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Abstract In this paper, we generalize linear canonical curvelet transform to quaternion -
valued signals, known as quaternion linear canonical curvelet transform (QLCCT). Firstly, we
investigate Parseval’s formula, Inversion formula and characterization of range. Finally, we have
formulated a couple of Heisenberg’s Uncertainty principle’s associated with quaternion linear
canonical curvelet transform.

1 Introduction

In the early 1970’s, a promising linear integral transform namely linear canonical transform was
independently introduced by Collins [17] in paraxial optics, and Moshinsky and Quesne [29] in
quantum mechanics to study the conservation of information and uncertainty under linear maps
of phase space. The LCT can be regarded as generalization of many mathematical transforms
such as the classical Fourier transform, Fresnel Transform and the fractional Fourier transform
[31, 30]. It plays an important role in many fields like signal processing and optics and serves as
a magnanimous analysing tool [7, 32, 29]. For more about LCT and its application we refer to
[1, 8, 2, 22, 17, 29, 34, 20, 35, 36].

In the domain of higher dimensional signal processing the quality of wavelet transform tends
to decrease because of the fact that the wavelet transform uses isotropic scaling in dimension
n ≥ 2. These isotropic scalings are rather weak and incompetent to capture the edges and corners
in higher dimensional signals appearing due to its spatial occlusion between different objects, as
for example, in medical imaging curves separate bones and various other soft tissues. Therefore,
the key problem in multidimensional signal analysis is to extract and characterize the relevant and
directional information regarding the occurrence of boundaries and curves in signals. To address
these limitations of wavelet transform, some off-shoots of the wavelet transform, like ridgelet
transform [11], curvelet transform [14, 15], contourlet transform [19] and shearlet transform
[27], have been introduced.

Inspired by the results of two- dimensional wavelet transform and Stockwell transform, a rel-
atively new two dimensional multi scale integral transform, which is named as the curvelet trans-
form, has appeared in time frequency analysis was introduced by Candes and Donoho [14, 15].
This transform is a higher dimensional generalization of the wavelet transform designed to rep-
resent images at different scales and different angles. This transform is widely applied in image
processing such as image denoising, imaging in astrophysics, morphological component analy-
sis and seismic imaging. Like the wavelet transform and Stockwell transform , the translations,
dilations and rotations are built into the genesis of the curvelet transform. The important differ-
ence of curvelet transform from the wavelet transform and Stockwell transform lies in the fact
that non isotropic instead of isotropic dilations are used. For more about curvelets, we refer to
[16, 28, 12, 13].

The article is organised as follows: In section 2 we present basic notions and preliminaries
for quaternion linear canonical curvelet transform. Section 3 initiates the notion of quaternion
linear canonical curvelet transform and deciphers some results comprising Parseval’s formula,
Inversion formula and characterization of range. Towards the culmination of the paper, we have
formulated a couple of Heisenberg’s uncertainty principle’s for linear canonical curvelet trans-
form in quaternion domain.
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2 Basic notions and preliminaries

It was in 1843, the theory of quaternion algebra was initiated by the Irish mathematician W. R.
Hamilton and is denoted by H in his honour. The quaternion algebra is an associative, non com-
mutative four dimensional algebra that serves as an extension of the ordinary complex number
system. The quaternion algebra H over R is given by

H =
{
h = a0 + i a1 + j a2 + k a3 : a0, a1, a2, a3 ∈ R

}
,

where i, j, k are the three imaginary units, follow the Hamilton’s multiplication rules

ij = −ji = k, jk = −kj = i , ki = −ik = j , and i2 = j2 = k2 = ijk = −1.

For a quaternion h = a0 + i a1 + j a2 + k a3 ∈ H, a0 is called scalar part of h denoted by Sc(h)

and a pure quaternion h denoted by V ec(h) = i a1 + j a2 + k a3.
For quaternions

h1 = a0 + i a1 + j a2 + k a3

and
h2 = b0 + i b1 + j b2 + k b3,

the addition is defined component wise as

h1 + h2 = (a0 + b0) + (a1 + b1) i+ (a2 + b2) j + (a3 + b3) k

Also the multiplication is defined as

h1h2 = (a0b0 − a1b1 − a2b2 − a3b3) + i (a1b0 + a0b1 + a2b3 − a3b2)

+ j(a0b2 + a2b0 + a3b1 − a1b3) + k (a0b3 + a3b0 + a1b2 − a2b1).

For a quaternion h = a0 + i a1 + j a2 + k a3, the conjugate and norm are respectively given
by h = a0 − i a1 − j a2 − k a3 and ‖h‖H = hh =

√
a0

2 + a1
2 + a2

2 + a3
2. Also the arbitrary

quaternion h can be represented by two complex numbers as h = (a0 + i a1 + j (a2 − i a3) =
f1 + j f2, where f1, f2 ∈ C and hence h = f1 − j f2, where f1 denoting the complex conjugate
of f1. The inner product of any two quaternions f = f1 + j f2 and g = g1 + j g2 in H is defined
by

〈f, g〉H =
(
f1g1 + f2g2

)
+ j

(
f2g1 − f1g2

)
.

By virtue of Cayley’s-Dickson representation a quaternion valued function f : R2 → H
can be decomposed as f(x) = f1 + j f2, where f1, f2 are both complex valued functions. The
quaternion Fourier transform is defined in a similar way as the classical Fourier transform of the
two dimensional functions. The non commutativity property of the quaternion multiplication
allows us to have three different definitions of quaternion Fourier transform. Here we only
introduce two sided QFT. For more details, we refer to [6, 18, 23].

Definition 2.1. [24] Let f ∈ L1(R2,H) ∩ L2(R2,H) be any quaternion valued function, the two
sided quaternion Fourier transform (QFT) is denoted by Fq and is given by

Fq
[
f(x)

]
(ω) = f̂(ω) =

∫
R2
e−ix1ω1f(x) e−jx2ω2 dx. (2.1)

where x = (x1, x2), ω = (ω1, ω2), dx = dx1dx2 and the quaternion exponential e−ix1ω1 and
e−jx2ω2 are the quaternion Fourier kernels. The correlated inversion formula is given by

f(x) =
1

(2π)2

∫
R2
eix1ω1f(ω) ejx2ω2 dω. (2.2)
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Now we recall the definition of quaternion linear canonical transform (QLCT). Due to the non-
commutativity property of quaternion multiplication, quaternion linear canonical transform are
classified into three different types as; left-sided QLCT, right-sided QLCT and two sided QLCT.
In this article we will use two sided QLCT [4, 26] .

Definition 2.2. Let Ms =

[
as bs

cs ds

]
∈ R2×2 be a real matrix parameter such that det (Ms) = 1,

for s = 1, 2. The two sided QLCT of f ∈ L2(R2,H) is defined by

LHM1,M2

[
f(x)

]
(ω) =


∫
R2 K

i
M1

(x1, ω1) f(x)K
j
M2

(x2, ω2)dx, b1b2 6= 0

√
d1d2e

ic1d1
2 ω2

1f(d1ω1, d2ω2)e
jc2d2

2 ω2
2 , b1b2 = 0

where x = (x1, x2), ω = (ω1, ω2). The quaternion kernels Ki
M1

(x1, ω1),K
j
M2

(x2, ω2) are re-
spectively given by

Ki
M1

(x1, ω1) =
1√

2πb1
exp

{
i

2b1

[
a1x

2
1 − 2x1ω1 + d1ω

2
1
]}

and

Kj
M2

(x2, ω2) =
1√

2πb2
exp

{
j

2b2

[
a2x

2
2 − 2x2ω2 + d2ω

2
2
]}

.

For the case b1b2 = 0, the QLCT of a signal is essentially a quaternion chirp multiplication. So
in this paper, we only consider the case b1b2 6= 0.
The correlated inversion formula for the two sided QLCT is given by

f(x) =

∫
R2
Ki
M1

(x1, ω1)LHM1,M2

[
f
]
(ω)Kj

M2
(x2, ω2) dω. (2.3)

Also the Parseval’s formula for the QLCT is given by [4]〈
LHM1,M2

[f ], LHM1,M2
[g]
〉
L2(R2,H)

=
〈
f, g
〉
L2(R2,H)

(2.4)

We now recall the definition of linear canonical curvelet transform [25].

Definition 2.3. For M =

(
a b

c d

)
∈ R2×2 be a matrix with parameters satisfying det(M) =

ad − bc = 1. Then linear canonical curvelet transform of a signal f ∈ L2(R2), is defined as the
integral transform

(ΓMf)(α,β, θ) =

∫
R2

f(x)ΓMα,β,θ(x)dx, (2.5)

where x = (x1, x2), α ∈ (0, a0),β ∈ R2, θ ∈ (−π, π) and ΓMα,β,θ(x) is given by

Γ
M
α,β,θ(x) = Γα,0,0(Rθ(x− β)) exp

{
ia

b
xT (β − x)

}
.
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3 Quaternion Linear Canonical Curvelet Transform (QLCCT)

In this section, we generalize linear canonical curvelet transform [25], to quaternion- valued
signals , known as quaternion linear canonical curvelet transform.

Definition 3.1. Let M1 = (a1, b1, c1, d1) and M2 = (a2, b2, c2, d2) be two parameters satisfying
det(Ms) = asds − bscs = 1, s = 1, 2 then the quaternion linear canonical curvelet transform of
a signal f ∈ L2(R2,H) is defined by

(ΓMs

H f)(α,β, θ) =

∫
R2

f(x)ψMs

α,β,θ(x)dx. (3.1)

where

ψMs

α,β,θ(x) = exp
{
ia1

b1
x1(β1 − x1)

}
ψα,0,0(Rθ(x− β)) exp

{
ja2

b2
x2(β2 − x2)

}
. (3.2)

Definition 3.2. (Admissibility Condition). A function ψ ∈ L2
(
R2, H

)
is said to be admissible

if

Cψ =

ao∫
0

π∫
−π

∣∣∣LHM1,M2

[
ψMs

α,β,θ(x)
]
(ω)
∣∣∣2 dθdα. (3.3)

Lemma 3.3. The two sided quaternion LCT of ψMs

α,β,θ(x), defined in (3.2) is given by

LHM1,M2
[ψMs

α,β,θ(x)](ω) =
1

2π
√
b1b2

exp
{

i

2b1
[d1ω

2
1 − 2β1(ω1 − a1β1)− a1β

2
1 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}
.

Proof. We have

LHM1,M2
[ψMs

α,β,θ(x)](ω)

=

∫
R2

Ki
M1

(x1, ω1)ψ
Ms

α,β,θ(x)K
j
M2

(x2, ω2)dx

=

∫
R2

1√
2πb1

exp
{

i

2b1

[
a1x

2
1 − 2x1ω1 + d1ω

2
1
]}

× exp
{
ia1

b1
x1(β1 − x1)

}
ψα,0,0

(
Rθ(x− β)

)
exp

{
ja2

b2
x2(β2 − x2)

}
× 1√

2πb2
exp

{
j

2b2

[
a2x

2
2 − 2x2ω2 + d2ω

2
2
]}

dx1dx2

=
1

2π
√
b1b2

∫
R2

exp
{

i

2b1

[
a1x

2
1 − 2x1ω1 + d1ω

2
1
]}

× exp
{
ia1

b1
x1(β1 − x1)

}
ψα,0,0

(
Rθ(x− β)

)
exp

{
ja2

b2
x2(β2 − x2)

}
× exp

{
j

2b2

[
a2x

2
2 − 2x2ω2 + d2ω

2
2
]}

dx1dx2

=
1

2π
√
b1b2

∫
R2

exp
{

i

2b1

[
− (2x1ω1 − 2a1x1β1) + d1ω

2
1
]}
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× exp
{
−ia1

2b1
x2

1

}
ψα,0,0

(
Rθ(x− β)

)
exp

{
−ja2

2b2
x2

2

}
× exp

{
j

2b2

[
− (2x2ω2 − 2a2x2β2) + d2ω

2
2
]}

dx1dx2

=
1

2π
√
b1b2

exp
{

i

2b1
(d1ω

2
1)

}∫
R2

exp
{
i

b1

[
− x1(ω1 − a1β1)

]}

× exp
{
−ia1

2b1
x2

1

}
ψα,0,0

(
Rθ(x− β)

)
exp

{
−ja2

2b2
x2

2

}
× exp

{
j

b2

[
− x2(ω2 − a2β2)

]}
dx1dx2 exp

{
j

2b2
(d2ω

2
2)

}
=

1
2π
√
b1b2

exp
{

i

2b1
(d1ω

2
1)

}∫
R2

exp
{
−ix1

(
ω1 − a1β1

b1

)}

× exp
{
−ia1

2b1
x2

1

}
ψα,0,0

(
Rθ(x− β)

)
exp

{
−ja2

2b2
x2

2

}
× exp

{
−jx2

(
ω2 − a2β2

b2

)}
dx1dx2 exp

{
j

2b2
(d2ω

2
2)

}
=

1
2π
√
b1b2

exp
{

i

2b1
(d1ω

2
1)

}∫
R2

exp
{
−i(y1 + β1)

(
ω1 − a1β1

b1

)}

× exp
{
−ia1

2b1
(y1 + β1)

2
}
ψα,0,0

(
Rθy

)
exp

{
−ja2

2b2
(y2 + β2)

2
}

× exp
{
−j(y2 + β2)

(
ω2 − a2β2

b2

)}
dy1dy2 exp

{
j

2b2
(d2ω

2
2)

}
=

1
2π
√
b1b2

exp
{

i

2b1
d1ω

2
1 −

i

b1
β1(ω1 − a1β1)

}
×
∫
R2

exp
{
−iy1

(
ω1 − a1β1

b1

)}
exp

{
−ia1

2b1
(y1 + β1)

2
}
ψα,0,0

(
Rθy

)
× exp

{
−ja2

2b2
(y2 + β2)

2
}

exp
{
−jy2

(
ω2 − a2β2

b2

)}
× dy1dy2 exp

{
j

2b2
d2ω

2
2 −

j

b2
β2(ω2 − a2β2)

}
=

1
2π
√
b1b2

exp
{

i

2b1
[d1ω

2
1 − 2β1(ω1 − a1β1)− a1β

2
1 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))

exp
{
−ja2

b2
(y2

2 + 2y2β2)

}]
× exp

{
j

2b2
[d2ω

2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}
.

This completes the proof.

Theorem 3.4. ( Parseval’s Formula) Suppose that ψ ∈ L2(R2,H) be admissible , then for every
f, g ∈ L2(R2,H), we have〈

(ΓMs

H f), (ΓMs

H g)
〉
L2(G,H)

= b1b2 Cψ〈f, g〉L2(R2,H). (3.4)
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Where G = (0, a0)×R2 × (−π, π) and Cψ is admissibility given by (3.3).

Proof. By Parseval’s formula for the two sided quaternion linear canonical transform and using
lemma (3.3), we have

〈
(ΓMs

H f), (ΓMs

H g)
〉
L2(G,H)

=

∫
G

[ΓMs

H f ](α,β, θ)[ΓMs

H g](α,β, θ)dαdβdθ

=

∫
G

〈
f, ψMs

α,β,θ

〉
L2(R2,H)

〈
g, ψMs

α,β,θ

〉
L2(R2,H)

dαdβdθ

=

∫
G

〈
LHM1,M2

[
f
]
,LHM1,M2

[
ψMs

α,β,θ(x)
]〉
L2(R2,H)

×
〈
LHM1,M2

[
g
]
,LHM1,M2

[
ψMs

α,β,θ(x)
]〉
L2(R2,H)

dαdβdθ

=

∫
G


∫
R2

LHM1,M2

[
f
]
LHM1,M2

[
ψMs

α,β,θ(x)
]
dω

∫
R2

LHM1,M2

[
g
]
LHM1,M2

[
ψMs

α,β,θ(x)
]
dω′

 dαdβdθ

=

∫
G


∫
R2

LHM1,M2

[
f
]
LHM1,M2

[
ψMs

α,β,θ(x)
]
dω

∫
R2

LHM1,M2

[
ψMs

α,β,θ(x)
]
LHM1,M2

[
g
]
dω′

 dαdβdθ

=
1

4π2b1b2

∫
G

∫
R2

∫
R2

LHM1,M2

[
f
]
exp

{
i

2b1
[d1ω2

1 − 2β1(ω1 − a1β1)− a1β2
1 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω2

2 − 2β2(ω2 − a2β2)− a2β2
2 ]

}
× exp

{
i

2b1
[d1ω

′2
1 − 2β1(ω

′
1 − a1β1)− a1β

2
1 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
× LHM1,M2

[
g
]
dωdω′dαdβdθ

=
1

4π2b1b2

∫
G

∫
R2

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{
−i
2b1

[d1ω
2
1 − 2β1(ω1 − a1β1)− a1β

2
1 − d1ω

′2
1 + 2β1(ω

′
1 − a1β1) + a1β

2
1 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]
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× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
LHM1,M2

[
g
]
dωdω′dαdβdθ

=
1

4π2b1b2

∫
G

∫
R2

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{
−i
2b1

[d1(ω
2
1 − ω′

2

1 )− 2β1(ω1 − ω′1]
}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
LHM1,M2

[
g
]
dωdω′dαdβdθ

=
1

4π2b1b2

ao∫
0

π∫
−π

∫
R

∫
R2

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{
−id1

2b1
(ω2

1 − ω′
2

1 )

}∫
R

exp
{
iβ1

b1
(ω1 − ω′1)

}
dβ1

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
LHM1,M2

[
g
]
dωdω′dβ2dθdα

=
1

4π2b1b2

ao∫
0

π∫
−π

∫
R

∫
R2

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{
−id1

2b1
(ω2

1 − ω′
2

1 )

}
b1δ(ω1 − ω′1)

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
LHM1,M2

[
g
]
dωdω′dβ2dθdα

=
1

4π2b2

ao∫
0

π∫
−π

∫
R

∫
R

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

×
∫
R

exp
{
−id1

2b1
(ω2

1 − ω′
2

1 )

}
δ(ω1 − ω′1)dω′1
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×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
LHM1,M2

[
g
]
dωdω′2dβ2dθdα

=
1

4π2b2

ao∫
0

π∫
−π

∫
R

∫
R

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× exp
{

j

2b2
[d2ω

′2
2 − 2β2(ω

′
2 − a2β2)− a2β

2
2 ]

}
LHM1,M2

[
g
]
dωdω′2dβ2dθdα

=
1

4π2b2

ao∫
0

π∫
−π

∫
R

∫
R

∫
R2

LHM1,M2

[
f
]

× exp
{
−j
2b2

[d2ω
2
2 − 2β2(ω2 − a2β2)− a2β

2
2 − d2ω

′2
2 + 2β2(ω

′
2 − a2β2) + a2β

2
2 ]

}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× LHM1,M2

[
g
]
dωdω′2dβ2dθdα

=
1

4π2b2

ao∫
0

π∫
−π

∫
R

∫
R

∫
R2

LHM1,M2

[
f
]

exp
{
−j
2b2

[
d2(ω

2
2 − ω′

2

2 )− 2β2(ω2 − ω′2)
]}

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

×Fq

[
exp

{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω′ − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]

× LHM1,M2

[
g
]
dωdω′2dβ2dθdα

=
1

4π2b2

ao∫
0

π∫
−π

∫
R

∫
R2

LHM1,M2

[
f
]

exp
{
−jd2

2b2
(ω2

2 − ω′
2

2 )

}∫
R

exp
{
jβ2

b2
(ω2 − ω′2)

}
dβ2

×

∣∣∣∣∣Fq
[

exp
{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]∣∣∣∣∣
2

× LHM1,M2

[
g
]
dωdω′2dθdα

=
1

4π2b2

ao∫
0

π∫
−π

∫
R

∫
R2

LHM1,M2

[
f
]

exp
{
−jd2

2b2
(ω2

2 − ω′
2

2 )

}
b2δ(ω2 − ω′2)
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×

∣∣∣∣∣Fq
[

exp
{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]∣∣∣∣∣
2

× LHM1,M2

[
g
]
dωdω′2dθdα

=
1

4π2

ao∫
0

π∫
−π

∫
R2

LHM1,M2

[
f
] ∫
R

exp
{
−jd2

2b2
(ω2

2 − ω′
2

2 )

}
δ(ω2 − ω′2)dω′2

×

∣∣∣∣∣Fq
[

exp
{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]∣∣∣∣∣
2

× LHM1,M2

[
g
]
dωdθdα

=
1

4π2

ao∫
0

π∫
−π

∫
R2

LHM1,M2

[
f
]

×

∣∣∣∣∣Fq
[

exp
{
−ia1

b1
(y2

1 + 2y1β1)

}
ψα,0,0

(
Rθ

(
ω − aβ

b

))
exp

{
−ja2

b2
(y2

2 + 2y2β2)

}]∣∣∣∣∣
2

× LHM1,M2

[
g
]
dωdθdα

=
1

4π2 (2π
√
b1b2)

2
∫
R2

LHM1,M2

[
f
] ao∫

0

π∫
−π

∣∣∣LHM1,M2

[
ψMs

α,β,θ(x)
]
(ω)
∣∣∣2 dθdαLHM1,M2

[
g
]
dω

= b1b2Cψ
〈
LHM1,M2

[
f
]
,LHM1,M2

[
g
]〉
L2(R2,H)

= b1b2Cψ 〈f, g〉L2(R2,H) .

This completes the proof.

Corollary 3.5. For f = g, we have the following identity:∫
G

∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2 dαdβdθ = b1b2Cψ||f ||2L2(R2,H). (3.5)

Now we prove the inversion formula for the quaternion linear canonical curvelet transform
using parseval’s formula.

Theorem 3.6. (Inversion Formula). Suppose that ψ ∈ L2(R2,H), then any quaternion signal
f ∈ L2(R2,H) can be reconstructed from the quaternion linear canonical transform

[
Γ
Ms

H f
]
(α,β, θ)

by the following formula:

f(x) =
1

b1b2Cψ

π∫
−π

∫
R2

ao∫
0

[
Γ
Ms

H f
]
(α,β, θ)ψMs

α,β,θ(x)dαdβdθ. (3.6)

Proof. By parseval’s formula for QLCCT, for any arbitrary g ∈ L2(R2,H), we have

b1b2Cψ 〈f, g〉L2(R2,H) =

∫
G

[ΓMs

H f ](α,β, θ)[ΓMs

H g](α,β, θ)dαdβdθ

=

∫
G

[ΓMs

H f ](α,β, θ)
〈
g, ψMs

α,β,θ(x)
〉
L2(R2,H)

dαdβdθ

=

∫
G

[ΓMs

H f ](α,β, θ)
〈
ψMs

α,β,θ(x), g
〉
L2(R2,H)

dαdβdθ
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=

∫
G

[ΓMs

H f ](α,β, θ)

∫
R2

ψMs

α,β,θ(x)g(x)dxdαdβdθ

=

∫
R2

∫
G

[ΓMs

H f ](α,β, θ)ψMs

α,β,θ(x)dαdβdθg(x)dx

=

〈∫
G

[ΓMs

H f ](α,β, θ)ψMs

α,β,θ(x)dαdβdθ, g(x)

〉
L2(R2,H)

.

where we use Fubini’s theorem to obtain second last inequality. Therefore, we have

b1b2Cψf(x) =

∫
G

[ΓMs

H f ](α,β, θ)ψMs

α,β,θ(x)dαdβdθ

or f(x) =
1

b1b2Cψ

π∫
−π

∫
R2

ao∫
0

[
Γ
Ms

H f
]
(α,β, θ)ψMs

α,β,θ(x)dαdβdθ.

This completes the proof.

In the next theorem we shall present a complete "characterization of range"of the pro-
posed quaternion linear canonical curvelet transform.

Theorem 3.7. (Characterization of Range) If f ∈ L2
(
R2 × (0, a0)× [−π, π]

)
, then f is the

QLCCT of a certain square integrable function if and only if

f(α′,β′, θ′) =
1

b1b2 Cψ

∫
G

f(α,β, θ)
〈
ψMs

α,β,θ, ψ
Ms

α′,β′,θ′

〉
dαdβdθ. (3.7)

Proof. Let f belongs to the range of proposed transform Γ
Ms

H . Then there exists a square inte-

grable function g such that
[
Γ
Ms

H g
]
= f . In order to show that f satisfies (3.7), we go forward

by using inversion formula as

f(α′,β′, θ′) =
[
Γ
Ms

H g
]
(α′,β′, θ′)

=

∫
R2

g(x)ψMs

α′,β′,θ′(x)dx

=

∫
R2

1
b1b2Cψ

∫
G

[
Γ
Ms

H g
]
(α,β, θ)ψMs

α,β,θ(x)dαdβdθψ
Ms

α′,β′,θ′(x)dx

=
1

b1b2Cψ

∫
G

∫
R2

[
Γ
Ms

H g
]
(α,β, θ)ψMs

α,β,θ(x)ψ
Ms

α′,β′,θ′(x)dxdαdβdθ

=
1

b1b2Cψ

∫
G

[
Γ
Ms

H g
]
(α,β, θ)


∫
R2

ψMs

α,β,θ(x)ψ
Ms

α′,β′,θ′(x)dx

 dαdβdθ

=
1

b1b2Cψ

∫
G

[
Γ
Ms

H g
]
(α,β, θ)

〈
ψMs

α,β,θ, ψ
Ms

α′,β′,θ′

〉
L2(R2,H)

dαdβdθ

=
1

b1b2Cψ

∫
G

f(α,β, θ)
〈
ψMs

α,β,θ, ψ
Ms

α′,β′,θ′

〉
L2(R2,H)

dαdβdθ.
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Conversely suppose that f satisfies (3.7). Then we show that there exists a function g ∈
L2(R2,H) satisfying

[
Γ
Ms

H g
]
= f . Consider

g(x) =
1

b1b2Cψ

∫
G

f(α,β, θ)ψMs

α,β,θdαdβdθ.

First, we show that g ∈ L2(R2,H).Therefore, we have

||g||2L2(R2,H) =

∫
R2

g(x)g(x)dx

=

∫
R2

 1
b1b2Cψ

∫
G

f(α,β, θ)ψMs

α,β,θdαdβdθ


×

 1
b1b2Cψ

∫
G

f(α′,β′, θ′)ψMs

α′,β′,θ′dα
′dβ′dθ′

 dx

=
1

b1b2Cψb1b2Cψ

∫
G

∫
G

f(α,β, θ)

(∫
R2

ψMs

α,β,θψ
Ms

α′,β′,θ′dx

)
dαdβdθ

× f(α′,β′, θ′)dα′dβ′dθ′

=
1

b1b2Cψb1b2Cψ

∫
G

∫
G

f(α,β, θ)
〈
ψMs

α,β,θ, ψ
Ms

α′,β′,θ′

〉
dαdβdθ

× f(α′,β′, θ′)dα′dβ′dθ′

=
1

b1b2Cψ

∫
G

f(α′,β′, θ′)f(α′,β′, θ′)dα′dβ′dθ′

=
1

b1b2Cψ
||f ||2L2(R2,H).

Besides , as a result of the renowned Fubini-theorem, we get[
Γ
Ms

H g
]
(α′,β′, θ′) =

∫
R2

g(x)ψMs

α′,β′,θ′(x)dx

=
1

b1b2Cψ

∫
R2


∫
G

f(α,β, θ)ψMs

α,β,θdαdβdθ

ψMs

α′,β′,θ′(x)dx

=
1

b1b2Cψ

∫
G

f(α,β, θ)

∫
R2

ψMs

α,β,θψ
Ms

α′,β′,θ′dxdαdβdθ

=
1

b1b2Cψ

∫
G

f(α,β, θ)
〈
ψMs

α,β,θ, ψ
Ms

α′,β′,θ′

〉
dαdβdθ

= f(α′,β′, θ′).

This completes the proof.

4 Uncertainty Principles for Quaternion Linear Canonical Curvelet
Transform

Uncertainty Principle is one of the fundamentals of harmonic analysis and signal processing. In
harmonic analysis, the classical Heisenberg’s uncertainty principle gives information about the
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spread of a signal and its Fourier transform by asserting that a signal cannot be sharply localized
in both the time and frequency domain [21]. That is, if we restrict the behaviour of one, we
lose control over the other. Heisenberg’s Uncertainty Principle in harmonic analysis bears a vital
significance in time frequency analysis for it supplies a lower bound for optimal resolution of a
signal in both the time and frequency domain. Different settings witness the enlargement of the
principle and many analogues have appeared in the literature [3, 9, 21, 10, 33]. In this section, we
will establish the proof of Heisenberg’s uncertainty principle and logarithm uncertainty principle
associated with the proposed transform (3.1). In a first, we demonstrate the following lemma.

Lemma 4.1. Let ψ ∈ L2(R2,H), be any admissible quaternion curvelet , then for every f ∈
L2(R2,H), we have

b1b2Cψ

∫
R2

|wkFq[f ](ω)|2H dω =

π∫
−π

a0∫
0

∫
R2

∣∣∣wkLHM1,M2

[
Γ
Ms

H f
]
(ω)
∣∣∣2
H
dωdαdθ.

Proof. From Parseval’s formula of quaternion linear canonical curvelet transform, we have

b1b2Cψ 〈f, g〉L2(R2,H) =

π∫
−π

a0∫
0

∫
R2

[
Γ
Ms

H f
]
(α,β, θ)

[
Γ
Ms

H g
]
(α,β, θ)dβdαdθ.

Now applying the Plancheral theorem of two sided QFT on L.H.S and plancheral’s theorem of
QLCT to the β-integral on R.H.S of above equation, we obtain

b1b2Cψ 〈Fq[f ],Fq[g]〉L2(R2,H) =

π∫
−π

a0∫
0

〈
LHM1,M2

[
Γ
Ms

H [f ],LHM1,M2

[
Γ
Ms

H [g]
〉
L2(R2,H)

dαdθ.

On multiplying both sides by |wk| , we get

b1b2Cψ 〈wkFq[f ], wkFq[g]〉L2(R2,H) =

π∫
−π

a0∫
0

〈
wkLHM1,M2

[
Γ
Ms

H [f ], wkLHM1,M2

[
Γ
Ms

H [g]
〉
L2(R2,H)

dαdθ.

For f = g, we have

b1b2Cψ

∫
R2

|wkFq[f ](ω)|2H dω =

π∫
−π

a0∫
0

∫
R2

∣∣∣wkLHM1,M2

[
Γ
Ms

H f
]
(ω)
∣∣∣2
H
dωdαdθ.

This completes the proof.

Theorem 4.2. Let ψ ∈ L2(R2,H), be any admissible quaternion curvelet , then the quaternion
LCCT Γ

Ms

H [f ](α,β, θ) satisfies the following uncertainty inequality:

a0∫
0

π∫
−π

∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβdθdα

∫
R2

|wkFq[f ](ω)|2H dω

≥
b3
k

4
b1b2Cψ||f ||4L2(R2,H).

Proof. Using the Heisenberg’s inequality for the QLCT [26], we can write
∫
R2

xk
2∣∣f(x)∣∣2Hdx


1/2{∫

R2
w2
k

∣∣∣LHM1,M2
[f ] (w)

∣∣∣2
H
dω

}1/2

≥ bk
2

∫
R2

∣∣f(x)∣∣2Hdx. (4.1)
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Where k=1,2
Considering Γ

Ms

H [f ](α,β, θ) as a function of β and replacing f by Γ
Ms

H [f ](α,β, θ) in (4.1), we
obtain

∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβ


1/2{∫

R2
w2
k

∣∣∣LHM1,M2

[
Γ
Ms

H f
]
(α,β, θ)(w)

∣∣∣2
H
dω

}1/2

≥ bk
2

∫
R2

∣∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣∣2
H
dβ. (4.2)

Integrating (4.2) with respect to measure dαdθ and using (3.5), we have

a0∫
0

π∫
−π


∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβ


1/2{∫

R2
w2
k

∣∣∣LHM1,M2

[
Γ
Ms

H f
]
(α,β, θ)(w)

∣∣∣2
H
dω

}1/2

dθdα

≥ bk
2

a0∫
0

π∫
−π

∫
R2

∣∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣∣2
H
dβdθdα

=
bk
2
b1b2Cψ||f ||2L2(R2,H)

Now applying Cauchy-Schwartz inequality and Fubini theorem ,we obtain
a0∫

0

π∫
−π

∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβdθdα


1/2

×


a0∫

0

π∫
−π

∫
R2
w2
k

∣∣∣LHM1,M2

[
Γ
Ms

H f
]
(α,β, θ)(w)

∣∣∣2
H
dωdθdα


1/2

≥ bk
2
b1b2Cψ||f ||2L2(R2,H).

Now applying lemma (4.1) into L.H.S of above equation, we get
a0∫

0

π∫
−π

∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβdθdα


1/2b1b2Cψ

∫
R2

|wkFq[f ](ω)|2H dω


1
2

≥ bk
2
b1b2Cψ||f ||2L2(R2,H)

or,
a0∫

0

π∫
−π

∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβdθdα


1/2

∫
R2

|wkFq[f ](ω)|2H dω


1
2

≥ bk

2
√
b1b2

√
Cψ

b1b2Cψ||f ||2L2(R2,H)

Squaring both sides we get
a0∫

0

π∫
−π

∫
R2

βk
2∣∣[ΓMs

H f
]
(α,β, θ)

∣∣2
Hdβdθdα

∫
R2

|wkFq[f ](ω)|2H dω

≥
b3
k

4
Cψ||f ||4L2(R2,H).

This completes the proof.
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Next, we will prove the logarithm uncertainty principle associated with QLCCT.

Theorem 4.3. Let f ∈ L2(R2,H), be the quaternion function , then the quaternion LCCT
Γ
Ms

H [f ](α,β, θ) satisfies the following uncertainty principle:

a0∫
0

π∫
−π

∫
R2

ln |β|
∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2
H
dβdθdα+ b1b2Cψ

∫
R2

|wkFq[f ](ω)|2H dω

≥
(
D + ln |b|

)
b1b2Cψ||f ||2L2(R2,H),

where D =

(
Γ′(1/2)
Γ(1/2)

− lnπ
)

and Γ denotes the Gamma function.

Proof. The logarithm Uncertainty principle for the quaternion linear canonical transform is given
by [5]∫

R2

ln |x| |f(x)|2H dx+

∫
R2

ln |ω|
∣∣LHM1,M2

[f ](ω)
∣∣2
H dω ≥

(
D + ln |b|

)∫
R2

|f(x)|2Hdx. (4.3)

Now we shall identify
[
Γ
Ms

H f
]
(α,β, θ) as a function of β and replacing f(x) by Γ

Ms

H [f ](α,β, θ)
in (4.3), we obtain∫

R2

ln |β|
∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2
H
dβ +

∫
R2

ln |ω|
∣∣∣LHM1,M2

[
Γ
Ms

H f
]
(α,β, θ)(ω)

∣∣∣2
H
dω

≥
(
D + ln |b|

)∫
R2

∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2
H
dβ.

Now integrating above equation with respect to dαdθ and using fubini’s theorem, we obtain

a0∫
0

π∫
−π

∫
R2

ln |β|
∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2
H
dβdθdα

+

a0∫
0

π∫
−π

∫
R2

ln |ω|
∣∣∣LHM1,M2

[
Γ
Ms

H f
]
(α,β, θ)(ω)

∣∣∣2
H
dωdθdα

≥
(
D + ln |b|

) a0∫
0

π∫
−π

∫
R2

∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2
H
dβdθdα. (4.4)

Now using lemma (4.1) for wk2 = ln |ω| in L.H.S of (4.4) and corollary (3.5) on R.H.S of (4.4),
we get

a0∫
0

π∫
−π

∫
R2

ln |β|
∣∣∣[ΓMs

H f
]
(α,β, θ)

∣∣∣2
H
dβdθdα+ b1b2Cψ

∫
R2

|wkFq[f ](ω)|2H dω

≥
(
D + ln |b|

)
b1b2Cψ||f ||2L2(R2,H).

This completes the proof.
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