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Abstract In this paper, approximation properties by Phillips type q-Bernstein operators on a
triangle with one curved side are studied. Their products and their Boolean sums are defined.
Interpolation properties of all these operators are discussed. Error bounds and the remainder
terms are computed using modulus of continuity and Peano’s theorem for the corresponding
operators. Graphs are added to demonstrate consistency in theoretical findings.

1 Introduction

A constructive proof of the Weierstrass approximation theorem [10] by S.N. Bernstein in 1912
is based on uniform continuity and law of large numbers. These polynomials are now known as
Bernstein polynomials in Approximation theory. In Computer-aided geometric design (CAGD),
the basis of these Bernstein type polynomials plays a significant role in preserving the shape of
the curves and surfaces [16, 31, 32].

It is well known that the space of all continuous functions is not strictly convex concerning
uniform norm. Therefore best approximation may not be unique. Thus several authors con-
structed various operators to approximate continuous functions.

In finite element method for differential equations with given boundary conditions, approxi-
mation operators on polygonal domains are required. Thus many researchers generalized Bern-
stein type operators on different domains and constructed some other operators for improved
approximation. After the papers [7, 8, 9] of R.E. Barnhill et al., Lagrange, Birkhoff and Hermite
type operators have been studied, which interpolate a given function and certain of its derivative
on the boundary of triangle (as in Dirichlet, Neumann or Robin boundary conditions for dif-
ferential equation problems). They considered interpolation operators on triangles with curved
sides (one, two or all curved sides), many of them in connection with finite element method and
Computer aided geometric design.

D. D. Stancu studied polynomial interpolation on boundary data on triangles and error bound
for smooth interpolation [33, 34]. Catinas extended some interpolation operators to triangle with
one curved side [15]. T. Acar et al. studied approximation properties of Bivariate Bernstein-
Stancu-Chlodowsky, Bernstein-Kantorovich type operators etc. in [1, 2, 3, 19]. Q. B. Cai con-
structed λ-Bernstein operators and studied its approximation properties in [13, 14]. N. Braha et
al. studied λ-Bernstein operators via power series summability methods in [12]. Mursaleen et
al. studied approximation properties by q-Bernstein shifted operators and q-Bernstein Schurer
operators in [25, 26]. Recently Khalid et al. generalised Bernstein type operators and studied
applications of its basis in Computer Aided Geometric Design (CAGD) [21, 20, 27, 30, 36, 37].
For other applications of Bernstein type operators related to construction of Bezier curves and
surfaces, one can see [29] and [5, 17, 21, 20, 23, 24].

Further, After the development of Quantum calculus (q-analogue). In 1997 Phillips [28]
introduced polynomial by introducing extra parameter q, which is a generalization of Bernstein
polynomial. A lot of attention is given to q-Bernstein polynomials and by many researchers and
it were studied broadly.
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2 Essential preliminaries of quantum calculus

Let q > 0. For any µ ∈ N ∪ {0}, the q-integer [µ]q is defined by

[µ]q := 1 + q + · · ·+ qµ−1, when µ ∈ N, [0]q := 0;

and the q-factorial [µ]q! by

[µ]q! := [1]q[2]q · · · [µ]q, when µ ∈ N, [0]q! = 1,

where N is the set of natural numbers [35].

For integers 0 ≤ i ≤ µ, we define the q-binomial coefficient as[
µ

i

]
q

:=
[µ]q!

[i]q![µ− i]q!
,

for q = 1,

[µ]1 = µ, [µ]1! = µ!,

[
µ

i

]
1

=

(
µ

i

)
.

In Cauchy’s q-binomial theorem, the q-binomial coefficients are used. In the following equa-
tion the first equation is a q-analogue of Newton’s binomial formula:

(aw + bz)µq :=
µ∑
i=0

q
i(i−1)

2

[
µ

i

]
q

aµ−ibiwµ−izi, (2.1)

(1 + w)(1 + qw) · · · · · (1 + qµ−1w) =
µ∑
i=0

[
µ

i

]
q

qi(i−1)/2wi. (2.2)

Following Phillips we denote

bm,i(w, z) =

[
m

i

]
q

wi
m−i−1∏
s=0

(1− qsw), (2.3)

it follows from (2.2) that
m∑
i=0

bm,i(q, w) = 1, w ∈ [0, 1], (2.4)

for integers µ ≥ i ≥ 0, the q-binomial coefficients satisfy the following recurrence relations[
µ+ 1
i

]
q

= qµ−i+1

[
µ

i− 1

]
q

+

[
µ

i

]
q

(2.5)

and [
µ+ 1
i

]
q

=

[
µ

i− 1

]
q

+ qi

[
µ

i

]
q

. (2.6)

In the paper [15], T. Cătinaş defined classical Bernstein-type operators on triangle with one
curve side. In [22] Asif et al. constructed Phillips q-Bernstein operator on triangle via quantum
calculus. Motivated by the work in [15] and [22], we extend Phillips type q-Bernstein operator
on triangle with one curve side in the next section.
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3 Extension of new univariate operators on triangles with one curved side

Consider Rh be triangle with one curve side and F be a real valued function, which is defined
on Rh, as done in [15]. Through the point (w, z) ∈ Rh, one considers the parallel lines to the
coordinate axes which intersect the edges Γi, i = 1, 2, 3, of the triangle at the points (0, z) and
(g(z), z), respectively (w, 0) and (w, f(w)) ([15, Figure 1]).

By using quantum calculus, we define the new Phillips type q-Bernstein operators Bwm,q and
Bzn,q on triangle with one curve side as follows:

(Bwm,qF )(w, z) =


∑m
i=0 p̃m,i(w, z)F

(
[i]q
[m]q

g(z), z

)
, (w, z) ∈ Rh \ (0, h),

F (0, h), (0, h) ∈ Rh,

(3.1)

and

(Bzn,qF )(w, z) =


∑n
j=0 q̃n,j(w, z)F

(
w,

[j]q
[n]q

f(w)

)
, (w, z) ∈ Rh \ (h, 0),

F (h, 0), (h, 0) ∈ Rh,
(3.2)

where

p̃m,i(w, z) =

[
m

i

]
q

wi
∏m−i−1
s=0 (g(z)− qsw)

[g(z)]m
, 0 ≤ w + z ≤ g(z), (3.3)

and

q̃n,j(w, z) =

[
n

j

]
q

zj
∏n−j−1
t=0 (f(w)− qtz)

[f(w)]n
, 0 ≤ w + z ≤ f(w), (3.4)

respectively.

For calculating the moments of above operators, the following notation are used:

[g(z)]m :=
m∑
i=0

[
m

i

]
q

wi
m−i−1∏
s=0

(g(z)− qsw), (3.5)

and

[f(w)]n :=
n∑
j=0

[
n

j

]
q

zj
n−j−1∏
s=0

(f(w)− qsz). (3.6)

Here we have present the proof of equation

[g(z)]m :=
m∑
i=0

[
m

i

]
q

wi
m−i−1∏
s=0

(g(z)− qsw).

We will prove it by the method of induction. For m = 1 the right hand side of equation is

1∑
i=0

[
1
i

]
q

wi
−i∏
s=0

(g(z)− qsw) = (g(z)− w) + w = g(z).
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For m = 2,

2∑
i=0

[
2
i

]
q

wi
1−i∏
s=0

(g(z)− qsw)

=

[
2
0

]
q

w0(g(z)− w)((z)− qw) +

[
2
1

]
q

w1(g(z)− w) +

[
2
2

]
q

w2

=(g(z)− w)(g(z)− qw) + (1 + q)w(g(z)− w) + w2

=[g(z)]2,

let us assume that the equation (3.5) is true for m = k, i.e.

[g(z)]k :=
k∑
i=0

[
k

i

]
q

wi
k−i−1∏
s=0

(g(z)− qsw). (3.7)

Now, only we have to show that

[g(z)]k+1 :=
k+1∑
i=0

[
k + 1
i

]
q

wi
k−i∏
s=0

(g(z)− qsw),

R.H.S =
k+1∑
i=0

[
k + 1
i

]
q

wi
k−i∏
s=0

(g(z)− qsw)

=
k+1∑
i=0

(
qk−i+1

[
k

i− 1

]
q

+

[
k

i

]
q

)
wi

k−i∏
s=0

(g(z)− qsw) by using equation (2.5)

=
k∑
i=0

qk−i

[
k

i

]
q

wi+1
k−i−1∏
s=0

(g(z)− qsw) +
k∑
i=0

[
k

i

]
q

wi
k−i−1∏
s=0

(g(z)− qsw)(g(z)− qk−iw)

=g(z)
k∑
i=0

[
k

i

]
q

wi
k−i−1∏
s=0

(g(z)− qsw)

=g(z)[g(z)]k = [g(z)]k+1 by using equation (3.7).

Hence, the proof is completed. �
Similarly we can prove equation (3.4).

Theorem 3.1. For a real-valued function F, which is defined on Rh, we have

(i) Bwm,qF = F on Γ2 ∪Γ3,

(ii) (Bwm,qei0) (w, z) = wi, i = 0, 1 (dex(Bwm,q) = 1),
(3.8)

(iii) (Bwm,qe20) (w, z) = w2+
w(g(z)− w)

[m]q
,

(3.9)

(Bwm,qeij) (w, z) =


zjwi, i = 0, 1, j ∈ N;

zj
(
w2 + w(g(z)−w)

[m]q

)
, i = 2, j ∈ N;

(3.10)

where eij(w, z) = wizj and dex(Bwm,q) stand for the degree of exactness of Bwm,q.
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Proof. The property (i) obtains from the relations

p̃m,i (0, z) =


1, if i = 0,

0, i 6= 0,

and

p̃m,i(g(z), z) =


1, if i = m,

0, i 6= m.

Now we prove property (ii), we have

(Bwm,qe00) (w, z) =
m∑
i=0

[
m

i

]
q

wi
∏m−i−1
s=0 (g(z)− qsw)

[g(z)]m

=
[g(z)]m

[g(z)]m
= 1,

(Bwm,qe10)(w, z) =
m∑
i=0

[
m

i

]
q

wi
∏m−i−1
s=0 (g(z)− qsw)

[g(z)]m
[i]q
[m]q

g(z)

=
m−1∑
i=0

[
m− 1
i

]
q

wi+1∏m−i−2
s=0 (g(z)− qsw)

[g(z)]m−1

= w

m−1∑
i=0

[
m− 1
i

]
q

wi
∏(m−1)−i−1
s=0 (g(z)− qsw)

[g(z)]m−1

= w,
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(Bwm,qe20) (w, z) =
m∑
i=0

[
m

i

]
q

wi
∏m−i−1
s=0 (g(z)− qsw)

[g(z)]m
[i]2q
[m]2q

[g(z)]2

= [g(z)]2
m−1∑
i=0

[i+1]q
[m]q

[
m− 1
i

]
q

wi+1∏m−i−2
s=0 (g(z)− qsw)

[g(z)]m

= [g(z)]2w
m−1∑
i=0

(1+q[i]q)
[m]q

[
m− 1
i

]
q

wi
∏m−i−2
s=0 (g(z)− qsw)

[g(z)]m

= g(z)
w

[m]q
+
q[m− 1]q w2

[m]q

m−2∑
i=0

[
m− 2
i

]
q

wi
∏(m−2)−i−1
s=0 (g(z)− qsw)

[g(z)]m−2

(Bwm,qe20) (w, z) = g(z)
w

[m]q
+
q[m− 1]q w2

[m]q
,

= g(z)
w

[m]q
+ w2

(
1− 1

[m]q

)
= w2 +

w(g(z)− w)
[m]q

.

Remark 3.2. In the same manner one can prove that:
For a real-valued function F, which is defined on Rh, we have

(i) Bzn,qF = F on Γ1 ∪Γ3, ‘

(ii) (Bzn,qe0j) (w, z) = zj , j = 0, 1 (dex(Bzn,q) = 1),

(iii) (Bzn,qe02) (w, z) = z2 +
z(f(w)− z)

[n]q
,

(Bzn,qeij) (w, z) =


wizj , j = 0, 1, i ∈ N;

wi
(
z2 + z(f(w)−z)

[n]q

)
, j = 2, i ∈ N.

(3.11)

For calulating error, we have approximation formula

F = Bwm,qF +Rwm,qF.

Theorem 3.3. If F (., z) ∈ C[0, g(z)], then

∣∣∣(Rwm,qF )(w, z)∣∣∣ ≤
(

1 +
h

2δ
√
[m]q

)
ω
(
F (., z); δ

)
, z ∈ [0, h].

Also, if δ = 1√
[m]q

, then

∣∣∣(Rwm,qF )(w, z)∣∣∣ ≤
(

1 +
h

2

)
ω

(
F (., z);

1√
[m]q

)
, z ∈ [0, h], (3.12)

where ω(F (., z); δ) denotes the modulus of continuity of F with respect to w.
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Proof. We have ∣∣∣∣∣(Rwm,qF )(w, z)
∣∣∣∣∣ ≤

m∑
i=0

p̃m,i(w, z)

∣∣∣∣∣F (w, z)− F
(
[i]qg(z)

[m]q
, z

)∣∣∣∣∣.
As ∣∣∣∣∣F (w, z)− F

(
[i]qg(z)

[m]q
, z

)∣∣∣∣∣ ≤
(

1
δ

∣∣∣∣∣w − [i]qg(z)

[m]q

∣∣∣∣∣+ 1

)
ω(F (., z); δ),

we get ∣∣∣∣∣(Rwm,qF )(w, z)
∣∣∣∣∣ ≤

m∑
i=0

p̃m,i(w, z)

(
1
δ

∣∣∣∣∣w − [i]qg(z)

[m]q

∣∣∣∣∣+ 1

)
ω(F (., z); δ)

≤

[
1 +

1
δ

( m∑
i=0

p̃m,i(w, z)
(
w − [i]qg(z)

[m]q

)2
)1/2

]
ω(F (., z); δ)

=

[
1 +

1
δ

√
w(g(z)− w)

[m]q

]
ω(F (., z); δ).

Since

max
0≤w≤g(z)

[w(g(z)− w)] = [g(z)]2

4
and max

0≤z≤h
[g(z)]2 = h2

it follows that ∣∣∣(Rwm,qF )(w, z)∣∣∣ ≤ (1 +
h

2δ
√
[m]q

)
ω(F (., z); δ).

For taking δ = 1√
[m]q

, we get

∣∣∣(Rwm,qF )(w, z)∣∣∣ ≤
(

1 +
h

2

)
ω

(
F (., z);

1√
[m]q

)
.

Theorem 3.4. If F (., z) ∈ C2[0, h], then

(Rwm,qF )(w, z) =
w(w − g(z))

2[m]q
F (2,0)(ξ, z), ξ ∈ [0, g(z)], (3.13)

and ∣∣∣(Rwm,qF )(w, z)∣∣∣ ≤ h2

8[m]q
M20F, (w, z) ∈ Rh,

where
MijF = max

Rh

∣∣F (i,j)(w, z)
∣∣.

Proof. Since dex(Bwm,q) = 1, by Peano’s theorem, we get

(
Rwm,qF

)
(w, z) =

∫ g(z)

0
K20(w, z; t)F (2,0)(t, z)dt,

where the kernel

K20(w, z; t) := Rwm,q
[
(w − t)+

]
= (w − t)+ −

m∑
i=0

p̃m,i(w, z)

(
[i]q

g(z)

[m]q
− t
)

+

does not change the sign (K20(w, z; t) ≤ 0, w ∈ [0, g(z)]). Using Mean Value Theorem, we get

(
Rwm,qF

)
(w, z) = F (2,0)(ξ, z)

∫ g(z)

0
K20(w, z; t)dt, ξ ∈ [0, g(z)].
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After some calculation, we obtain

(Rwm,qF )(w, z) =
w(w − g(z))

2[m]q
F (2,0)(ξ, z),

where ξ ∈ [0, g(z)].
As

w(w − g(z))
2[m]q

≤ h2

8[m]q

we get ∣∣∣(Rwm,qF )(w, z)∣∣∣ ≤ h2

8[m]q
M20F, (w, z) ∈ Rh.

Remark 3.5. For obtaining the remainder Rzn,qF, we consider the formula

F = Bzn,qF +Rzn,qF.

We have A. if F (w, .) ∈ C[0, f(w)], then∣∣∣(Rzn,qF )(w, z)∣∣∣ ≤
(

1 +
h

2δ
√
[n]q

)
ω
(
F (w, .); δ

)
, w ∈ [0, h],

and ∣∣∣(Rzn,qF )(w, z)∣∣∣ ≤
(

1 +
h

2

)
ω

(
F (w, .);

1√
[n]q

)
, w ∈ [0, h]. (3.14)

B. If F (w, .) ∈ C2[0, h], then

(Rzn,qF )(w, z) =
z(z − f(w))

2[n]q
F (0,2)(w, η), η ∈ [0, f(w)],

and ∣∣∣(Rzn,qF )(w, z)∣∣∣ ≤ h2

8[n]q
M02F, (w, z) ∈ Rh,

where
MijF = max

Rh

∣∣F (i,j)(w, z)
∣∣.

4 Product operators

Let Pmn,q = Bwm,qBzn,q and Qmn,q = Bzn,qBwm,q be the products of operators Bwm,q and Bzn,q.
We have

(Pmn,qF )(w, z) =
m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)
F

(
[i]q

g(z)

[m]q
,
[j]q
[n]q

f

(
[i]q
[m]q

g(z)

))
.

Remark 4.1. The nodes for operator Pmn,q are q-analogue of the nodes for Pmn and the nodes
for Pmn are given in [15, Figure 2].

Theorem 4.2. The following relations are satisfied by the product operator Pmn,q:
(i) (Pmn,qF )(w, 0) = (Bwm,qF )(w, 0),
(ii) (Pmn,qF )(0, z) = (Bzn,qF )(0, z),
(iii) (Pmn,qF )(w, f(w)) = F (w, f(w)), w, z ∈ [0, h].

One can easly prove above relations by following easy computation.
The property (i) or (ii) imply that (Pmn,qF )(0, 0) = F (0, 0). �
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Remark 4.3. . The operator Pmn,q interpolates the function F on the curve g(z) and at the vertex
(0, 0) of the one curve side triangle Rh. �

The product operator Qmn,q is defined as

(Qnm,qF )(w, z) =
m∑
i=0

n∑
j=0

p̃m,i

(
w, [j]q

f(w)

[n]q

)
q̃n,j(w, z) F

(
[i]q
[m]q

g

(
[j]q
[n]q

f(w)

)
, [j]q

f(w)

[n]q

)

and the nodes for this operator are q-analogue of the nodes for operator Qmn and the nodes for
Qmn are given in [15, Figure 2].
Also the operator Qnm,q satisfies the Properties;
(i) (Qnm,qF )(w, 0) = (Bwm,qF )(w, 0),
(ii) (Qnm,qF )(0, z) = (Bzn,qF )(0, z),
(iii) (Qnm,qF )(g(z), z) = F (g(z), z), w, z ∈ [0, h].

Consider the formula for the Product operator

F = Pmn,qF +RPmn,qF.

Theorem 4.4. If F ∈ C(Rh) and 0 < q ≤ 1 then∣∣∣∣(RPmn,qF )(w, z)∣∣∣∣ ≤ (1 + h)ω

(
F ;

1√
[m]q

,
1√
[n]q

)
(w, z) ∈ Rh. (4.1)

Proof. We have

∣∣∣(RPmn,qF )(w, z)∣∣∣ ≤
[

1
δ1

m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)∣∣∣∣∣w − [i]q
g(z)

[m]q

∣∣∣∣∣
+

1
δ2

m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)∣∣∣∣∣z − [j]q
([m]q − [i]q)h+ [i]qz

[m]q[n]q

∣∣∣∣∣
+

m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)]
ω(F ; δ1, δ2).

After an easy calculation, we get

m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)∣∣∣∣∣w − [i]q
g(z)

[m]q

∣∣∣∣∣ ≤
√
w(g(z)− w)

[m]q
,

m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)∣∣∣∣∣z − [j]q
([m]q − [i]q)h+ [i]qz

[m]q[n]q

∣∣∣∣∣ ≤
√
z(f(w)− z)

[n]q
,

while
m∑
i=0

n∑
j=0

p̃m,i(w, z)q̃n,j

(
[i]q

g(z)

[m]q
, z

)
= 1.

It follows∣∣∣(RPmn,qF )(w, z)∣∣∣ ≤
(

1
δ1

√
w(g(z)− w)

[m]q
+

1
δ2

√
z(f(w)− z)

[n]q
+ 1

)
ω(F ; δ1, δ2).

As
w(g(z)− w)

[m]q
≤ h2

4[m]q
,

z(f(w)− z)
[n]q

≤ h2

4[n]q
, for all (w, z) ∈ Rh,
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we have ∣∣∣(RPmn,qF )(w, z)∣∣∣ ≤
(

h

2δ1
√
[m]q

+
h

2δ2
√
[n]q

+ 1

)
ω(F ; δ1, δ2)

∣∣∣∣(RPmn,qF )(w, z)∣∣∣∣ ≤ (1+h) ω
(
F ;

1√
[m]q

,
1√
[n]q

)
.

5 Boolean sum operators

let the Boolean sums operators of the Phillips type q-Bernstein operators Bwm,q and Bzn,q are
defined as

Smn,q := Bwm,q ⊕ Bzn,q = Bwm,q + Bzn,q − Bwm,qBzn,q,

Tnm,q := Bzn,q ⊕ Bwm,q = Bzn,q + Bwm,q − Bzn,qBwm,q,

Theorem 5.1. For the real-valued function F , which is defined on Rh, we have

Smn,qF

∣∣∣∣∣
∂Rh

= F

∣∣∣∣∣
∂Rh

.

Proof. We have
Smn,qF = (Bwm,q + Bzn,q − Bwm,qBzn,q)F.

All three properties of the operator Pmn,q in theorem 4.2 together with the interpolation proper-
ties of Bwm,q and Bzn,q, imply that

(Smn,qF )(w, 0) = (Bwm,qF )(w, 0) + F (w, 0)− (Bwm,qF )(w, 0) = F (w, 0),

(Smn,qF )(0, z) = F (0, z)− (Bzn,qF )(0, z) + (Bzn,qF )(0, z) = F (0, z),

(Smn,qF )(w, f(w)) = F (w, f(w)) + F (w, f(w))− F (w, f(w)) = F (w, f(w)),

for all w, z ∈ [0, h]. �

For the remainder of Boolean sum operator, we have

F = Smn,qF +RSmn,qF.

Theorem 5.2. If F ∈ C(Rh), then∣∣∣∣(RSmn,qF)(w, z)∣∣∣∣ ≤
(

1 +
h

2

)
ω

(
F (., z);

1√
[m]q

)
+

(
1 +

h

2

)
ω

(
F (w, .);

1√
[n]q

)

+(1 + h) ω

(
F ;

1√
[m]q

,
1√
[n]q

)
, (5.1)

For all (w, z) ∈ Rh.

Proof. We have

F − Smn,qF = F − Bwm,qF + F − Bzn,qF − (F − Pmn,qF ),

we obtain∣∣∣(RSmn,qF )(w, z)∣∣∣ ≤ ∣∣∣(Rwm,qF )(w, z)∣∣∣+ ∣∣∣(Rzn,qF )(w, z)∣∣∣+ ∣∣∣(RPmn,qF )(w, z)∣∣∣.
Now, from (3.12, 3.14, 4.1), we get the proof (5.1).



q-Bernstein Operators on Triangle with one Curved side 707

6 Graphical analysis

In Figures 1a and 2a, we have shown the graph of function f(w, z) = exp[1− 25(w − 0.25)2 −
25(v−0.25)2] on triangle with one curve side. The curve side of triangle is given by the function
f(w) =

√
1− w2. The graphs of operator Bum,qF are presented in figures 1b and 2b. Also we

have presented the graphs of the operators Bvn,qF, Pmn,qF and Smn,qF . Interpolation properties
of all above operators can be seen through these graphs. One can observe from the figures 2b,
2c, 2d and 2e that the graph of operators are approximating the graph of function better as q
approaches to 1 for fixed value of m and n.
Thus, one can observe that by introducing a parameter q in Phillips type q-Bernstein operator on
triangle with one curve side, we get more modeling flexivility.
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(a) f(w, z) = e1−25(w−0.25)2−25(v−0.25)2

0

0.2

1

0.4

0.6

1

0.8

1

0.8

1.2

0.5 0.6
0.4

0.2
0 0

(b) Operator Bw
m,qf for m = n = 3, q = 0.70

0

0.2

1

0.4

0.6

1

0.8

1

1.2

0.8
0.60.5 0.4

0.2
0 0

(c) Operator Bz
n,qf for m = n = 3, q = 0.70

0

0.1

1

0.2

0.3

0.4

1

0.5

0.6

0.8
0.5 0.6

0.4
0.2

0 0

(d) Operator Pmn,qf for m = n = 3, q = 0.70

-0.5
11

0

0.5

1

1.5

2

0.50.5

00

(e) Operator Smn,qf for m = n = 3, q = 0.70

Figure 1: Graphs of the operators, which approximate the funtion and interpolate the function
on some edges of one side curved triangle for q = 0.70.
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Figure 2: Graphs of the operators, which approximate the function and interpolate the function
on some edges of one side curved triangle for q = 0.90.



710
Authors suppressed due to length



q-Bernstein Operators on Triangle with one Curved side 711

References
[1] T. Acar, A. Aral, Approximation properties of two dimensional Bernstein-Stancu-Chlodowsky operators,

Matematiche (Catania), 68(2), 15–31 (2013).

[2] T. Acar, A. Aral and S. A. Mohiuddine, Approximation by Bivariate (p, q)-Bernstein-Kantorovich Oper-
ators, Iranian Journal of Science and Technology, Transactions A: Science 42, 655-662 (2018).

[3] T. Acar, A Aral, I Rasa, Positive Linear Operators Preserving τ and τ 2, Constructive Mathematical Anal-
ysis, 2(3), 98-102 (2019).

[4] F. Altomare, M. Campiti, Korovkin-type approximation theory and its application, de Gruyter studies in
math., 17, de Gruyter (1994).

[5] F.A.M. Ali, S.A.A. Karim, A. Saaban, M.K. Hasan, A. Ghaffar, K.S. Nisar, and D. Baleanu, Construction
of Cubic Timmer Triangular Patches and its Application in Scattered Data Interpolation, Mathematics, 8
(2), 159.

[6] R. E. Barnhill, Surfaces in computer aided geometric design: survey with new results, Comput. Aided
Geom. Design, 2, 1-17 (1985).

[7] R. E. Barnhill, G. Birkhoff and W. J. Gordon, Smooth interpolation in triangle, J. Approx. Theory, 8,
114-128 (1973).

[8] R. E. Barnhill and J. A. Gregory, Polynomial interpolation to boundary data on triangles, Math. Comp.,
29(131), 726-735 (1975).

[9] R. E. Barnhill and L. Mansfield, Sard kernel theorems on triangular and rectangular domains with exten-
sions and applications to finite element error, Technical Report 11, Department of Mathematics, Brunel
Univ., (1972).

[10] S. N. Bernstein, constructive proof of Weierstrass approximation theorem, Comm. Kharkov Math. Soc.
(1912).

[11] P. Blaga and G. Coman, Bernstein-type operators on triangles, Rev. Anal. Numér. Théor. Approx., 38(1),
11-23 (2009).

[12] N. Braha, T. Mansour, M. Mursaleen, T. Acar, Convergence of Lambda-Bernstein operators via power
series summability method, Journal of Applied Mathematics and Computing, 65, 125-146 (2021).

[13] Q. B. Cai, W. T. Cheng, Convergence of λ-Bernstein operators based on (p, q)-integers, J. Ineq.
App.(2020) 2020:35.

[14] Q. B. Cai, B. Y. Lian and G. Zhou, Approximation properties of λ-Bernstein operators, J. Ineq. App.(2018)
2018:61.
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Jour. Comput. Appl. Math., 317, 458-477 (2017).

[21] Kh. Khan, D. K. Lobiyal and Adem Kilicman, Bézier curves and surfaces based on modified Bernstein
polynomials, Azerb. J. Math. 9(1) 2019.

[22] Asif Khan, M.S. Mansoori, Khalid Khan and M. Mursaleen, Phillips-Type q-Bernstein Operators on Tri-
angles, Journal of Function Spaces Volume 2021, Article ID 6637893, 13 pages.

[23] S. A. Mohiuddine, N. Ahmad, F. Özger, A. Alotaibi, B. Hazarika, Approximation by the parametric
generalization of Baskakov-Kantorovich operators linking with Stancu operators, Iran. J. Sci. Technol.
Trans. Sci. 45, 593-605 (2021).

[24] S. A. Mohiuddine, F. Özger, Approximation of functions by Stancu variant of Bernstein-Kantorovich
operators based on shape parameter α, Rev. R. Acad. Cienc. Exactas Fís. Nat. Ser. A Math. RACSAM
(2020) 114:70.

[25] M. Mursaleen, K. J. Ansari and Asif Khan, Approximation properties and error estimation of q-Bernstein
shifted operators, Numer. Algor. 84, 207-227 (2020).



712
Authors suppressed due to length

[26] M. Mursaleen and Asif Khan, Generalized q-Bernstein-Schurer Operators and Some Approximation
Theorems, Journal of Function Spaces and Applications Volume 2013, Article ID 719834, 7 pages
http://dx.doi.org/10.1155/2013/719834.

[27] F. Özger, H. M. Srivastava, S. A. Mohiuddine, Approximation of functions by a new class of general-
ized Bernstein-Schurer operators, Rev. R. Acad. Cienc. Exactas Fís. Nat. Ser. A Math. RACSAM (2020)
114:173.

[28] G.M. Phillips, Bernstein polynomials based on the q-integers. Ann. Numer. Math., 4, 511–518 (1997).

[29] A. Rababah and S. Manna, Iterative process for G2-multi degree reduction of Bézier curves, Appl. Math.
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