of en-
tire function in complex context, Biswas et al. [5, 6] rewrite the definition of generalized order
(o, B) of an entire function considering o, 3 € L°. For details about generalized order (v, 3)
and generalized lower order («, §), one may see [5, 6]. Considering theses ideas, Biswas et al.
[2, 3] have defined the generalized order («, 3) and generalized lower order («, 3) of an entire
function f € A (K) respectively in the following way:

Definition 1.2. [2, 3] Let f € A (K) and «, 8 € L°. The generalized order («, 3) and generalized
lower order (o, 3) of f denoted by 04, 5)[f] and (o g)[f] respectively are defined as:

o) = imsup?LD o 3 1) = liming 210D,

r—too  B(r) r+oo B(r)

If a(r) = log” r and B(r) = logl? r, then Definition 1.1 is a special case of Definition
1.2.

The notion of relative order was first introduced by Bernal [1]. In order to make some
progress in the study of p-adic analysis, Biswas [7] has introduced the definitions of relative
order o, (f) and relative lower order A, (f) of entire function f € A (K) with respect to another
entire function g € A (K) in the following way:

_ liminf 28191 (/1)

r—+00 10g r

0q (f) = limsupw and A\, (f)

7—+00 lo

In the case of relative order, it therefore seems reasonable to define suitably the gener-
alized relative order («, 3) of entire function belonging to .A (K). With this in view, Biswas et
al.[3] have introduced the definitions of generalized relative order («, 3) and generalized rela-
tive lower order («, 3) of an entire function f € A (K) with respect to another entire function
g € A(K) denoted by 04, 4)[f]g and \(4 ) [f]y respectively, in the follows way:

Definition 1.3. [3]. Let f, g € A(K) and o, 3 € L°. The generalized relative order (o, 3) and
generalized relative lower order («, 3) of f with respect to g denoted by ¢, 5)[f]g and A4, 5)[f]y
respectively are defined as:

sl = imsp P IUIOD) gi e BUT)

r—+00
Here, in this paper, we investigate some interesting results associated with the com-
parative growth properties of composite p-adic entire functions using generalized relative order
(o, 3) and generalized relative lower order (o, 3) where a, 3 € L°. Further we assume that
throughout the present paper o, o, 81, and 3, always denote the functions belonging to L°.

2 Lemma

In this section we present the following lemma which can be found in [13] or [14] and will
be needed in the sequel.

Lemma 2.1. Let f, g € A(K). Then for all sufficiently large positive numbers of r the following
equality holds

£ (@)l (r) = 1£1 (gl (r))-
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3 Main Results
In this section we present the main results of the paper.

Theorem 3.1. Let f, g, h € A (K) be such that 0(, 5,)[9] < Moy F1n < 0o 10 < +o0.

(%) If either B1(r) = Bexp(az(r)) where B is any positive constant or TETOO%(ZT(T)) = +o00,
then —
L (OS5 o))
"= reeexp(an ([AI(1£1(8; ! (logr)))))
(i) ]faz(ﬁl_l(r)) € L9 then
tim ©2(02(51 (0 ({1 (9)] (55 (log ) _
e explan([hI(1£1(8; (log )
Proof. Since ¢4, 5,)[9] < A(a,,)[f]n We can choose £(> 0) is such a way that
Q)9 & < Aar g fln — & ©-1)

Since |/h\\(r) is an increasing function of r, it follows from Lemma 2.1 and for all sufficiently
large positive numbers of r that

a1 (Jhl(1£(9)1(B5 ' (10g7)))) < (0(an. ) [ + )81 (191(85  (log 7)) 3.2)

Now the following three cases may arise .
Case L. Let 31(r) = Bexp(aa(r)) where B is any positive constant. Then we have from (3.2)
for all sufficiently large positive numbers of r that

ar([Rl(1£(9)1(8; ' (10g7)))) < Bloga, s fln + ) explaa(lgl(8; ' (logr))))

i.e., ar([hl(1£(9)I(B5 " (1og7)))) < Bloga sy [f1n + e)r(@eamlol+e), 3.3)

Case II. Let ET % = +o0. Then for all sufficiently large positive numbers of r, we get

from (3.2) that

a1 ([A(1£(9)](85 " (10g7)))) < (0 o) [f1n + £)r(@eamlsle), (3.4)

Case IIL Let o (5, '(r)) € L. Then for all sufficiently large positive numbers of 7 we get from
(3.2) that

az (B (en ([RI(1F(9)1(B5 " (log 1)) < (1 + 0(1))az(1g](8; " (log)))

ive., (B! (on ([RI(1F(9)I(B5 ! (log 7)) < rl!FeD)etonsalol ), (3.5

Also from the definition of \(,, 3,)[f]n, we get for all sufficiently large positive numbers of
that

exp(an ([h]( (87 (logr))))) = riersplfn=), (3.6)

Now combining (3.3) of Case I and (3.6) we get for all sufficiently large positive numbers of
r that

ar([l(F(@)I(B; (togr))) _ Bl@ayof]n + e)rtaearalo
explan (BI(IF1(5; (logr))) ~ O
Therefore in view of (3.1) it follows from (3.7) that

i 1 (107 (9)1(55 ! (10g 1))
rrteexp(on([hl(|£1(8 (logr)))))

(3.7)

=0.
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Similar conclusion can also be derived from (3.4) of Case II and (3.6).

Hence the first part of the theorem follows.

Further combining (3.5) of Case III and (3.6) we obtain for all sufficiently large positive
numbers of r that

a2 (87 (en (IR1(1 £ (9)1(85  (log )))))) < (10(1) (0(ay.5 [9]+2)
exp(ai ((h](1£](8;  (logr)))))  — renanlfn=e)

Therefore in view of (3.1) we get from above that

ax (87 (e ([R](1£(9)1(85 ' (log 7)))))

lim =0

oo exp(an (Jh](If1(8 (log 7))

Hence the second part of the theorem follows from above.
Thus the theorem follows. O

(3.8)

Theorem 3.2. Let f, g, h € A(K) be such that \(a, g,)[9] < Nay,p)[fIn < 0(ay,8) [f]n < oo

(i) If either B(r) = Bexp(ax(r)) where B is any positive constant or lim 2El22(r)

r—>+00 1(r = Too,

then

i 1 (IS @15 Gogr))) o

r=toeexp(a ([RI(1f1(8; ' (logr)))))
(i) If an(B; ' (r)) € LY, then

xp(aa (87 (i (JR](1£(9)] (35 (log7)))))))

liminf> —0.

r—+00 exp(a1(|/h\|(|f|(5fl(10gT)))))

The proof of Theorem 3.2 is omitted as it can be carried out in the line of Theorem 3.1.

Theorem 3.3. Let f, g, h € A(K) be such that 0 < Xo, g)[f]n < 0(ay,8)[f]n < Nan,anld) <
+o00.
(2) If either B (r) = Bexp(aa(r)) where B is any positive constant or lim %@f)ﬂ) =0, then

r—+00

o~

ar(Ih](|£(9)](85 '(logr))))

lim ,\ = +o00.

r=>+2oexp(ar (|hl (| £](B; ' (logr)))))
(i) If an(B; ' (r)) € LY, then

i ©P(02(8 (@ ({1 (9)] (5, (log ) _
e exp(aa(JRI(I£1(87 ! (log))))

Proof. Let us choose 0 < £ < A, ,)[f]n. Now for all sufficiently large positive numbers of r
we get from Lemma 2.1 that

a1 (Bl(1£(9)](8; " (1og))) = Aoy ) [f1n = €)1 (1l(8; ' (log 7)) (3.9)

Now the following three cases may arise.
Case L. Let 3, (r) = Bexp(ax(r)) where B is any positive constant. Then from (3.9) we obtain
for all sufficiently large positive numbers of r that

a1 (JBI(1F(9)1(85 " (1og ) = B(Aay ) [f]n — )rPioaswlel=2), (3.10)

Case II. Let lim % = 0. Then from (3.9) it follows for all sufficiently large positive

r—+00 nr
numbers of r that

a1 (Jhl(1(9)](B5 1 (10g7)))) > Ny ) [fln — )rPieammlel =), (3.11)



Growth analysis of p-adic entire functions - - - 573

Case IIL Let (3, '(r)) € L°. Then from (3.9) it follows for all sufficiently large positive
numbers of r that

ax (87 (@ (11 £(9)](8; ' (log7)))))) = (1 + o(1))ax(lg](8; ' (logT))

ice., exp(az (B (on ([BI(1F(9)I(B5 ' (log 7)) = o)A zaol o), (3.12)

Again from the definition of o, ,)[f]» We get for all sufficiently large positive numbers of
r that

exp(a ([1](| £(87 " (logr))))) < rleeranlflnte) (3.13)
Now combining (3.10) of Case I and (3.13) we get for all sufficiently large positive numbers
of r that R
o ([h](1 £ (9)I(35 ' (log)))) o B f]n — e)rPieasplol=e)
exp(a ([h](| £1(87 " (tlog))))) rleenmflnte)

Since 0(q,,8,)[f]n < A(as,8,) (9], it follows from above that

o ([BI(1 (9)I(535 ' (togr)))
= =exp(an ([hl(1£1(5;" (1o 7))

Similar conclusion can also be derived from (3.11) of Case II and (3.13).

Therefore the first part of the theorem follows.

Again combining (3.12) of Case III and (3.13) we obtain for all sufficiently large positive
numbers of » that

= +00.

exp(aa (8 ‘(a@\\(lf()(ﬂ (logr))))) o ritHet el
exp(a1(|h\(|f|([31 (10 ))))) B T(g(a]«ﬁl)[f]h‘ﬂ‘:)
e Tim exp(az(ﬂl‘l(al/(\ﬁz\\ﬂf( )I(85 ' (log ) _ .
e exp(au ([1[(| (8" (logr)))))

Therefore the second part of the theorem follows from above.
Hence the theorem follows. O

Theorem 3.4. Let f, g, h € A(K) be such that 0 < X4, g,)[f]n < Nas,5,)l9] < +oc.

(¢) If either B (r) = Bexp(aa(r)) where B is any positive constant or lir+n %&Y)) =0, then
T—+00

a1 ([hl(1f(9)I(8; ' (logr))))

lim sup L 1 = to0.
r—+oc exp(au (|2[(1f|(B; (logr)))))
(44) IfOéz(ﬁl_l (r)) € L then
i sap P28 (0 (L) (55 Togr)))

rtoo exp(a1 (|R|(I£1(8; " (logr)))))
The proof of Theorem 3.4 is omitted as it can be carried out in the line of Theorem 3.3.

Theorem 3.5. Let f, g, h € A(K) be such that 0 < X, g)[fln < 0(ay,p)[f]n < +oo and
0 < Man,g) 9] < Oanm)lg] < +o00.
(@) If B1(r) = aa(r), then

Nowsolfln Nesplel o an(Bl(S(9)](r)))
e 1) [FT T (18 (B2 ()
‘Q(Oélﬁl)[f]h

. )‘(az,ﬁz)[g] }
)\(alﬁl)[f]h

< min {Q(az,ﬁz)[g]a
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and

o (hl(£(9)](r)))
r—+00 al(\h|(|f‘(ﬁl_l(ﬂ2(r)))))

(a8 L1 (a8 19]
/\(Oélﬁl)[f]h

IN

Nar,g) 1 - Q(an 9] }

max § A(q, ,
Dl =22, T

(i) If Br(as (1)) € LO, then

—

Mol o (IO

—

Q(Oélﬁl)[f]h T_>+Ooal(|h|(‘f|(az_l<52(r>)))>

o~

(IS @I0) Lol

lim sup——=

rtoo oy (B f1(03 (B2(r))))) ~ Maws)lFln

(dii) I]Caz(ﬁfl(r)) € L0, then

Mazlo) _ oo con(B1 (o (B1S@)I()))
e alfln =742 oy (Rl £1(8 (B2(r)))
]

A

: (02,82)19 Q(azﬁﬁ[g]
min s

{ ANans) [f1n 7 080 [f]n }

A(az,fﬁ)[g] Q(azyﬁz)[g} }

/\(1341751)[Jc]h7 Q(al,ﬁl)[ﬂh
imsun 22080 (@1 (B @)I(r) _ Cansnl]
rteo al(‘h|(|f‘(ﬁ;1(62(7a)))) B /\(@1751)[f]h

Proof. From the definitions of generalized relative order (o, 51) and generalized relative lower
order (aq, 81) of f with respect to h, we have for all sufficiently large positive numbers of  that

<

<

max {

o~

ar([R(1f1(r)) < (e(a,s)f]n +€)Bi(r), (3.14)
ar([Rl(f1(r) = (Aay,pnlfIn —€)Bi(r) (3.15)

and also for a sequence of positive numbers of r tending to infinity we get that
ar([Bl(1£1(r)) = ((ar.pn [fln — €)Bi(r). (3.16)

Similarly for a sequence of positive numbers of r tending to infinity we obtain that
ar([RI(1£1(r)) < Ny, [fln +2)Bi(r). (3.17)

Now in view of Lemma 2.1, we have for all sufficiently large positive numbers of r that

ar (IR FDIF))) < (0,0 [+ €)B1(lgl(r) (3.18)

and also we get for a sequence of positive numbers of r tending to infinity that

an([B(1£(9)1(r))) < Aoy, [ + )81 (1] (1)) (3.19)

Similarly, in view of Lemma 2.1, it follows for all sufficiently large positive numbers of r
that

a1 ((RI(F(@1(1))) = Nay,o0 [ — )81 (1l (1) (3.20)

and also we obtain for a sequence of positive numbers of r tending to infinity that

a1 (R @1(1))) > (0,0 [F1n — €)B1(1g1(r))- (321
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Now the following two cases may arise:
Case L Let 3/ (r) = ay(r).

Now we have from (3.18) for all sufficiently large positive numbers of r that

ar (A F(@)())) < (0an,80 [f1h + ) (0(ar,0) 9] +€)Ba(r), (3.22)

and for a sequence of positive numbers of 7 tending to infinity that

i (R)(1f(9)](r))) < (060,80 11 +€)Nan,8)lg] +€)Ba(r). (3.23)

Also we obtain from (3.19) for a sequence of positive numbers of r tending to infinity that

ar (JR(FDI))) < Moy o [F1n + ) (0, [9] + €)Ba(r). (3.24)

Further it follows from (3.20) for all sufficiently large positive numbers of r that

a1 (JRI(IF(9)(7))) = oy [ =€) Aan 9] — €)B2(r), (3.25)

and for a sequence of positive numbers of r tending to infinity that

a1 ((hI(F(@)()) = Napsn [fln = €) (0@, [9] — £)B2(r). (3.26)

Moreover, we obtain from (3.21) for a sequence of positive numbers of 7 tending to infinity
that

ai([A(If (9)1(r))) = (a1 [fIn = €)Aar 9] = €)Ba(r). (327
Therefore from (3.15) and (3.22), we have for all sufficiently large positive numbers of r that

o~

a1([R[(1£(9)I(r)) < (0(,8) [f1n + €)(0(as,8))l9] + €)Ba(r)
ar ([RI(1F1(87 " (B2(r))) Aar g lfln = €)Ba(r)

timsup— A1 PIAS@I0)) et FIn - e lo].
rvoe an (I F1(87 (B2(r))))) Narn /T

Similarly from (3.16) and (3.22), it follows for a sequence of positive numbers of r tending
to infinity that

(3.28)

(AU @) (a0 lfn+ 2N ews o) +)Ba(r)

[
a1(|h|(‘f|(6;1(ﬁ2(r))))) (Q (au1,81) [f]h )ﬁ (T)

iminf— @) (3.29)
B ey d

In the same way also from (3.15) and (3.23), we obtain that

o ([BI(1(9)I()))  Cnsullle Nos]

lim inf < (3.30)
Py (R F1(B7 (B (1)) A, I
Similarly from (3.15) and (3.24), we get that
o ([hl(1£(9)|(r)))
lim inf < O(ay,8,)19]- 3.31)
G ) e
Thus from (3.29), (3.30) and (3.31), it follows that
o an((l(I£(9)()) : 0,80 10 * M, 19]
lim inf —— < Min s 9(a,,6,)19), . (3.32)
e T R G e
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Further from (3.14) and (3.25), we have for all sufficiently large positive numbers of r that

ailfh\l(lf( () (k] (Aar s [f1n = €)Aan) 9] — €)Ba(r)
ar(Ihl(1F187 (B2(r)))) (0(ar,8) [f1n +€)Ba(r)

Y

e Timin ar([hl(1f(9)](r) 5 M A o] (3.33)
=+ o ((h](1£1(87 (B())))) Qa8 f1n
Similarly, from (3.17) and (3.25) we obtain that
timsup— U@ oy (3.34)

r=toe aq ([R(1£1(87" (B2(r)))))
Likewise from (3.14) and (3.26), we get that

—~

a1 (|p](f(9)l(r))) Aarg) L f1n ~ 0(0n.80)19]

lim sup—— > (3.35)
r—+o0 on (Jh](IF1(B7" (B2(r))))) Qe ) FIn
Similarly from (3.14) and (3.27), we have that
. h(1£(9)](r)))
tim sup—1{ > Ao |9)- (3.36)
rtoe an (IS8T (Bar)))) —
Thus from (3.34), (3.35) and (3.36) it follows that
. 11(1£(9)](r)) Moo [ - 0(ar ) 19]
lim sup %O > max 3 A, 5,)[9], . (3.37)
r=+e0 (I £1(87 (Ba(r))))) Ve oo 50 I }

Therefore the first part of the theorem follows from (3.28), (3.32), (3.33) and (3.37).
Case II. Let B (a, ' (r)) € L°.

Now we have from (3.18) for all sufficiently large positive numbers of r that

ar ([hI(|£(9)](r)) (Q(arp0) [FTn + €)B1(07 (20, ) [9] + €)B2(r))
e, ar(IF@IE)) < (14 0(1) (o) [fIn + )1 (03 (Ba(r))) (3.38)

/N

Further from (3.20), it follows for all sufficiently large positive numbers of r that

a1 ((B(1£(9)(r))) = (14 0(1)Nay o) [l = ©)Bi (a5 (B:(7)). (3.39)

Now from (3.15) and (3.38), we have for all sufficiently large positive numbers of r that

o~

a1(h[(I£(9)I(r))) (1 + o(1))(e(ar,p0) [F]n + €)1 (a5 ' (Ba(r)))
ar([Rl(If1(a3 ' (B2(r)))) e [fln = €)Bi(ay ! (B2(r)))

e Timsu ar([hl(1£(9)](r) < Germlfln 340
i ar (B fl(as (Ba(m))))  NewanFIn 340

Also from (3.16) and (3.38) it follows for a sequence of positive numbers of r tending to
infinity that

a (Bl @I) (o)) @ aylfn +2)Bile; ' (1))
o ([BI(11(e3 " (B2(r))))) (ot 11 = )1 (05 (Ba(r)




Growth analysis of p-adic entire functions - - - 577

e timing_ 1 PIS@IOD) 341)
g (1103 (Ba()))

Further from (3.14) and (3.39), we have for all sufficiently large positive numbers of r that

o1 ([h(|£(9)](r)) o L+ 0(1))Aars) [fn = &)1 (Ba(r))

—

(I3 (B)) ~ (sl +2)Bilar (5a(r)))
e timinf— (LIS @I0)) 4 Aaon [ G42)
P (Bl 105 (5a(r))  ans T

Also from (3.17) and (3.39) it follows for a sequence of positive numbers of r tending to
infinity that

a1 ([B](If (9)](r))) o (L4 0(1))Aay ) [f1n — €) B (5" (Ba(r)))
h] AMan,solf]n +€)Bi(az ! (Ba(r)))

ar([pl(1f1(az " (Ba(7)))))
i.e., limsu o ((1f(9)1(r))) > 1. (3.43)

rotoe ar([BI( f1(a5 (1))
Hence the second part of the theorem follows from (3.40), (3.41), (3.42) and (3.43).

Case IIL Let (3, (r)) € L°.

Then we have from (3.18) for all sufficiently large positive numbers of r that

(B (@ (11 £(9)| (1)) < (14 0(1)(0(an ) [9] +2)Ba(r), (3.44)
and for a sequence of positive numbers of r tending to infinity that
a2 (87 (@ (I F(9)I (1)) < (14 0(1)(Nas o) l9] +2)Ba (7). (3.45)
Further, it follows from (3.20) for all sufficiently large positive numbers of r that
(B (@ (I £(9)| (1)) = (1 + 0(1)) Aan ) 0] — £)Ba(r), (3.46)
and for a sequence of positive numbers of r tending to infinity that
(B (@ (R F(9)] (1)) = (14 0(1)(0(as 0 [9] — €)Ba(r): (3.47)

Now from (3.15) and (3.44), we have for all sufficiently large positive numbers of r that

a8 ea (RIS _ (1 + (D) (@(as 5191 +£)5a(r)
an((hl(£187 (Ba(r)))) a0 [fIn —€)Ba(r)

i sup 228 @ (AUF@I)) _ Cleaplo]
1m sup — < .
oo (RIS (B(r)) Al

Also from (3.16) and (3.44) it follows for a sequence of positive numbers of r tending to
infinity that

i.e.,

(3.48)

a3 @ (RIS @I1))) (14 0())(0(0s o] +)(r)
o (BI(F15 (Ba(r))) Clann T — £)32(0)

e Timinf @2 @IS @)I())) - 2asilo]

_ < . (3.49)
r=4 o (R8T (Ba(r))) Clansnlfls
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Similarly from (3.15) and (3.45), we obtain that

o228 (@1 (R £ @)]()))) ¢ o o] (350)
(Rl Ba()) Al

Thus from (3.49) and (3.50) it follows that

ax (87 (en ([RI(1f(9)1(r))))) <min{ Q9] Aansn)l9] } (3.51)

lim inf , .
Oar ) 11" Ao 1

T—+00 al(m(‘ﬂ(ﬁfl(ﬁz(r))))

Further from (3.14) and (3.46), we have for all sufficiently large positive numbers of r that

az(ﬁfi(al(\/h\l(lf(g)\(r))))) o (L4 0(1)) Ao ) 9] — €)a(r)
ar([R[(IF1B7 (B (7)) (0(a, )1y +€)Ba(r)

e Himinp 2B (@ (BI(£(9)| (1)) o Naxsylo] (3.52)
Tty (IR(F187 (B2(r)  Clensl s

Also from (3.17) and (3.46) it follows for a sequence of positive numbers of r tending to
infinity that

aa (87 (e (AIF @) - (14 0(1) Aay L) — £)Ba(r)
ar(RUAB7 (B) — Quarslfls )50

—1 T
ie. hmsupaz(ﬁlA(al(Ihl(\lf(g)I(T))))) 5 A, ESI0 (3.53)
oo an(BI(AIBT (B()) My
Similarly from (3.14) and (3.47), we obtain that

i s 228 @ (AIAS@I() - e )19 50
e oSG (Ba) - Cannlls
Thus from (3.53) and (3.54) it follows that

s ax (87 (e (IRI(1£(9)1(r)))) max Nas,) 9] 0(as,)ld]
1'"_>j°£ 041(|/h\|(\f|(51_1(ﬂ2(7’)))) = m {A(alaﬁl)[f]f’ Q(Oélﬁl)[f]f }

(3.55)

Thus the third part of the theorem follows from (3.48), (3.51), (3.52) and (3.55). O

Theorem 3.6. Let f, g, h, k € A(K) be such that 0 < X, g)[fln < 0(ay,8)fIn < +o0,

0< )‘(Oéz ﬂz)[ ] = Q(OQﬁz)[g] < +ooand0 < )‘(azﬂz)[g]k < Q((Xzﬂz)[g]k < +o0.
(@) If B1(r) = aa(r), then

)‘(al,ﬁl)[f]h ) )‘(azﬁﬁz)[g]

A

i ing @ (7107 (9)1()

O(as,5) 91k ot an([E[(lgl(r)))
: O(ay, 51)[f]h )‘(a? ﬁz)[ ] A(alyﬁlﬂf}h ) Q(azﬁﬁz)[g]
< mln{ Now i 9k ) Y }
and
max { )‘(ahﬁl)[f]h : Q(azyﬁz)[g] Q(Oélﬁl)[f]h ’ )‘(042’52)[9] } < lim sup (|/h\|(|f( )|(T)))
O(cr, ) (91K ’ Qa2 91k T e a([E[(Jgl(r))
< 2s)lfln - 0 ) [9]

)\(az,ﬁz) [g]k
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(i) If Br(as (1)) € LY, then

Maolfln e a1 W)I(0)) .
Oen,) (91~ T s ([KI(191(85 ! (Bi (a7 ' (Ba(r)))))
(O fln Ayl fln
mm{ O, 5) [0k Man.r) [g]k} =
(ar,8) Lf]n )\al,ﬁl [f]n
max { i N le ) S
limsup a1 ([hl(1(9)1(r)) < Qanslfln
r=ee an([kl(191(85 " (Bi (a3 (B(r))))) ~ Aoasm 9l
(i4i) If o (B (r)) € LO, then
Az, 9] <hminfaz(ﬂfl(al(j”b\l(lf(g)l(r))))) <mm{ Qenmlg]l Mansnldl }<
Oan,)lglk — oo s ([E[(lg](r))) h Qe 91k Nangl9li S
max{ Oar,52)9] Moz l9] } - hmsupaz(ﬂf‘(m(I/h\l(\f(g)l(r))))) < Qepmlal
‘9(042’52)[9}19’ )‘<042’/32)[g]k oo a2(|//<:\|(|g|(r))) B )‘(azyﬁz)[g]k

The proof of Theorem 3.6 is omitted as it can be carried out in the line of Theorem 3.5.
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