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Abstract In this paper, approximation properties by Phillips type g-Bernstein operators on a
triangle with one curved side are studied. Their products and their Boolean sums are defined.
Interpolation properties of all these operators are discussed. Error bounds and the remainder
terms are computed using modulus of continuity and Peano’s theorem for the corresponding
operators. Graphs are added to demonstrate consistency in theoretical findings.

1 Introduction

A constructive proof of the Weierstrass approximation theorem [10] by S.N. Bernstein in 1912
is based on uniform continuity and law of large numbers. These polynomials are now known as
Bernstein polynomials in Approximation theory. In Computer-aided geometric design (CAGD),
the basis of these Bernstein type polynomials plays a significant role in preserving the shape of
the curves and surfaces [16, 31, 32].

It is well known that the space of all continuous functions is not strictly convex concerning
uniform norm. Therefore best approximation may not be unique. Thus several authors con-
structed various operators to approximate continuous functions.

In finite element method for differential equations with given boundary conditions, approxi-
mation operators on polygonal domains are required. Thus many researchers generalized Bern-
stein type operators on different domains and constructed some other operators for improved
approximation. After the papers [7, 8, 9] of R.E. Barnhill et al., Lagrange, Birkhoff and Hermite
type operators have been studied, which interpolate a given function and certain of its derivative
on the boundary of triangle (as in Dirichlet, Neumann or Robin boundary conditions for dif-
ferential equation problems). They considered interpolation operators on triangles with curved
sides (one, two or all curved sides), many of them in connection with finite element method and
Computer aided geometric design.

D. D. Stancu studied polynomial interpolation on boundary data on triangles and error bound
for smooth interpolation [33, 34]. Catinas extended some interpolation operators to triangle with
one curved side [15]. T. Acar et al. studied approximation properties of Bivariate Bernstein-
Stancu-Chlodowsky, Bernstein-Kantorovich type operators etc. in [1, 2, 3, 19]. Q. B. Cai con-
structed A-Bernstein operators and studied its approximation properties in [13, 14]. N. Braha et
al. studied \-Bernstein operators via power series summability methods in [12]. Mursaleen et
al. studied approximation properties by g-Bernstein shifted operators and g-Bernstein Schurer
operators in [25, 26]. Recently Khalid et al. generalised Bernstein type operators and studied
applications of its basis in Computer Aided Geometric Design (CAGD) [21, 20, 27, 30, 36, 37].
For other applications of Bernstein type operators related to construction of Bezier curves and
surfaces, one can see [29] and [5, 17, 21, 20, 23, 24].

Further, After the development of Quantum calculus (¢g-analogue). In 1997 Phillips [28]
introduced polynomial by introducing extra parameter ¢, which is a generalization of Bernstein
polynomial. A lot of attention is given to g-Bernstein polynomials and by many researchers and
it were studied broadly.
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2 Essential preliminaries of quantum calculus
Let ¢ > 0. For any € N U {0}, the g-integer [y, is defined by
Wy:=1+q+---+¢", whenpcN, [0],:=0;
and the ¢-factorial [u],! by
il i= (1,02, [y whenpe N, 0], =1,
where N is the set of natural numbers [35].

For integers 0 < ¢ < u, we define the g-binomial coefficient as

forqg =1,

[ =p,  [kh!=p! [?L—(?)

In Cauchy’s g-binomial theorem, the ¢g-binomial coefficients are used. In the following equa-
tion the first equation is a g-analogue of Newton’s binomial formula:

"
=) | W TP
b 14 :: 5 14 Lbl H—1 7,, 2‘1
(aw + bz)" go:q li]a wh 2.1
= q
o
I+ w)(1+qu) (14" w) = [ : ] ¢V 2wl 2.2)

Following Phillips we denote

m—i—1
bi(w, z) = [ m ] w' H (1 - q°w), (2.3)
1
q s=0
it follows from (2.2) that
> bmilgw) =1, welo,1], (2.4)

i=0

for integers p > i > 0, the g-binomial coefficients satisfy the following recurrence relations
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In the paper [15], T. Cétinas defined classical Bernstein-type operators on triangle with one
curve side. In [22] Asif et al. constructed Phillips ¢-Bernstein operator on triangle via quantum
calculus. Motivated by the work in [15] and [22], we extend Phillips type ¢-Bernstein operator
on triangle with one curve side in the next section.
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3 Extension of new univariate operators on triangles with one curved side

Consider R, be triangle with one curve side and F' be a real valued function, which is defined
on Ry, as done in [15]. Through the point (w, z) € Ry, one considers the parallel lines to the
coordinate axes which intersect the edges I';,7 = 1,2, 3, of the triangle at the points (0, z) and
(9(2), z), respectively (w,0) and (w, f(w)) ([15, Figure 1]).

By using quantum calculus, we define the new Phillips type ¢-Bernstein operators B;;, . and
B, , on triangle with one curve side as follows:

Slopmalw AP (g () € R\ (O0)

(B;‘,’L’qF)(w, 2) = 3.1
F(0,h), (0,Rh) € Rp,
and
S0 2)F (1 B 1) ). (w.2) € R\ (h,0),
(B F)(w, z) =
F(h70)7 (h,O) € Ra,
(3.2)
where
m 1 m—i— s
Z. ] W' TS (=) = g*w)
ﬁm,i(wv Z) = ! [g(z)]m ) 0 S w—+ z S g(Z), (33)
and
n jyn—i—1 ot
l ; 1 Pl (f(w) —q'2)
qn,j(wa Z) = 1 [f(UI)]n b 0 S w + z S f(w)7 (34)
respectively.
For calculating the moments of above operators, the following notation are used:
m m T .m—i—l
(=)™ = l S| W (9(2) — q"w), (3.5)
=0 ¢ dgq s=0
and
n n T .n—j—l
[f (w)]" = [ A T () = a2 (3.6)
]:O ‘7 q s=0
Here we have present the proof of equation
m m .m—i—l
POLEDS [ Z. ] ' I] (o) - a*w).
=0 q s=0

We will prove it by the method of induction. For m = 1 the right hand side of equation is

1 |
> l 1 1 w' [1(9(2) = ¢*w) = (9(2) = w) + w = g(2).
q s=0

=0
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For m = 2,
2 1—1
2
> [ . 1 w' | [(9(2) = ¢°w)
=0 t q s=0
2 2
= [ 0 1 w?(9(2) —w)((z) —quw) + | | ] wi(g(z) —w)+| | w’
q q q
=(g(2) —w)(9(2) — qu) + (1 + Qw(g(2) — w) +w’
=[g(2)%,
let us assume that the equation (3.5) is true for m = k, i.e.
L k=il
()1 => | " 1 w' ] (9(2) = ¢°w). (3.7
— L "1, =0
Now, only we have to show that
E+1 T k—i
kE+1 i s
g => " " [1s(z) = g°w),
=0 L ¢ q s=0
k+1 k—i
E+1 i R
R.H.S :Z _ w H(g(z) —q°w)
=0 v q s=0
k+1 i i k—i
= Z (qk’”l l . ] + | ] )wZ H(g(z) — q°w) by using equation (2.5)
P i—1 . i, 0
k i kil E g k—i—1
=> ¢ l ] Wt T ) —qw)+ > | ] w' (9(2) = ¢°w)(g(2) — ¢""w)
=0 ¢ q s=0 =0 ¢ q s=0
L k=il
=g(2) Y [ : 1 w' ] (9(2) = ¢*w)
=0 ¢ q s=0
=g(2)[9(2)]F = [9(2)]F ! by using equation (3.7).
Hence, the proof is completed. O

Similarly we can prove equation (3.4).
Theorem 3.1. For a real-valued function F, which is defined on Ry, we have

(’L) B;ﬂ’qF: FonlI>UI3,

(44) (B%’qeig) (w,z) =w', i=0,1 (dea:(B’,‘fL’q) =1),

(3.8)
(iid) (BE, yexo) (1w, 2) = w2+“’<g<[§j]q“’>,
(3.9)
2wt 1=0,1, jeN;
(Bp, q€i5) (w,2) = (3.10)

[mlq

zj(wz—l-w(g( >_w)>7 i=2, jEN;

where e;;(w, z) = w'z’ and dex(By, ,) stand for the degree of exactness of B, .
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Proof. The property (¢) obtains from the relations

1, if i =0,
ﬁm,i (072) =
0, i# 0,
and
1, if i =m,
ﬁm,z(g(z)vz) =
0, i#Em

Now we prove property (ii), we have

O
B
) . [m] W T2 (9(2) - g*w) '
(B, q¢10)(w, 2) = ; 1 rOR [m]qq 9(2)




Authors suppressed due to length
702

. el iR
(Bm,quO) (wvz> = ; [g(z)]m [m]g [9( )]

= [g(2)] w 2 el
m—2 i Tr(m—2)—i—1 s
w qM—mwﬂﬂl i Lwn” (9(2) = °)
=g(2) [m], + [m], ; I
(B 4€20) (w, 2) = g(2) [nlj]q i qlm [:n]liq wZ,

[m]q mlq
e vle) )
[m]q
O
Remark 3.2. In the same manner one can prove that:
For a real-valued function F, which is defined on R}, we have
(l) l/§’1i7(1}’—‘:F‘OTLFIUZE7 ¢
(44) (Bfl)qeoj) (w,z) =27, 7=0,1 (dew(thq) =1),
(i) (B ge0n) (w,2) = 22 4 LI 2]
' [nq
wisd, i=0,1, i eN;
(B, q€is) (w, z) = (.11)

[n]q

For calulating error, we have approximation formula
F=5B, . +R, F.
Theorem 3.3. If F (., z) € C|0, g(z)], then

‘(R%,qF)(’va)’ < <1 ) w(F(.,2);8), z€[0,h]

h
NPTV

Also, if § = ——, then

[m]q

[m]g

(Rt F)(w.2)] < <1+Z> w(F(.7z); ! ) 2 [0,h), (3.12)

where w(F (., z);d) denotes the modulus of continuity of F with respect to w.
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Proof. We have

w - ng(z)
R oF)(w, z)| < m.i(w, 2) | F(w,z) — F 2
|<,>< ) < S|P (2.2 )
As
(@ | (1 B e
Fo )= PR 2) < (6 il “) el
we get
‘(Rx,qm(w,z) <Zﬁm,i<w,z>(§ - Mﬁj{” +1>w<F<,z>,5)
i=0 4
(3= [1a9()\2)"
< 1+6(;pm,(w,z)(w [, )) w(F(.,2);0)
_ 1 Jw(g(z) —w)
= 14 5[ w2
Since o )]2
g(z
o [wlg(z) —w)] = == and Jmax [g(2)]* = h?
it follows that h
(R o F)(w,2)| < (1 + W)W(F(.,z);d).
For taking § = \/ﬁ, we get
w ﬁ w 2): 1
Ry F)(w, )] < <1+2> (F(., ): [m]).
O
Theorem 3.4. If (., z) € C?[0, h], then
(i) = "IN 0 e ), e fogla) G3.13)
and
h2
(R%’QF)(”LU,Z)‘ < mMZOF, (w,z) € Ry,
where

M F = max{F(i’j)(w,z)‘,
Rn
Proof. Since dex(By;, ) = 1, by Peano’s theorem, we get
g9(z)
(R%,qF) (w, 2) :/0 Kao(w, 23 ) F2O(t, 2)dt,
where the kernel

Kao(w, 2:t) 1= Rip o [(w = t)4] = (w =) =D fm.i(w, 2) ([i]qg(z) — t>
i=0 n

[m]y

does not change the sign (Kao(w, 2z;t) <0, w € [0, g(z)]). Using Mean Value Theorem, we get

(2)
(RY, F)(w, z) = FCO(¢, 2) / Kao(w, = 6)dt, € € [0, 9(2)].
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After some calculation, we obtain
(RY F)(w,2) = w(w —g(2)) FRO(¢ ),

where ¢ € [0, g(2)].
As

we get

2
(R%,qF)(wvz)) < LMzoF, (w,2) € Rp.

~ 8[mlq
]
Remark 3.5. For obtaining the remainder R}, ,F, we consider the formula
F =B F+R:,F.
We have A. if F'(w,.) € C[0, f(w)], then
(R F)(w,2)] < (14 ) w(Fw,):0), we0,h],
7q 26+/[nq
and
i h 1
‘(Rn,qF)(w,z)’ < <1 + 2) w(F(w,.);H>, w e [0, h]. (3.14)
Nq

B.1If F(w,.) € C?[0, ], then

(R F) (. 2) = w FOw,n), e, f(w)],

and
2

h
‘(R’Z qF)(wvz)’ < 7M02F7 (UJ,Z) S R}“
’ 8[nl,
where N
MijF = max ’F(”)(w, Z)‘
Rh

4 Product operators

Let Pon,g = By, /Br g and Qun g = By, By, be the products of operators By, and B}, .
We have

(Pon.gF)(w, z) = iipm,i(w,z)qn,j ([i]q‘[qé?z,,z)F([i]qg(z) , e < [l g(z>)>.

[mly " [n]g [m]y

Remark 4.1. The nodes for operator P,,, , are g-analogue of the nodes for P,,,, and the nodes
for P,,, are given in [15, Figure 2].

Theorem 4.2. The following relations are satisfied by the product operator P, 4:
() (Poun.gF)(w.0) = (B2, F)(w,0).

(i8) (PrunqF)(0.2) = (B3, F)(0. )

(11%) (Pon,oF)(w, f(w)) = F(w, f(w)),  w,z € [0,h].

One can easly prove above relations by following easy computation.
The property (i) or (i) imply that (P, ,F)(0,0) = F(0,0). O
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Remark 4.3. . The operator P,,,, , interpolates the function F on the curve g(z) and at the vertex
(0,0) of the one curve side triangle R,. O

The product operator Q,,, 4 is defined as

(Qnm.F)(w, z) = i iﬁm*i (w, [j]qf(w)>§n,j(w,z) F<[gfq9<mq (w)), [ﬂﬁ;ﬁ?)

i=0 j=0 [n]q

and the nodes for this operator are g-analogue of the nodes for operator (),,,,, and the nodes for
Qmn are given in [15, Figure 2].

Also the operator Q,,,, 4 satisfies the Properties;

(1) (QumgF)(w,0) = (B F)(w,0),

(1) (Lnm.F)(0,2) = (Bf, ,F)(0,2),

(ii1) (QumaF)(9(2), 2) = Flg(2),2),  w,z € [0,h].

Consider the formula for the Product operator

F=Pun,F+R" F

mn,q :

Theorem 4.4. If F' € C(Ry) and 0 < g < 1 then

mn,q

(REF) (w2

<(1 +h)w(F; ) (w,2) € Ry 4.1)

Proof. We have

7)Y o,
+iipm(w,z)qm([z]ﬁé?,z) w(F';01,02)
i=0 j=0 4
After an easy calculation, we get
ro (e N e@)| L el —w)
;jzopml(wﬂz)qnd ([]Q[m]q7 ) Hq[mq S [m]q ’
B (@) L (= b+ G| [2w) =)
22 Pl ””’f(”‘l[m}q’ ) S P R P
while
> ﬁmxw,z)qn,j([z‘]qﬁ;?,z) -1
i=0 j=0 q
It follows
1 Jw(g(z) —w) 1 [z(f(w) —2) .
‘(RZquF)(w,Z)’ < ((51 W-f—g T + 1>UJ(F,61752).
As
wlg(z) —w) _ h? A(fw)—z) W for all (w, 2) € Ry,
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we have

59 = (e 2

§(1+h)w<F; ! ; | >

(REwF)(0:2)

mn,q

5 Boolean sum operators

let the Boolean sums operators of the Phillips type g-Bernstein operators By, , and By, are
defined as
Smn,q = By © B, , =By, + B, ,— B, B,

m,qTn,q’
o— z w p— ¥4 w z w
7;”"#1 T Bn,q@Bm,q _Bn,q—'—Bm,q -5, B

n,q=m,q’

Theorem 5.1. For the real-valued function F, which is defined on R, we have

=F
ORn

Smn,qF

ORn
Proof. We have
Smn.qF = (B}, , + B, — B, Br ) F.
All three properties of the operator P,y , in theorem 4.2 together with the interpolation proper-
ties of By, , and B, , imply that

(Smn,qF) (wv()) = (B:wuz,qF) (w,O) + F(w,O) - (B;Uz,qF) (w,O) = F(wvo)v
(SmnaF)(0,2) = F(0,2) — (B3 ,F)(0,2) + (B2, F)(0, ) = F(0, ),
(Saa ), £ (1)) = Flaw, 7)) + Fluw, f()) — Fw, F(w) = Flu, f(w)),
for all w, z € [0, hl. O

For the remainder of Boolean sum operator, we have

F=8mmqF+RS, F

mn,q °

Theorem 5.2. If F € C(R},), then

B (1 . izz> “’<F("Z);[1n],1> + (1 + Z) w(F(w,.);[ln]q>

+(1—|—h)w(F; : , ! ), (5.1

(RSP ) (2

Forall (w, z) € Ry,
Proof. We have
F—S8pnogl =F—By F+F =B}, ,F—(F = PungF),

m,q

we obtain

(RS o F) (w,2)| < | (Ris  F) (w,2)| + | (R g F) (w,2)| + | (RE 0 F) (w,2)].

mn,q mn,q

Now, from (3.12, 3.14, 4.1), we get the proof (5.1). O
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6 Graphical analysis

In Figures 1a and 2a, we have shown the graph of function f(w, z) = exp[l — 25(w — 0.25)? —
25(v —0.25)?] on triangle with one curve side. The curve side of triangle is given by the function
f(w) = V1 —w?. The graphs of operator By,  F are presented in figures 16 and 2b. Also we
have presented the graphs of the operators B, / F', Py o F and Sy o F. Interpolation properties
of all above operators can be seen through these graphs. One can observe from the figures 20,
2¢, 2d and 2e that the graph of operators are approximating the graph of function better as ¢
approaches to 1 for fixed value of m and n.

Thus, one can observe that by introducing a parameter ¢ in Phillips type ¢-Bernstein operator on
triangle with one curve side, we get more modeling flexivility.



708

Authors suppressed due to length

A
TN
oyl tyly
G
i
Y

12
' o
l/'l'o’b’o‘?\i»
0.8
Jl
0.6 /%
0.4 l&a h
I %W#
Il
02 i@@yM
A
2 /'I/,I%.m.

(c) Operator By, ,f form =n =3, =0.70

15

LR

g

‘///:Zzz::.:.’.::"‘:\\\u‘

IR
)

(e) Operator Spn,qf form =n =3,¢q=0.70

12

(b) Operator B,

0.6

05

04

! ‘ i

gy
i
I
A,
RS
TN
| ',':,:.‘.‘,‘,:,“\\‘\\\&‘“\\\\\\\\\\\\\\\Qy\

i
"’V'”'O,":’:%‘m i
AN

A
it
A
Mg
6‘:" “‘\‘

qfform=n=3,¢=0.70

(d) Operator Pyp qf form =n=3,¢=0.70

Figure 1: Graphs of the operators, which approximate the funtion and interpolate the function

on some edges of one side curved triangle for ¢ = 0.70.
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