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Abstract In this paper, we define and study CR-submanifolds of a golden Riemannian mani-
fold. We investigate some properties for CR-submanifolds. Moreover, we obtain many interest-
ing results of totally umbilical CR-submanifolds on a golden Riemannian manifold.

1 Introduction

The theory of submanifolds of a manifold is one of the most interesting topics in differential
geometry. According to the behaviour of the tangent bundle of a submanifold, we have three
classes of submanifolds: holomorphic submanifolds, totally real submanifolds [17] and CR-
submanifolds has been introduced by the author in [15] as follows:

Let M be an almost Hermitian manifold and let .J be the almost complex structure of N. A real
submanifold M of M is called a CR submanifold if there exists a differential distribution D on
M satisfying

(i)J(Dx) = Dx

and

(i4)J(Dx) C Tx M+
for each z € M, where D™ is the complementary orthogonal distribution to D and Tx M is
normal space to M at X. Holomorphic submanifolds and totally real submanifolds are particular
cases of CR-submanifolds.
The CR-submanifolds have been extensively studied by several geometers [4], [6], [12], [13],
[16]. Also, some properties of CR-submanifolds have been investigated in [1], [2], [3], [5], [6],
(71, [11], [19], [27], [28].
Crasmareanu and Hretcanu [18] constructed the golden structure on a differentiable manifold
(M, g) as a particular case of polynomial structure [24].
Gezer et. al investigated the integrability conditions of golden Riemannian structure. M. Ahmad
and M. A. Qayyoom [8], C.E. Hretcanu [25] studied submanifolds in Riemannian manifolds
with golden structure. The golden structure was also studied in [8], [9], [10], [20], [21], [22],
[23], [26].
Motivated by above studies in this paper, we study CR-submanifolds of a golden Riemannian
manifolds. The paper is organized as follows.
In section 2, we define golden structure manifold and CR-submanifolds of golden Rieman-
nian manifold. In section 3, we established several properties of CR-submanifolds on golden
Riemannian manifolds. In section 4, we investigate some properties of totally umbilical CR-
submanifolds.

2 Definition and preliminaries

In this section, we give a brief information of golden Riemannian manifolds.
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Definition 2.1. [18] Let (M, g) be a Riemannian manifold. A golden structure on (M, g) is a
non-null tensor J of type (1,1) which satisfies the equation

JP=J+1, 2.1)
where I is the identity transformation. We say that the metric g is J-compatible if
g(JX,Y)=g(X,JY) 2.2)
for all X,Y vector fields on M. If we substitute JX into X in (2.2), then we have
g(JX,JY)=g(JX,Y)+ g(X,Y).

The Riemannian metric (2.2) is called J-compatible and (M, J, g) is called a golden Riemannian
manifold.

Proposition 2.2. [ 18] A golden structure on the manifold M has the power
JU = F,J+ Fy i1 2.3)

for any integer n, where (F),) is the Fibonacci sequence.
Using an explicit expression for the Fibonacci sequence namely the Binet’s formula

Jm— (1= J)"
Fp= "
V5

we obtain a new form for the equality (2.3) as

¢"—(1-9)"
V5

The straight forward computations yield:

¢n—l _ (1 _ ¢s)n—l )I

Jm = ( N

)+ (

Proposition 2.3. [18] (i) The eigenvalues of a golden structure J are the golden ratio ¢ and
1—¢.

(i1) A golden structure J is an isomorphism on the tangent space T, M of the manifold M for
everyx € M. R

(ii7) It follows that J is invertible and its inverse J = J~! satisfies

P =—¢+1

Let M be an m— dimensional Riemannian manifold with a golden structure and M is an n—
dimensional Riemannian manifold isometrically immersed in M. We denote g the Riemannian
metric of M as well as M. Let V and V be the covariant differentiation on M and M respectively.
Then the Gauss and Weingarten formulas for M are

VxY = VxY +h(X,Y), (2.4)

Vxé=—AcX + V& 2.5)

for any vector fields X,Y € TM and £ € TM~, where h denotes the second fundamental form
and V= the linear connection induced in the normal bundle 7M. The second fundamental
tensor A is related to h by

9(AeX,Y) = g(M(X,Y),¢) (2.6)
for any vector field X tangent to M, we have
JX =PX +QX, 2.7

where PX and QX are tangential and normal components of J X, respectively.
For any vector field £ normal to M, we put

JE =1t + f¢§, (2.8)

where ¢£ and f¢ are tangential and normal components of J¢ respectively.
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Definition 2.4. A submanifold M of a golden Riemannian manifold M is called a CR-submanifold
if there is a differentiable distribution D : x — D, C T, M on M satisfying the following con-
ditions:

(1) D is holomorphic, i.e JD, = D, for each x € M, and

(i) The complementary orthogonal distribution D+ : x — D C T,M is totally real, i.e
JD+ C T;- M foreach x € M.

If dimDy+ = 0 (respectively, dimD, = 0), then CR-submanifold M is a holomorphic
submanifold (respectively, totally real submnaifold). If dimD} = dimT; M, then the CR-
submanifold is an anti-holomorphic submanifold (or generic submanifold). A submnaifold is
called a proper CR - submnaifold if it is neither holomorphic nor totally real.

We shall denote by p the complex dimension of D, and by ¢ the real dimension of D}, i.e.
p = dimD, and ¢ = dimD;. We denote the v the complementary orthogonal subbundle of
JD* in TM+. Hence we have

TM* = JD* o

3 CR-submanifolds of golden Riemannian manifolds

Let M be a locally golden Riemannian manifold and M is a CR-submanifold of M.
From (2.4) and (2.5), we have

J(VxY) 4+ J(h(X,Y)) = J(VxY — h(X,Y)) + Jh(X,Y)

J(VxY) + J(R(X,Y)) = (VxJY — (VxJ)Z.

Since VxJ =0, B
J(VxY) + J(h(X,Y)) = (VxJY)Z.

Since Y € D+ and M is CR-submanifold, then JY € TM*, we have
J(VxY)+ Jh(X,Y) = -A;y X +VEIY (3.1
for X e TM andY € D+,

Proposition 3.1. Let M be a CR-submanifold of a locally golden Riemannian manifold M. Then

g(JAw X, Z)+g(VxY,JZ)+g(VxY,Z) =0, (3.2)
AjeZ = —AeJZ, (3.3)
AW =AY (3.4)

forX e TM,Z € D,Y,W € D" and ¢ € v.

Proof.
9(JANX,Z) = g(J(VxJY) - J(VxJY),Z)

9g(JA;vX,Z)=—g(J(VxY),JZ)
9(JAv X, Z) = —g(VxY, ] Z)
g(JA X, Z) = —g((VxY + h(X,Y)),JZ) — g(VxY + h(X,Y), Z)
9(JANX,Z)+9(VxY,JZ)+g(VxY,Z) =0,
which is (3.2).
From equation (2.6), we have
9(A¢2,U) = g(h(Z,U),€)

9(AseZ,U) = g(h(Z,U), JE).
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Using (2.4), we have -
9(AyeZ,U) = g(V2U -V U, JE)

9(Ase2,U) = g(J(V2U),¢)
9(A5eZ,U) = g((Vz(JU) = (VZzJ)Y),€)
9(A1e2,U) = g(Vz(JU),8).

Using (3.4), we have -
9(Ase2,U) = —9((Vu(J2)),§)

9(AseZ,U) = =g(Vu(J2),8) — g(h(J 2,U),¢)
9(Ase2,U) = —g(h(J Z,U),§).

Using (2.6), we have
g(AJ§Z7 U) = 7g(AfJZa U)

AjeZ = —Acd Z,

which is (3.3).
Now,
9(AyW,2) = g(h(W, Z),JY).

Using (2.4), we have B
J(AyW,Z2)=g(VwZ — Vw X, JY).

SinceY € D+, JY € TM+,

g AW, Z) = g(VwZ,JY)
9(Ayy W, 2) = g(J(VwZ),Y)

9 AW, Z) = g(VwJZ — (VwJ)Z,Y)
g(ApW, 2) = g((VwJZ,Y).

Using (3.4), we get o
9g(Ay W, Z) = —g((VzJWY)

g(Ajy W, Z) = g(JW,VzY).
Using (2.4), we have
9(Ay W, 2) = g(JW,V2Y) + g(JW, h(Z,Y))

9( AW, Z) = g(JW,h(Z,Y)).

Using (2.6), we get
9(ANW, Z) = g(AswY, Z)

AjyW = AjwY.

O

Lemma 3.2. Let M be a CR-submanifold of a locally golden Riemannian manifold M. Then for
any Y,W € D+,
(Vi JY — V3 JW) € JD*.

Proof. Forany ¢ invand Y, W € D+ and using (2.5), we have
9(AseY, W) = g(=Vy JEW) + g(Vi JE, w)
9(AsY, W) = —g((Vy J)§. W) = g(J (Vv &), W) + g(Vy JE,W)
9(AseY, W) = —g(Vy &, JW).

Using (2.5), we have
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9(AseY, W) = —g(Vy&, JW)

then
g(AseW,Y) = g(&, Vi JY)

9(&, Vi JY —VEIW) = g(AseW,Y) — g(AseY, W) = 0.

Thus,
Vi JY — V3 JW € JD*.

O

Lemma 3.3. Let M be a CR-submanifold of a locally golden Riemannian manifold. Then the
distribution D is integrable and its leaves are totally geodesic in M if

J(h(X,Y),77) =0
forall XY € Dand Z € D*.

Proof. Suppose distribution D is integrable and each leaf of D is totally geodesic in M and
VxY € Dforany X,Y € D, Z € D+ and using (2.4), we have

g(h(X,Y),JZ) = g(VxY — VxY,JZ)
o(h(X.Y), 12) = g(I(TxY), 2)
9(M(X.Y),JZ) = g((VxJY — (VxJ)Y), Z)
g(h(X,Y),JZ)=g(VxJY +h(X,JY),Z)
9(WX,Y),JZ) =g(VxJY,Z) =0
forany X,Y € Dand Z € D*. o

Proposition 3.4. Let M be a CR-submanifold of a locally golden Riemannian manifold M. Then
D is integrable if

g(W(X,JY),JZ) — g(h(Y,JX),JZ) = g(Vy Z,JX) — g(Vx Z,JY)
for any vector X,Y € D and Z € D*.
Proof. From (2.6) and (2.5), we have
g(h(X,JY),JZ) = g(NxJZ,JY) - g(VxJZ,JY)
g(W(X,JY),72) = g(Vx ) Z,JY) 4+ g(J(VxZ),JY) — g(VxJZ,JY)
g(hW(X,JY),JZ) = g(VxZ),J*Y).

Using (2.1), we have -
g(WX,JY),JZ) = g(VxZ),(J +1)Y).

Using (2.4), we have
g(Y,VxZ)=—g(VxZ,JY)+ g(h(X,JY),JZ)

and
9(Z,VyX)=g(VyZ,JX)—g(h(Y,JX),JZ)

9(Z,VxY)=g(Z,VyX) = g(VxZ,JY)—g(h(X,JY),JZ)—g(Vy Z, JX)+g(h(Y, JX), ] Z)
9(Z,[X,Y]) =9(VxZ,JY) = g(MX,JY),JZ) — g(Vy Z,JX) + g(h(Y, ] X), ] Z).

Since D is integrable, we have

9(VyZ,JX) = g(VxZ,JY) = —g(h(X,JY), ] Z) + g(h(Y, JX), ] Z).
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Lemma 3.5. If D is integrable, then for any X in D and € in J(D1), we have
9(Vy Z,JX) = g(VxZ,JY) = g(AcX, JY) — g(AcJX,Y).
Proof. From Proposition 3.4 and (2.6), we have
9(VyZ,JX) - g(VxZ,JY) = —g(Asz X, JY) + g(A;2Y, JX)

g(VyZ, JX) - g(VXZ, JY) = _g(JAJZX7Y) +g(JAJ2Y,X).
Replace JZ by &, we have

9(VyZ,JX) = g(VxZ,JY) = —g(JA:X,Y) + g(JA:Y, X).

]
4 Totally Umbilical CR-Submanifolds
If M is a totally umbilical CR-submanifold in a Riemannian manifold M, then we have

for X, Y € TM, where H is mean curvature.

Lemma 4.1. If M is a totally umbilical CR-submanifold of a locally golden Riemannian man-
ifold M. Then either the totally real distribution D+ is 1— dimensional or the mean curvature
vector H is perpendicular to JD*.

Proof. From equation (4.1), we get
g9(h(X, X),JW) = g(X, X)g(H,JW) (4.2)

for X € TM and W € D+.
Using equality (3.1) and (3.4) in equation (4.2),

g(Ha JW) :g(h(XvX)v‘]W)
g(H, JW) = g(A;xW, X)
g(H,JW) = g(h(X, W), JX).
For unit vector Z € D+ perpendicular to W,
g(H,JW) =g(h(X,W),JX)=0.

Hence proved.
|

Theorem 4.2. Let M be a totally umbilical CR-submanifold of a locally golden Riemannian
manifold M. Then the CR-sectional curvature of M vanish, i.e. K(m) = 0 for all CR-section .

Proof. Since M is a totally umbilical submanifold, we have
(Vxh)(Y,2) = V% (WY, 2)) — hVxY,Z) — h(Y,VxZ)

(Vxh)(Y,2) = Vx(9(Y, 2)H) = g(VxY, Z)H — g(Y,Vx Z)H
(Vxh)(Y,2) = g(Y, Z2)VxH — g(VxY, Z)H + g(VxY, Z)H

(Vxh)(Y,Z)=g(Y,Z)VxH. (4.3)



CR-submanifolds of a golden Riemannian manifold 695

Let £ € TN, then from Codazzi equation, we have
(R(X,Y)Z)* = (Vxh)(Y, Z) — (Vyh)(X, Z).
From equation (4.3), we get
(R(X,Y)2)" = g(Y,2)Vx H - g(X, 2)Vi H
9(R(X,Y)Z,6) = g(Y. Z)g(Vx H,E) - 9(X, Z)g(Vi H, &)

R(X,Y:2.6) = g(Y. 2)9(Vx H.6) — g(X, 2)g(V H.&).
For any unit vectors X € D and Z € D+,

R(X,2;JX,JZ) = g(Z,JX)g(VxH,JZ) — g(X,JX)g(VH,JZ) = 0.

Similarly,
R(X,2,X,2) = g(2,X)g(VxH, Z) - g(X, X)g(VzH, Z) = 0.
Since,
K(y) = KEn(X NY)
K(y) = g(R(X, Y)Y, X)
R(X,Z;,JX,JZ)=g(R(X,Z)JX,JZ) =0,
ie.

K(m)=0

for all CR-section.
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