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Abstract.

The aim of our present work here is to present few results in the thédieltin transforms
using the method that S. Ramanujan used in proving his Master TheowetheFapplications of
our results for some special functions such as the prime counting farenid the zeta function
are established.

1 Introduction

1.1. This is a technical paper which is an application based extension of R@ananMaster
Theorem which is a powerful tool for evaluating Mellin type integrals [1129 [5]]. It states
that if f has expansion of the form

Fa) =3 (-1 2l (1.2)
n=0

where¢(n) has a natural and continuous extension suchgf@t+# 0, then fors > 0, we have

oo

/‘%871 (i (_1)n¢ (TL) {En> de =T (8) o (—8) . (12)

0 n=0

wheres is any positive integer. Egn.l1(2) was communicated by Ramanujan in Qisarterly
Reportd[1], p.298][2] and was used by him in computing the values of certain definite integrals
[3]. We kindly request readers to make themselves familiar with the denivafi@amanujan’s
Master Theorem from [}, p.298][2] whose method of proof is frequently used throughout the
paper. Now, for the purpose of application, consider the following biabexpansion for, v >

0

> 2T (v+n) (—x)n

(1+az) " = z:%a OB (1.6)
Employing Eqn. {.2) yields
/x"*1(1 +az) 'dx = %((vv)—n). (1.7)

0

Further applications and examples of Egh2( can be found inZ][4][ 8].
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2 On certain Mdlin transformsand their analytic expressions

2.1. In this section, few theorems are established that are motivated by Rgmarmmethod of
deriving Eqn. (.2). Furthermore, certain applications of respective theorems are dtadae
applied in calculating the Mellin transform of certain infinite series. Throughius section, it
is assumed that(n) has a natural and continuous extension suchdti@it ~ 0.

Theorem 2.1.1f 0 < R(s) < 1, then

(i)
/msfl Z ¢ (2n+1) %xz’”ldx =¢(—s)T (s) Sin%s, (2.1)
0 n=0 ’
(ii)
s—1 N (_1)" 2n _ o E
x Z¢(2n) @) zdr = ¢ (—s)T (s)cos 5> (2.2)
0 n=0
Proof. Consider the following Mellin transform of sjax) [[ 7], pg. 332]
/a:s_lsin(aa:)da: =a"°T (s)sin (l;) : (2.3)
0

Substitutings = »* with » > 0 in the above equation and expand(sir) in its Maclaurin series
to get

oo

oS e an(5),

Multiply both sides by&?)hk wheref shall be specified later and sum by0 < k < oo to get
k!

= @B T s (2D e
g:% /(f!) /x 12(2(n+)1)!(7“ o) " da

0 n=0
= ) (q) (hr—s k . (TS
= Z f0(a) (hr™2)” )k;(!h ) I (s)sin (?),
k=0
[ W (a) (2 ) (1),
/"E 1;;) Kl (2n + 1)1 o
0 n=0 k=
> ) (q) (hr—s)F TS
:Zf ()k(!h ) F()sm(?)

Now, let

s = f) (a) (hr—® F
®(—s) zf(hr +a) :Z%
k=0
Therefore, after further simplification we get

n=0

[t S ot s s st ().
0

Proof of (ii) can be obtained by a similar method usirg],[pg. 332]

7x51 cojax)dr =T (s)a™* COS(W—;) 2.4 (2.4)
0
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Egn. Q.2 is also derived by Ramanujan himself in his quarterly report} Pg. 318,
Corollary (i)] but his proof is quite different from the one we have présd. However, There is
no account of Eqn.2.1) is his work.

Corollary 2.2. For 0 < %(s) < lands # 3,1 we have
()

00
s

/msl<¢(4)m—<(8>%x3+<<12)$x+) =C@-2)r@sn(Z). @5

0
(ii)

/xs—l(c<2>—<<6>%x2+<<10>—x+ )d =(@-29)r(x)eos(5).  (29)
0

where((s) is the zeta function.

Proof. Let
¢ (n)=¢(2n+2)
which yields
d(2n+1)=((4n+4)
and
d(2n)=C(4n+2).
Now, use Eqn.Z4.1) and @.2) to get the desired result. O
Corollary 2.3. We have
(i)
0

(ii)

7 loga 1 1 4

/7<<(2)—<(6)5x +C(10) ot + - )d T= 0 (2.9)

0

where((s) is the zeta function.

Proof. We have mentioned earlier that® R(s) < 1, but their is a particular case where we
can apply Theorem 2.1 at= 0. This can be done as follows. Using reflection formula for the
gamma function of the right hand side of Eq2.5) and taking the limit ors the both sides to
zero, we get

00 , 1, _7T2. WSIH(%)
/< —m + (1) gat 4 dr = 5 M) e S Gin sy
0

Using L'Hospital’s rule, we get

7 1 7r3
0

Similarly, after calculating the value of integrd&.6), Eqn. @.9) readily follows. A detailed
proof can be found in Appendix A.1. m|
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Corollary 2.4. for [t| < |a], 0 < R(s) < Landc > 0 We have

%/xsfl [€(c,a+z)—C(c,a—x)]dx
0
(=) (s)T (c—s)¢(c—s,a) . (ms
= F o sin (7) . (2.10)
Proof. From [[9], pg. 412] we have
- 1
P B/ (c+2k+1,a)t* 1 =Z[C(c,a—t) —C(c,a+t)] (2.11)
— ( 2k + 1! 2
where
Mc+2k+1)
©ovin = =T
Lettingt = = and applying Egn.4.1) yields the desire result. O

Theorem 2.5. We have

/ |ongCn 204 (a ch (2.12)

0 n=0
where 1
=((4n+2) Ok (2.13)
A=Y i 2n k 7+ (1-2n), (2.14)
k:l

andx(z) is the prime counting function.

Proof. Compress the sum in the integrand of E¢h8(and instead of integrating from all values
from 0 toco, integrate only on primesT], pg. 118, Eqn. (9.2)], that is

/Iogng n+2) B 1; " dr ()

n=0

wherer(z) is the prime counting function. Therefore, we get

r IOgiL‘ - 1)7) 271 Iogp 1)" 2n
/ . ZC (4n+2) (n)' dr (x Z ZC n)!p .
0

n=0 P

Now, let

cn=C(4n+2) <(;:3:L

then substitute the value ef and inverting the order of summation, we get

log . > logp 5, log
/ ”CZ Pin(0) =3 e 2 pppzznz_ocn;plg. (2.15)

Now, using Eqgn. (6.1) from [f], pg. 116], for®(s) > 1, we have

ZIng: - M(kj) +f(8)

S —
~ P k:lsk 1
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wherep(k) is the Mobius functionf (k) is analytic and is given by

R ¢ (ks) 1
;“(k) { Clks) ks 1}'

Therefore, we get

| & .
Zp??ﬁ :;(1—%);—1+“1_2ﬂ)

p

and

- k(1-2n)) 1
f(1=2n) kz { K1-20) "RA-20)-1)
Substituting the above values in Eq.X5 yields the following result

/Iongcn 2”d7r ch "

n=0

where

Zl an 1 /(=20
k:l

Theorem 2.6. If p, k,s > 0, then

()
7 o= 1nzo¢ 20 + 1) (Zil—l))z,ﬁlx“"”kdxw(%)prk( sin(57).
0
[ e 1;)¢ o0+ ) e s = o (1) ey sin(Z).
(i) 0
()

/ . 1Z¢ 2n) ézn 2@k gy = ¢ (;) Tk (s )cos(ZZ)
0

(2.16)

(2.17)

(2.19)

(2.20)

where,I; (s) is thep-k gamma function 0] and I, (s) is the k gamma function £1][ 12] *

defined as follows

£ (%)
— (P\* _P 5
(s) = () el = T (3).
Proof. Replacer with z*/p in Eqn. €.16) to get

(2n + 1)1p2n+l

[ ashh & (=" @i ket (TS
0/ zz: d(2n+1) ——S——u de—¢(—s)r(s)SIn(7),

LMk(z) = kMp(z) =T(z)asp = kandply(x) = 1M1(x) = M(z) asp, k — 1.
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Gk 1 o 1 n ]
/ S o(2n+1) Wmanﬂ)kkdw = ¢ (—s)T (s)sin (%)
n=0 :

Now, replacings with s/k yields
/ 13 (a4 1) D g, — (22 Ep (2)sin(Z2).
< (2 + 1)Ip2ntl k) k k 2k
0 n=
By further simplification, the desired result readily follows. (iii) can beidst in a similar

manner. (ii) and (iv) are special cases of (i) and (iii) wipea k respectively. ]

3 Appendix

A.l. Take the derivatives both the sides of Eq@.6) with respect tos and then multiply and
divide right hand side of the equation witljs) to get

[+ loge <c (2) ¢ (6) 0 + € (10) ) da = (' (2 25)T (s)cos( 7 )
0
1

F¢ @40 (s)cos( ) +5¢ 2= 29T (s)sin().

Using the reflection formula for gamma function, we get

0
+%C(2—25)r(1—8)sin(ﬂ's)1/)( )cos( 5 ) + g(z 2s )%

Now, taking limit both the sides of from s — 0, and applying L' Hospital’s rule, we get

T

/ logz (( (2) - ¢ (8) %xz +¢(10) %m“w) du
0

—lim (22 G i T2 2
= @, s + ¢, s
=0+ ”—;c (2) = Z—:
Therefore, .
/'Og‘” (g(z) —C(6) gya? +C (10) g )dx: Z_:
0
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