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Abstract In the present work we investigate the existence and multiplicity of nontrivial solu-
tions for the Choquard Logarithmic equation (—A)zu 4 a(z)u+ A(In| - | * [u?)u = f(u) in R,
for a : R — R a continuous potential, A > 0 and a nonlinearity f with exponential critical
growth. We prove the existence of a nontrivial solution at the mountain pass level and a non-
trivial ground state solution under exponential critical and subcritical growth. Moreover, when f
has subcritical growth we guarantee the existence of infinitely many solutions, via genus theory.

1 Introduction

In the present paper we are concerned with existence and multiplicity results for the Choquard
logarithmic equation

(—A)u+u+ (|- | [u*)u= f(u) in R, (1.1)

where (—A)'? is the fractional Laplacian, In is the neperian logarithm and f : R — R is continu-
ous with exponential growth and primitive F'(s) = f f(¢)dt. The study was motivated by recent
0

works dealing with logarithmic kernel, the possible applications to this kind of equations and the
development of an approach that can be applied to general potentials with not definite sign.
We recall that a function h has subcritical exponential growth at +o0, if

lim 5

s—4o0 es? _ |

=0 ,forall o >0,

and we say that h has critical exponential growth at 400, if there exists w € (0, 7] and o € (0, w]
such that
h(s) { 0, Va> a.

lim ——— =
s—+oo 8™ — ] 400, Va<a.

So, in the following we present some necessary conditions to obtain our main results. This
kind of hypothesis are usual in works with Moser-Trudinger inequality, such as [18, 19]. We
assume that f satisfies

(f1) f € C(R,R), f(0) =0 and has critical exponential growth.
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f@) _

=0 [t

(f2)

From (f1) and (f,), for ¢ > 2, > 0 and a > «, there exists a constant b, > 0 such that
|F(u)| < %|u|2 +bolul (e’ — 1), Vu € X. (1.2)
and there exists a constant b3 > 0 satisfying
1f(w)] < elul + bslula (e = 1), Vue X. (1.3)
We also can derive from (1.2) a very useful inequality. Consider r;,7, > 1,7 ~ 1 and rp, > 2,

such that Til + % = 1. Then, for all u € H%(R), a > ag and € > 0, we get that

1

1

3 2
[ 1F@lde < Slulf + wllull, | [ @ -] (14
R R

Our strategy to prove Theorem 1.1 will consist in finding a Cerami sequence for the mountain

pass level. In order to verify that such sequence is bounded in H 3 (R), we will need the following
condition

(f3) there exists 6 > 4 such that f(¢)t > 6F(¢t) > 0, forall ¢t € R\ {0}.

Moreover, as we will be working with an exponential term, to guarantee that the mentioned
Cerami sequence and the minimizing sequence for the ground state satisfy the exponential esti-
mative, we rely in the next condition.

2(¢-2)]*F 54
q? pl?

for Sy, po > 0 to be defined in Lemma 2.13.
Hence, we are able to enunciate our first main result.

(fa) thereexistq >4 and Cy >

such that F'(t) > Cy[t|?, forall ¢t € R,

Theorem 1.1. Assume (f1) — (fa), ¢ > 4 and C; > 0 sufficiently large. Then,
(i) Problem (1.1) has a solution v € X \ {0} such that

I(u) = emp = inf max 1 (v(1)),

where ' = {y € C([0, 1], X) ; v(0) , I(v(1)) <O0}.
(ii) Problem (1.1) has a ground state solution v € X \ {0} in the sense that

I(u) = ¢y =1inf{I(v) ; v € X is a nontrivial solution of (1.1)}.

For the second main result, we are concerned with multiplicity of solutions. However, to
obtain this we need to exchange the condition (f1) by the condition below.

(f]) feCR,R), f isodd, has subcritical exponential growth and F'(¢) > 0, for all ¢ € R.

Also, we need to add a condition that gives us the desired geometry for the associated functional.
That is,

f(t)

(fs) the function ¢ — o is increasing in (0, 400).

From this condition, since f is odd, it follows that @ is decreasing in (—o0, 0).
Moreover, in this case we can also weaken the condition (f4), as follows.
(f1) there exists ¢ > 4 and M; > 0 such that F'(t) > M,[t|?, Vt e R.

Our strategy to prove the second main result consists in applying the genus theory and it is
inspired by the construction presented in [12].



FRACTIONAL CHOQUARD LOGARITHMIC EQUATION 83

Theorem 1.2. Suppose (f{), (f2),(f3),(f1), (fs). Then, problem (1.1) admits a sequence of so-
lution pairs +u,, € X such that I(u,) — 400 as n — +oc.

The reader should pay attention that many difficulties arise while dealing with Choquard
logarithmic equations with exponential nonlinearities. Concerning the logarithmic term, one
will see that it is very difficult to guarantee when a Cerami sequence has a subsequence that
converges strongly in X (defined in (2.1)). Inspired by [12], we obtain such convergence module
translations. But, since the norm of X is not invariant under translations, new difficulties arise.
Also, we can mention that the key convergence result that we have so far, does not work for
functions satisfying u, (z) — 0 a.e. in R. Besides that, we have the difficulties concerning the
controlling of exponential term, as we will mention later.

Next we make a quick overview of literature. In the first half of this overview, we recall
that problems with nonlocal operators arise in many areas, such as optimization, finance, phase
transitions, stratified materials, anomalous diffusion, crystal dislocation, soft thin films, semiper-
meable membranes, flame propagation, conservation laws and water waves. See e.g. [15, 9]. For
fractional problems involving (—A)*, with N > 2s and s € (0, 1), without logarithmic kernel,
we refer to [13, 21], where the authors have obtained ground state solution under subcritical
polynomial growth and, in addition, in [21], they studied the regularity and derived some prop-
erties for those solutions. Moreover, in [35], authors dealt with coercive potentials, while in
[17], they study the equation with potentials that vanish at infinity. In [18], the authors guarantee
the existence of ground state solution when the nonlinearity f has maximal exponential growth.
We also refer the reader for the works [19, 26, 3, 27], in which the authors dealt with fractional
Laplacian operator, and the works [10, 28, 32], for general problems with Moser-Trudinger type
behaviour.

For the second half, we take a look into works that deal with Choquard equations which are
well-known for their great range of applications in science, specially in physics and mechanics.
We cite, as example, the seminal papers due to Frohlich and Pekar, [24, 23, 39], where the authors
describe the quantum mechanics of a polaron at rest, in the particular case, when V(z) =a > 0
and v > 0. It is curious that, although such equations are called “Choquard equations”, they
were introduced in the above mentioned papers.

We focus our overview in the recent works [12, 11, 20, 38, 2], where the authors study
problems involving the logarithmic kernel, considering equation (1.1) in the local situation.

In [12], the authors have proved the existence of infinitely many geometrically distinct so-
lutions and a ground state solution, considering V' : R?> — (0, 00) continuous and Z>-periodic,
v >0,b>0,p>4and f(u) = blu|/P"u. Here because of the periodic setting, the global
Palais—Smale condition can fail, since the corresponding functional become invariant under 72-
translations. Then, intending to fill the gap, in [20] it is proved the existence of a mountain pass
solution and a ground state solution for the local problem (1.1) in the case V(z) =a > 0, A > 0,
2 <p<4and f(u) = |uP~2u. Also, they verified that, if p > 3, both levels are equal and
provided a characterization for them. Moreover, in [11], the authors dealt with the existence of
stationary waves with prescribed norm considering A € R in a similar setting. Then, following
the ideas of the predecessors, in [38], they discuss a local version of problem (1.1) in R? with
a polynomial nonlinearity. Finally, in [2], the authors proved the existence of a ground state
solution for local problem (1.1), with a nonlinearity of Moser-Trudinger type.

The present work aims to extend or complement those results already found in the literature,
combining the fractional Laplacian operator with Choquard logarithmic equations and exponen-
tial nonlinearities.

Throughout the paper, we will use the following notations: L!(IR) denotes the usual Lebesgue
space with norm || - ||; ; X’ denotes the dual space of X ; B,(z) = (z —r,z + r) is the ball
in R centred in « with radius » > 0 and simply B, when © = 0 ; A€ stands for R \ A, for any
subset A C R ; C, (Y, (,, ... will denote different positive constants whose exact values are not
essential to the exposition of arguments.

The paper is organized as follows: in section 2 we present the framework’s problem and
some technical and essential results, some of them already derived in previous works and whose
application to our problem is immediate. Section 3 consists in the proof of a key proposition
and our first main result. Finally, in section 4, we prove our second main result, considering the
subcritical case.
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2 Preliminary Results

In this section we present the reader for the framework necessary to study problem (1.1) and
provide some technical results.

We start remembering that the operator (—A)? : S(R) — L2(R) is given by

Loy u(z) - uly)
(A)2u(x)_C(l,2) il_% / P dy,VzeR,
R\ Be(z)

where the normalizing constant C (1, 1) is defined in [15] and S(R) denotes the Schwartz space.
Equivalently, for v € S(R), by [15, Pr0p0s1t10n 3.3], if F denotes the Fourier Transform,

(=A)u=F ' (|¢|(Fu) , Vo €R.

Moreover, in light of [15, Proposition 3.6], we have

8y = o [ [ iy e i)
R R

yl?

even though we usually consider this equality omitting the normalizing constant ﬁ
Now, we turn our attention to the Hilbert space

Wi2(R) = H*(R) = {u e L*(R // [u( datdy < +o0y,

endowed with the norm || - [|* = [-]3 , + || - [|3, where
25

:!!U(Ti:Zfzy)|2dxdy'

For further considerations about Iz (R) and (—A)% and some useful results, we refer to [15, 14,
1, 26, 3, 27].

Next, inspired in [37], in order to guarantee that the associated functional with the problem
is well-defined, we consider the slightly smaller space

X={uecH(R); /1n(1+|x\)u2(x)dx<+oo . .1
R
The space X endowed with the norm || - ||5 = || - [|> + || - [|2, where

ulf? = / In(1 + 2] )2 (2)de,

R

is a Hilbert space.
Inspired by [12], we define three auxiliary symmetric bilinear forms

(u,v) — Bi(u,v) = //1n1+|x—y| u(z)v(y)dzdy,

(u,v) = Ba(u,v) = //ln (1 + |x1y|> u(z)v(y)dzdy,

(u,v) = Bo(u,v) = By(u,v) — By(u,v) // (|l — y))u(z)v(y)dzdy.
R
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These definitions are understood to being over measurable functions u,v : R — R, such that
the integrals are defined in the Lebesgue sense. We also define the functionals V; : Hz(R) —
[0,00], V5 : L*(R) — [0,00) and Vg : H2(R) — R U {oc}, given by Vi(u) = Bj(u?, u?),
Va(u) = By(u?,u?) and Vi (u) = Bo(u?,u?), respectively.

By Hardy-Littlewood-Sobolev inequality (HLS) [31] and using that 0 < In(1 + r) < r, for
r > 0, one can easily obtain

1
Bau)] < [ [ Zut@pdedy < Kolllblolls . Vv e 2E). @2)
R R

where K > 0 is the HLS constant.
As a consequence of (2.2),

Va(u)| < Kollull}, ¥Vue L*R), (2.3)
so V5 takes finite values over L4(]R). Also, observing that
In(1+4 |z +y|) <In(1+|z|+|y|) <In(1+ |z|)+In(1+|y|), for z,y € R, (2.4)
and applying Holder inequality, we estimate
By (wv, wz) < |full«[[oll«[lwll2ll2]|2 + [lull2l[o]|2l[w]]«]]2]]+, 2.5)

for all u, v, w, z € L*(R).
In our first lemma we determine in which spaces X can be embedded either continuously or
compactly.

Lemma 2.1. X is continuously embedded in Hz (R) and compactly embedded in L*(R), for all
t € [2,400).

Proof. The continuous embedding is immediate, since ||u|| < ||u||x, for all u € X. In order to
prove the compact embeddings, let (u,) C X such that u,, — 0 in X. Then, the result follows
from the coerciveness of In(1 + |x|), [1, Theorem 7.41], [15, Theorem 7.1], the interpolation
inequality for L!(R) spaces and a diagonal argument. O

Next we make some considerations concerning the exponential behaviour of the nonlinearity.
First of all, we mention the celebrated Moser-Trudinger Lemma [10, 33, 18]

Lemma 2.2 (Moser-Trudinger, [33]). There exists 0 < w < m such that, for all a € (0,w), there
exists a constant H, > 0 satisfying

[ = 1y <
R
forall u € Hx(R) with ||(—A)#ul} < 1.
Based on the above lemma, [18] proved the following result.

Lemma 2.3. [18, Proposition 2.1] For any a > 0 and u € H> (R),

/(eauz — 1)dz < 4o0.

R

Hence, from Lemma 2.3 and equation (1.2), for any u € X we have

L
71

1 >
/ F(u)de < S [l + ba[ull9,, /(ewu 1)z | < +oo. 2.6)
R R
The following lemma plays a key role on the continuity of the associated functional and while

guaranteeing that the functional is lower semicontinuous for H z (R). In order to do that, we need
a result that allow us to control the exponential term.
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Lemma 2.4. Let (u,) C X such that (uy,) is strongly convergent in Hx(R). Then, there exists a
subsequence (uy,) C (un) and a function g € H*(R) satisfying |un, (z)| < g(x) a.e. in R, for
allk e N.

Proof. The proof can be done similarly as in [16]. We only highlight here why the function w
obtained in [16] belongs to Hz (R). Since (wy,) is bounded in H (R), passing to a subsequence,
if necessary, w, = v € H%(R). Then, by [15, Theorem 7.1], w,, — v in L?(Bg), for all R > 0.
Hence, up to a subsequence, w,(z) — v(z) a.e. in R. Once w,(z) — w(z) ae. in R, we
conclude that w = v a.e. in R. Therefore, w € H? (R). O

Lemma 2.5. Let (u,,) C X and u € X such that u,, — w on H? (R). Then, we have

/ (um —>/F , /f(un)un—>/f(u)u and /f(un)v%/f(u)v, VoeX.
R R R R

Proof. Since u, — win Hz(R), u,(z) — u(z) a.e. in R and, from [15, Theorem 6.9], u,, —
in L*(R) for all ¢ > 2. By Lemma 2.4 and using the Dominated Convergence Theorem, the
result follows. O

We need some technical lemmas in order to obtain boundedness and convergence when deal-
ing with logarithmic parts. Once the proofs found in [12] remains essentially the same, by only
exchanging R? for R, we omit it here to make the paper concise.

Lemma 2.6. (12, Lemma 2.1]) Let (uy,) be a sequence in L*(R) and u € L*(R) \ {0} such that
u, — u pointwise a.e. on R. Moreover, let (v,,) be a bounded sequence in L*(R) such that

2

’fl’ n

sup By (u,
neN

) < oc.

Then, there exist ng € N and C > 0 such that ||u,||. < C, for n > no. If, moreover,

Bi(u?,v2) =0 and ||va|]» = 0, as n — oo,

n’vn

then
[lon]]« = 0 , as n — oc.

Lemma 2.7. ([12, Lemma 2.6]) Let (u,,), (v,) and (wy,) be bounded sequences in X such that
uy, — uin X. Then, for every z € X, we have By (vowy, , z(u, —u)) — 0, as n — +oo.

Lemma 2.8. ([12, Lemma 2.2]) (i) The functionals Vi, Vi, V5 are of class C' on X. Moreover,
V! (u)(v) = 4B;(u?, uwv), for u,v € X and i = 0,1, 2.

(ii) V3 is continuous (in fact continuously differentiable) on L*(R) .

(iii) V; is weakly lower semicontinuous on Hz (R). (iv) I is lower semicontinuous on H? (R).

Therefore, from Lemmas 2.5 and 2.8, (2.6) and [27, Lemma 2], we conclude that 7 : X — R
given by
1
1) = 5 |ulf + Volw) - [ Plu)do
R

is well-defined in X and I € C'(X,R).
Next, let us verify that I has the mountain pass geometry, in order to obtain a Cerami sequence
for the mountain pass level c,y,.

Lemma 2.9. There exists p > 0 such that
mg =1inf{I(u); ue X, ||u|| =8} >0,V e (0,p] 2.7

and
ng = inf{I'(u)(u); ue X, |jul| =8} >0, VB e (0,p] (2.8)
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Proof. First of all, we choose 71,7, > 1 such thatr; ~ 1 and r, > 2. Then, consider u € X \ {0}
such that rja|u||* < w, in order to apply the exponential inequalities. Thus, from (1.4), HLS,
Lemma 2.2 and Sobolev embeddings, we have

1 ul?
) =l + 3 Vo(w) /F yir > PG — e~ ol - ol

Therefore, since ¢ — 2 > 0, we can choose p > 0 sufficiently small, such that (2.7) is valid.
Similarly, as

I'(w)(w) = |[ul* + Vo (u) /f Judz > [ul Pl — & — Cyllul[* — Cs]Jul[1?],

once again one can pick p > 0 sufficiently small, such that (2.8) holds. O
Lemma 2.10. Let u € X \ {0} and q > 4. Then,

lim I(tu) =0 , supI(tu) < 400 and I(tu) — —oco, as t — +oo.
t—0 >0

Proof. Letu € X \ {0}. First, from (f4) and ¢ > 4,

t? 4
10 = 5 P + ot /Fw CulP 4+ 5 vo(w) — oty — —oc,

as t — +oo. Now, from (1.2) and Lemma 2.2, taking ¢ > O sufficiently small such that
riat||ul|* < w, we have

[ Ftenar < SipB+ sy, 0
R
ast — 0. Hence, I(tu) — 0 as ¢t — 0. Finally, this behaviour combined with the fact that I is

C"', tell us that sup I (tu) < +o0. O
>0

For the next results, consider a sequence (u,,) C X satisfying
3d>0 st I(u,) <d,VneN, and ||[I'(uy)||x (1 +|Jusllx) =0 ,as n — oo (2.9)
Lemma 2.11. Let (u,,) C X satisfying (2.9). Then, (uy,) is bounded in H* (R).
Proof. From (2.9) and (f3), we have

At of1) > I(ug) — 11 ) () 2 Sl + (—Q/F%m>|mw
R

Hence, we conclude that (u,,) is bounded in H2 (R). i

Remark 2.12. One can easily verify, from Lemma 2.10 and the Intermediate Value Theorem,
that 0 < m, < ¢mp < +00. Then, since I has the mountain pass geometry, similarly as in [20,
Lemma 3.2], there exists a sequence (u,,) C X such that

I(un) = ¢mp and |1 (un)||x (1 + ||unl|x) — 0 ,as n — +oc. (2.10)
Moreover, this sequence satisfies (2.9).

Subsequently, we will guarantee that the norms of the sequence obtained in Remark 2.12 can
be taken sufficiently small such that the exponential inequalities are valid for it. Moreover, this
will be valid for any sequence (u,,) C X satisfying I(u,) < ¢mp, forall n > ng, ng € N.
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Lemma 2.13. Let (u,) C X satisfying (2.10) and q > 4. Then, for some py > 0 sufficiently
small,
limsup ||u,||* < 3.

Proof. From Lemma 2.11, we have that (u,,) is bounded in H?(R) and 4¢,,,, + o(1) > [|un |2,
for all n € N. Then, limsup ||u,||?> < 4¢,,,. Hence, we need to find an estimative for the value

Cmp- To do that, consider the set A = {u € X ; u# 0, Vp(u) < 0}. Defining u;(z) = t2u(tx),
forallt > 0,u € X \ {0} and x € R, we verify that

Vo(ug) = t6Vo(u) — 6 lnt||u||‘2‘ — —00,

as t — +oo, and hence A # (). Moreover, from immersions [15, Theorem 6.9], there exists
C > 0 such that ||u|| > C||ul|,, for all w € H?(R) \ {0}. Thus, it makes sense to define

[|v]]

Mol

Sq(v)

and S, = 1}1615 Sq(v) > 5%6}(1}) > 0.

Now we are ready to estimate ¢,,,,. From Lemma 2.10, for v € A and T' > O sufficiently large,
I(Tv) < 0. So, we can define v € I" by v(t) = tTv, such that

L, < = < .
cmp < Max I(y(t)) = max I(tTv) < maxI(tv)

Consequently, for ) € A, we have

£ 11\ S,(y)i>
< T < - 2 _ q al (2 _ 2 q .
Cmp < TAX (tw)_lgg{zhﬂ Cot ||¢|q} < (2 q> (O

Thus, taking the infimum over ) € A, we obtain

_2q_
. 2(g —2 Sa-?
tim supfun | P < 202 ST
n q (qu)qu

for C, > 0 sufficiently large. O

Lemma 2.14. Let (u,,) C X be bounded in H? (R) such that

lim inf sup [un (y)[*dz > 0. .11

n—+oo =Y/
Bs(y)

Then, there exists u € Hz(R)\ {0} and (y,) C Z such that, up to a subsequence, y, * u, =
i, — u € H? (R).

Proof. From (2.11), liminf properties, the boundedness of (u,) in H2(R), [1, Theorem 7.41]
and [15, Theorem 7.1], one can construct the desired subsequence and obtain the result. m|

3 Proof of Theorem 1.1

In the present section, we finish the proof of Theorem 1.1. As a first step, we prove a key
proposition which provide us with nontrivial critical points.

Proposition 3.1. Let ¢ > 4 and (u,,) C X satisfying either (2.10) or (2.9) with d = ¢y,p. Then,
passing to a subsequence if necessary, only one between the following items is true:

(a) ||lun|| = 0and I(u,) — 0, as n — +oo.

(b) There exists points y,, € Z such that @,, = y, * u, — u in X, for a nontrivial critical point
u € X forl.
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Proof. First of all, from Lemma 2.11, (u,,) is bounded in H 2 (R) and, passing to a subsequence
if necessary, by Lemma 2.13,

/(e"”’“31 —1)dz < H,,VneN.
R

Suppose that (a) does not happen.

Claim 1: lim inf sup / |un (z)[*dz > 0.

n——+0o yeZ

Bs(y)
Suppose the contrary. Then, from an easy adaptation of Lion’s Lemma found in [40, Lemma

2.4], one has u,, — 0in L(R), for all ¢ > 2. Thus, from (2.3), V»(u,) — 0. Moreover, since
q > 2, from (2.9),

[ )unds| < elfunlB+ Callunlly, .
R
as ¢ — 0 and n — +o0. Consequently,

||un||2 + Vl(“n) = I/(Un)(un) + VZ(Un) + /f(un)undx — 0,
R

as n — +o0. Thus, ||u,|| = 0 and Vi (u,) — 0. From the continuous immersions [15, Theorem

6.91, ||un|l2 — 0. Then, from (1.4), /F(un)dx — 0. As a consequence, I(u,) — 0, which is a

R
contradiction. Therefore, the claim is valid.

From Claim 1 and Lemma 2.14, up to a subsequence, there exists (y,) C Z and u € H? (R)\
{0} such that @, = y,, * u, — uin Hz(R). We can conclude that (i,,) is bounded in Lf(R), for
all t > 2, and i, (z) — u(z) ae. inR.

Observe that, as g > 2,

Vl(an) = Vl(un) = I/(un)(un) + VZ(“H) + /f(“n)undx - ||un||2
R

< Ko|luall5 + €02 + Cil|unl|?,, + o(1) < C5 + o(1).

That is, sup V; (i,,) < +oo. So, from (,,) being bounded in L?(R) and Lemma 2.6, (||, ||.) is

bounded. Therefore, (@) is bounded in X and, once X is reflexive, passing to a subsequence, if
necessary, i, — « in X. From Lemma 2.1, @,, — v in L*(R), for all ¢ > 2.
Claim 2: ' (i) (4, —u) — 0, as n — +o0.

One can easily see, by a change of variable, that I (@, ) (G, — u) = I'(upn)(un — (—yn) * u).
Thus,

(I (@) (G — )| = [I' () (tn — (=yn) *w) | < (I (wn)l|x ([|unllx +[[(=yn) *ul|x) , Vn € N.

3.1

Then, we first seek for an useful inequality for ||(—y,) * u||x. Once ||u,||x already appears in
(3.1), a natural way is to look for a constant C' > 0 such that ||(—y,) * u||x < Cl|lun]|x-

Observe that, since %, — u in L?>(R) and u € L*(R) \ {0}, there are R; > 0, n; € N and

Cy > 0 such that ||an||%,BRI > C; > 0, forall n > ny. Let us prove that (y,) is bounded

in Z%. In fact, suppose, by contradiction, that any subsequence of (y,,) satisfies |y,| — +oc.
Thus, there exists n, € N such that |y,| > 2R, for all n > n,. Moreover, we recall that
1+ |z 4+ yn| > /14 |ynl, for all z € Br, and n > n,. Therefore, passing to a subsequence if
necessary, we have

a2 = /1n<1 12 + yllun () P
R
> Callunl

%,BRl ln(l + |yn|) =03 ln(l + |yn|)7v” eN,
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which contradicts the fact that (@,,) is bounded in X.
Now, observe that

llunl2 = /ln(l + [z = yn ) (2) Pz < [Tl +In(1+ [ya])l[@n] 3, ¥n €N (3.2)
R

Since (y,,) is bounded in Z?2, there are yo € Z* and 7 € N such that y,, = yo, for all n > 7.
Then, from (3.2) and the fact that (@,,) is bounded in X, we have

||un||i < Cy where Cy=max{In(1+ |yn,]|),...,n(1 + |yzl|),In(1 + |yo|)} > 0.

Therefore, once (u, ) is already bounded in H(R), we conclude that (u,,) is bounded in X .
Thus, from (2.10),

1
|I/(ﬂn)(an —u)| < (1 +Csz)|‘ll(“n)||X/H“n||X — 0, as n — +oo.
Claim 3: /f(ﬂn)(ﬂn —u)dzr — 0,asn — +oo.
R

Since || - || is Z-invariant, Moser-Trudinger inequality and the exponential results above hold
for the sequence (i, ) as well. It follows that

/f(ﬂn)(ﬂn —u)dz| < ||| |2/|@n — ull2 + Coll@n — ullg,, =0,
R

as n — 400, concluding the claim.
Moreover, observe that

(V3 (i) (i, — )| < Ko |fin] 3] — ][4 — O
and
Vll(ﬂn)(ﬂn —u) =B (ﬂgw ﬁn(ﬁn - U)) = Bl(ﬂi» (ﬁn - U)z) + By (ﬁi,u(ﬂn - u))

Also, since (i, ) is bounded in X, from Lemma 2.7, By (@2, (@, —u)) — 0. So, from the above
estimations

o(1) = [[nl* = [[ul * + Bi (@, (@ — u)?) + o(1) > [[n|[* = [ul]* + o(1).

Hence, ||fi,|| — ||u|| and By (@2, (@i, — u)?) — 0. Therefore, we conclude that ||di,, — u|| — 0
and, combined with Lemma 2.6, we have ||, — u||« — 0. Consequently, @, — u in X.

Finally, we have to show that w is a critical point of I. Let v € X. So, as we deduced above,
it is possible to find Cg > 0 such that

[1(=yn) *v]|x < Chollunllx , Vn eN.
Thus,

())] = Tim_|P(@)(0)] = Hm [ () (~ya)e0)] < Cio. lim || (ws)] x| unlx =0.

n——+oo n——+oo

m}

Proof of Theorem 1.1. (i) From Lemma 2.9 and Proposition 3.1 there exists a nontrivial critical
point of I, up € X, such that I(ug) = .

(ii) Define K = {v € X \ {0} ; I'(v) = 0}. Since uyp € K, K # 0. Thus, we can consider
(un) C K satisfying I(u,) — ¢4 = vig}f{ I'(v).

Observe that ¢, € [—00, ¢mp). If ¢g = ¢pp, Nothing remains to be proved. Otherwise, if ¢, <
Cmp» Passing to a subsequence if necessary, we can assume that [ (up) < Cmp, for all n € N. So,
Lemma 2.13 holds for this sequence and we can apply all the results derived earlier. Therefore,
from Lemma 2.9, (u,,) C K and Proposition 3.1 there exists (y,,) C Z such that @,, — u in X,
for a nontrivial critical point v of I in X. Consequently, I’(v) = lim I’(@,) = imI’'(u,) = 0
and we conclude that u € K and I(u) = lim I (@,) = limI(u,) = ¢,. Particularly, we see that
cg > —00. ]



FRACTIONAL CHOQUARD LOGARITHMIC EQUATION 91

4 Proof of Theorem 1.2

To finish this section, we will verify some properties of an important auxiliary function, namely,
vu : R = R, given by ¢, (t) = I(tu), forallu € X \ {0} and ¢ € R.

Lemma 4.1. Let v € X \ {0}. Then, ¢, is even and there exists a unique t,, € (0, +00) such that
o, (t) >0, forall t € (0,t,), and ¢, (t) <0, forall t € (t,,00). Moreover, @, (t) — —oo, as
t — +o0.

Proof. Since f is odd, I is even and, consequently, ¢,, is even as well.
(i) For ¢t > O sufficiently small and « > 0, for (1.3), we have

u(t) = tllulP[1 = Cot?|[ul* — & — Cat?2[Jul|72].

Thus, ¢, (t) > 0 for ¢ > 0 sufficiently small.
(i) From (f3) and (f}), once ¢ > 4,

o, () < t|ul? + Vi (u) — O3t [ul|? — —c0 , as t — +oo.

Hence, from (i)-(ii), since I is C', there exists t,, € (0, +00) such that ¢/, (¢,) = 0, which is
unique by (f5). ]

Corollary 4.2. Let u € X \ {0}. Then, there exists a unique t,, € (0,+0c0) such that ¢, (t) > 0,
Jort € (0,t), and ¢, (t) < 0, for t € (t,,,4+00). Moreover, t,, given by Lemma 4.1 is a global
maximum for ..

Lemma 4.3. For each v € X \ {0}, the map u — t!, is continuous.

Proof. First of all, observe that, from the uniqueness of ¢/, the map is well-defined for all u €
X \ {0}. Consider now (u,) C X \ {0} such that u,, — uin X \ {0}.

Suppose, by contradiction, that (t;n) is not bounded. So, from Lemma 4.1, the definition of
©u, the continuity of I and Corollary 4.2, there exists ¢y > 0 such that 0 < ¢, (ty) < 0, which is
a contradiction. Therefore, (¢, ) is bounded.

Hence, there exists (t;nk) C (ty,, ) such that t;nk — t € (0,400). Thus, we infer that

0 <|lte,, tn, —tullx <[t —Ullun,|lx +ltn, —ullx = 0.

Uny,

Consequently, t;nk Up,, — tuin X. From continuity of I, [ (t;nk Un,, ) — I(tu).
On the other hand, from t;nk definition, [ (t;nk un, ) = 0. Hence, I(tu) = 0. From unique-
ness given by Corollary 4.2, t = ¢/,. So, we conclude that t;nk — t!,. Since this argument can

be done to any subsequence of (t., ), by standard arguments one can see that t, — t,,, proving
the continuity. o

In this section we will provide the proof of the multiplicity result stated. In order to do so,
we will need to verify some results concerned with the genus theory, denoted by v and which
definition, given over 4 = {A C X ; A is symmetric and closed} (with respect to the continuity
in X)), and basic properties can be found in [36, Chapter IL.5].

We start defining the sets

K.={ueX; I'(u)=0,I(u) =c}, ce (0,+00)

and
Acp={ue X ;|lu—v||<p ,forsomev e K.}, ¢ € (0,400).

It is easy to verify that the sets K. and A. , are symmetric, closed (with respect to || - || x) and
invariant under Z translations, i.e, if u € K., A. ,, then z xu € K., A, ,, forall z € Z.

Next, we fix a continuous map 3 : L?(R) \ {0} — R that is equivariant under Z translations,
ie, B(x *u) = v+ B(u), forz € Z and u € L*(R) \ {0}. We also require that (—u) = (u).
Such map is called a generalized barycenter map and an example can be constructed as that one
in [4]. Hence, we can define the sets

K.={uc K.; B(u) € [-4,4]},
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which are clearly symmetric. Moreover, before we enunciate our first result, we need to recall
the Gauss bracket -] : R — Z, given by [s] = max{n € Z; n < s} (see [25, Chapter 3]). We
recall some properties of the Gauss bracket, that are needed inside of the proof of our result.

Lemma 4.4. Let [-] : R — Z, given by [s] = max{n € Z ; n < s}. Then,
(0)0<s—[s] <1, foralls R
(i) if z € Zand s € R, then [z + s| = z + [s].

1 1 1 1

s L o1 1

(iii) Let s € R such that s — [s] > 3 then s 3 [s 2} < 3
()0 <s—[s] <1, forall s e R

1
(v) Let s € R. Then, s — {s — 2] < 1.
Proposition 4.5. Let ¢ > 0. Then, there exists py = po(c) > 0 such that v(A.,,) < oo, for all
p € (0, p0).

Proof. Fix a barycenter map 3 : L*(R) \ {0} — R.
Claim 1: The sets K. are compact in X.

Let (u,) C K.. From Proposition 3.1, there exists (y,) C Z such that, passing to a subse-
quence if necessary, w,, = y, * u, — u € K. in X. Consequently, as /3 is continuous,

Since (u,,) C K., B(u,) C [~4,4]. From compactness, passing to a subsequence if necessary,
there exists r € [—4,4] such that 3(u,,) — r in R. Also, since (8(u,)) and (y, + B(uy)) are
bounded, (y,,) C Z is bounded. Thus, we can assume that (y, ) is convergent. Therefore,

B(u) = limy, + lim B(u,) = limy, = B(u) — .

Moreover, since (y,,) C Z, B(u) —r =7 € Z.
Lets prove that u,, — uy = (—¥) * u, with respect to || - || x. First of all, observe that, since
(yn) C Z and y,, — Y € Z, there exists ng € N, such that for all n > ng, y, = 7. Moreover,

i — (—g) * ] < / (1 + [y)lya * wn — uPdy + / 1001+ lyal) g * 1 — u*dy
R R

< (1 + ln(l + ‘ynD)Hyn *Up — UH%(
Since y,, = v, for all n > ny, and y,, * u,, — v in X, we have

hm”“ﬂ - (734?1) * u”i < lim[(l + ln(l + |yn|))Hyn * Up — UH%(]
= (1+1In(1+ [g]) lim |y, * u, —u|[5% = 0.

Als0, as ||y % tn — ul] = ||un — (—yn) *ul| and y, % u, — win H2(R), |[un — (—yn) *ul| = 0,
asn — +oo. Hence, ||u, — (—yn)*u||x — 0. Finally, since y,, = ¥, for all n > ny, we conclude
that u,, — ug, as desired.

Therefore, from the Z-invariance of K., (—7) * u € K, and, by continuity of 3, 8(u,) —
B(ug) € [~4,4]. Consequently, ug € K., and the claim is valid.

For ¢ > 0, from the facts that 3 is even and X < Hz (R), one can see that K, is compact in
H:(R) and, also, K, € A. Thus, since 0 & K., y(K.) < +oo.

Hence, from the genus definition, there exists a continuous and odd function g : K, —
R \ {0}, for some k& > 0. Then, from Claim 1, one can easily verify that g, is continuous with
respect to || - |-

Therefore, since H?(R) is a normal topological space and K, is closed in H?(R), we can
apply a corollary of Tietze’s Theorem in order to extend gy to a continuous and odd function
(with respect to || - ||), g : H2(R) — R.

Claim 2: There exists 5 > 0 such that g(u) # 0, forall u € U; = {u € H*(R) ; ||Ju — v|| <
p ,forsome v € K.}
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First of all, observe that g(K.) = go(K.) C R*\ {0}, that is, {0} N g(K.) = 0 or, equiv-
alently, g~ '({0}) N K, = (). From continuity of g, we have that g~'({0}) is closed in H2(R).
Consequently, d = dist(g~'({0}), K.) > 0.

Setp = 3 Suppose, by contradiction, that there exits u € Uz such that g(u) = 0, i.e,
u € g~'({0}). Thus, there exists v € K, satisfying

d

>

dist(u,v) = |jlu—v]| <p

d . ..
Hence, d < ||u — || < > which is a contradiction.

Therefore, g(u) # 0 for all u € Us.
Also, one can verify that U; € A. In the following, we need to define the set

L= { e IP(R)\ {0} : |(u) — [B(u)]| < ;}

One can easily see that z xuw € Ly, forall z € Z and w € L;. Now, defineamap h; : L} — L
by hi(u) = (—[B(u)]) * u. It is easy to verify that h; is well-defined, odd, invariant under Z

1
translations and an isometry. Also, setting a = 5 and L, = a x L1 C L*(R) \ {0}, it is easy to

see, from item (iii) of Lemma 4.4, that L*(R) \ {0} C L; U L,.

Now, define the map h; : Ly — L, by ha(u) = a * [hy((—a) * u)], for u € L,. Once again,
it is easy to verify that h; is odd, Z-invariant and an isometry. Moreover, it follows immediately
from the properties of 3, definition of h, and h; and Lemma 4.4-(v), that 8(ha(u)) € [0, 1] for
u € Ly.

Next, define the sets A; = h;l (Uz) C L;, fori = 1,2. One can see that A; € A and that they
are Z-invariant, fori = 1,2. Set A = A; U A;.

Claim 3: There exists p. € (0,400), such that A. , C A, forall p € (0, p).

Suppose, by contradiction, that for every n € N, there exists p,, € (0, %) suchthat A. , ¢ A.
Then, there exists u,, € A, ,, \ A, forevery n € N.

We can suppose that u,, € L, for all n € N. By definition, there exists v,, € K, such that
|[tn — vn|] < L, foralln € N,

Now, observe that, setting i@,, = (—[8(u)]) * u,, and 0,, = (—[8(v,,)]) *v,,, we have @, € L;
and 9, € K., for all n € N. From Z-invariance, ||, — ¥,|| = |Ju, — v,|| < 1.

Moreover,
B(0n) = B(=[B(vn)]) * vn) = —[B(8n)] + B(Tn)
and, from item (iv) of Lemma 4.4, 3(%,) € [0,1]. Hence, (%,) C K,.. Since K. is compact
in H2(R), considering a subsequence if necessary, o, — v € K,. From the continuity of /3,

B(n) — B(v) € [0,1].
On the other hand,

- - - - 1
Hun _'UH < |ltin _UHH + ||Un _UH < n +0(1) =0,

as n — +oo. Therefore, @, — vin H 2 (R). Once more, from /3 continuity, there exists no € N
such that 8(ay,) € [2,2], for all n > ny.

Define w,, = (—[B(@n)]) * 0,. Since ¥, € K., w, € K. and S(w,) = B(0,) — [B(in)]-
Consequently,

18(5n) — A7) + (B(@n) — [B(En)])] < 1+ % t2<4

Hence, 3(w,,) € [—4, 4], for all n > ng. So, we conclude that w,, € K., for n sufficiently large.
Now, as i, € L1, makes sense to apply h;. Thus,

h(@n) = wall = [[(=[B(@n)]) * @n — (=[B(@n)]) * Tn|l
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Therefore, taking n > max{no, %}, we have that w,, € K. and ||h(@,) — w,|| < p, which
implies that h; (@,) € Up.

Hence, @,, € Ay and, since A, is Z-invariant, u,, € A; C A, which is a contradiction. So, the
claim is valid.

Claim 4: ~(U;) < v(K.).

If v(K.) = 0, then K. = (), which implies U; = ) and, by definition, (U;) = 0. Suppose
then, v(K.) > 0. So, we can consider a function § : U; — R¥{0}, given by j(u) = g(u).
Observe that § is well-defined, since U; C H %(R) and g # 0 over Us. Moreover, as g is odd
and continuous, so is §. Consequently, from genus definition, v(U) < k = 'y(f(c), proving the
claim.

Finally, since K., AUz, Aijy A € A, for i = 1,2, make sense to apply « in all of this
sets. Therefore, from the upper considerations, Claim 3, and standard properties of genus, for
p € (0, p.), we have

Hence, taking py = p., we have the proposition. O

For the next results we will need the definition and some basic properties of relative genus.
So, for convenience of the reader, we will include it here.

Definition 4.6. Let D,Y € A with D C Y. We say that U,V € A s a covering of Y relative to
D if it satisfies
)YcUuUVand D C U;
(i) there exists an even continuous (in X) function x : U — D, such that x(u) = u, for all
u € D.

If U,V € Ais a covering of Y relative to D, then the genus of this covering is y(V') = k.

Definition 4.7. Let D, Y € A with D C Y. We define the Krasnoselskii’s genus of Y relative to
D, denoted by vp(Y), as

(i) There exists a covering for Y relative to D and, in this case, yp(Y) = k, where k is the lowest
genus of this coverings.

(i) If we cannot find any such covering of Y relative to D, we set vp(Y') = +oo.

In the following, we list some useful properties of relative genus that are needed to guarantee
that the results are valid.

Lemma 4.8. (i) Let D C A. Then, yp(D) = 0.

(ii) Let D,Y, Z € A satisfying D CY and D C Z. If there exists a function ¢ 1 Y — Z, even
and continuous (in X), such that p(u) = u, for all u € D, then yp(Y) < vp(Z).

(iii) Let D CY C Z € A. Then, yp(Y) < yp(Z).

(iv) Let DY, Z € Asatisfying D CY. Then, yp(Y UZ) <~vp(Y) +~(2).

Proof. For item (i), take U = D,V = () and x = id, in the definition of relative genus. Proofs

for items (ii) and (iv) can be found, for example, in [12]. Finally, item (iii) is an immediate

consequence of item (ii). O
For the next results, we define the sets

I°={ueX;I(u)<c} ,for ceR and D =I°

and the values
gy =inf{c>0; vp(I°) >k} ,VneNlN.
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Remark 4.9. (1) Since I is unbounded from bellow, D # ().

(2) Let ¢y, o € Rwith ¢ > ¢p. Then, if u € 12, I(u) < ¢; < ¢1, 80w € I, Thatis, if ¢; > 3,
then 1©2 C I,

3)Ifc; > ¢, > 0,then D C I C I°. Consequently, yp (1) < yp(I°).

4) Fore > 0, yp(I°7¢) > k and yp (I*~¢) < k, for every k € N.

Lemma 4.10. We have that

inf supl(tu) = inf supl(tu) < +oo. 4.1)
uEX\{U}teﬂg (te) ueX\{0} t>Ig (tu) (

Proof. First of all, observe that, since [ is even, sup I(tu) = sup I (tu). Moreover, from Lemma

teR t>0
2.10, sup I (tu) < oo forall u € X \ {0}. i
t>0
Consider the Nehari’s manifold for 7, defined by
N ={ue X\{0}; I'(u)(u) = 0} 4.2)

Lemma 4.11. Let N as in (4.2). Then,

infl=inf supI(tu).
N u€X\{0} >0

Proof. We start proving the following statement.
Claim 1: Let u € X \ {0}. Then, t,u € N and sup I (tu) = I(t,u).
>0
Indeed, from Lemma 4.1, there exists an unique ¢,, € (0, +00) such that ¢/, (¢,,) = 0, which,
from Corollary 4.2, is a global maximum for ¢,,, concluding the proof of claim 1.

Claim 2: Let u € N. Then, sup I (tu) = I(u).
>0

Since, v € N and ¢/, (t) = I'(tu)(u), we have 0 = I'(u)(u) = ¢, (1). From Lemma 4.1, 1 is
a global maximum for ¢,,. Consequently, sup I (tu) = ¢, (1) = I(u), and the claim follows.
>0

From Lemma 4.1 and Claims 1 and 2, we obtain the result. m|
Lemma 4.12. We have Xi\n{% , jgﬂg I(tu) > 0.
Proof. Suppose that o) = Xi&% ) fgﬂg[ (tu) = 0. Then, there exists a sequence (u,,) C X \ {0}
such that sup 7 (tu,,) — 0. From Lemma 4.11, the definition of ¢, and Lemma 2.9 we can reach
a contradiﬁ?on. O

In order to prove the next results, we need to introduce the following sets
Nt ={ueX; I'(u)(u) >0} and N~ ={ue X ; I'(u)(u) < 0}.

Note that X = {0} UNT UN UN "~ and that this sets are 2 — 2 disjoints. Moreover, using the
definition of a set’s boundary and Lemmas 2.9 and 4.1, it is possible to verify that DN~ = N
and ONT = {0} UN.

Proposition 4.13. We have ¢y = infI = inf sup I(tu) > 0.
N u€X\{0} ¢>0

Proof. Observe that, from Lemma 4.11, remains to prove that ¢; = ijr\lrf I>0.

Claim 1: ¢; > 0.

Suppose that ¢; = 0. Then, by ¢; definition, vp (D) > 1, which contradicts Lemma 4.8-(i).
Therefore, ¢; > 0.
Claim 2: ¢; > ijr\lff[.

Suppose, by contradiction, that ¢; < ijI\l/f I. Choose ¢ € (Cl,ijl\lff I). Define the function
F:I¢— X by

0. ifue{ofunt
Flu) _{ max{1,t, }u ,if ue N~
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Then, we mention some properties of F that can be easily verify: (i) F is well-defined, since
X = {0} UNT UN UNT; (i) by the definition of F, Lemma 4.3, the continuity of max
function and O({0} UN") = N' = ON—, F is continuous; (iii) from Corollary 4.2 and direct
computations, one concludes that F odd; (iv) F | p = id, it clearly follows from Corollary 4.2
and Lemma 4.1.

Consider U = I¢ and V = (). Since I is C' and even, U is closed and symmetric. That
is, U € A. Also, V = () € A. Moreover, I¢ = U UV and, since ¢ € (cl,ijr\lffl), ¢ > 0and

DcIecU.

From properties (i)-(iv) and Definition 4.7, U and V is a covering for /€ relative to D. Then,
once () = 0, from definition, the genus of this covering is zero. Hence, vp(/¢) = 0. But it
gives a contradiction, since 1 < yp(I¢) < yp(I¢) = 0. Consequently, ¢; > ijr\l/f 1.

Claim 3: ¢; <infI.
N

For up € X \ {0}, without loss of generality, we can assume ||ug|| = 1.
Set d = sup I (tug). Lets prove that yp(I¢) > 1. Note that, if u € B = {tug ; t > 0}, then
>0

there exists tog > 0 such that u = tyug. Then,

I(u) = I(touo) < sup I(tuo)

t>0

and, consequently, v € I%. Moreover, inf supI(tu) implies d > 0. On the other hand, if
ueX\{0} ¢>0

u€ D, I(u) <0<d. So,uc I¢ Hence, D C BUD C I

Thus, from Lemma 4.8-(iii), vp (B U D) < yp(I?). In this point of view, we will work to
prove that yp(BU D) > 1.

Suppose that vp (B U D) = 0. Then, by definition, U = BU D and V' = {), once only the
empty set has null genus. Moreover, there exists a function, continuous and odd, x : BUD — D
such that x(u) = u, forall w € D.

Define g : (0, +00) — (0,+00) by g(t) = ||x(tuo)||. Note that g is continuous.

Now, consider p > 0 given by Lemma 2.9. From Corollary 4.2, there exists ¢ € (t;o, +00),
with ¢ > p, such that o, (¢) < 0. It is equivalent to I (¢ug) < 0, which implies tuy € D.

Consequently, g(tug) = ||x(tuo)|| = ¢ On the other hand, once 0 € D, g(0) = 0. So,
since g is continuous, from the Intermediate Value Theorem, there exists ¢, € (0,t) such that

p = g(t,) = |Ix(t,uo)||. But, from Lemma 2.9, I(x(t,u9)) > m, > 0 and we have that
x(t,uo) & D, which is a contradiction.
Therefore, claim 3 is valid and, combined with claim 2, we have the proposition. O

Remark 4.14. (1) We can provide an equivalent definition to the the function F : ¢ — X by
: +
Flu) = 0 ,if u'e{O}Uj\f 7
o(u)u ,if ueN

where o : N= — [1,400) is given by o(u) = inf{t > 1; o, (t) = I(tu) < 0}.
(2) Let i, j € N with ¢ > j. Then,

{c€ (0,400); vp(I°) > i} C{ce (0,+00); yp(I°) > j}.
Therefore, ¢; < ¢;.

In the following, we will consider W as a k-dimensional subspace of X. As a consequence
of (f]), (£1), Va(u) > 0 and V;(u) < 2||u||%, once can see that

I(u) = —o0, as ||u||x — +o0,and sup I(u) < +oo. (4.3)
ueW

Lemma 4.15. There exists R > 0 such that {u € W ; ||u|| > R} C D.

Proof. Set A= {u € W ||u|| > R}. Suppose, by contradiction, that for all n € N, there exists
u, € A such that u,, ¢ D. Allied with the definition of D, there exists a sequence (u,) C W
satisfying ||u,|| > n and I(u,) > 0, for all n € N. But it contradicts (4.3), since for n € N
sufficiently large we should have I(u,) < 0. i
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For the next results, consider p > 0 given by Lemma 2.9 and x : X — X a continuous and
odd function, such that x(u) = u, for all uw € D. Define the sets

Ox ={ueW; |Ix(u)ll < p}
For convenience, we set x as a function having these properties, except we say otherwise.

Remark 4.16. One can easily verify that the sets O, have the following properties:
(1) O, is a neighbourhood of zero in W.

(2) O, is bounded and symmetric.

3) If u € Ow Oy, then ||x(u)|| = p.

Proposition 4.17. Let k € N. Then ¢, < +o0.

Proof. Set o= sup I(u). From (4.3), @ < +oo. Also, by definition of I, we see that W C I*.
ueWw

Suppose that yp (I*) < k. Then, from Definition 4.7, there exists U,V € Aand x : U — D
continuous and odd, such that 7* CU UV, D Cc U,v(V) <k —1and X‘D = 1id.

Since U C X is closed, by a corollary of Tietze’s Theorem, there exists a unique extension of
X, that we still denote by x, to X, which is continuous and odd. So, the sets O, are well-defined.

Now, from Remark 4.16 and a genus property, since dimW = k, v(dw Oy ) = k.

Let u € OwO,. From Remark 4.16, ||x(u)|| = p. By Lemma 2.9, I(x(u)) > m, > 0.
Thus, x(u) ¢ D. Equivalently, u ¢ x~!(D). Once the initial function  satisfies x(U) C D, we
conclude that u ¢ U. Therefore, 0y O, NU = 0.

On the other hand,

owO, CWcCI*CcUUV = w0, CV.

Then, we have k = v(0w O, ) < (V) < k — 1, which is a contradiction.
Therefore, from the definition of values ¢; and (4.3), ¢, < a < +o00. O

Before we prove that the values ¢, are critical values of I, we will provide a deformation
lemma. We start defining the sets S = X \ A, s

Ss={ueX; |lu—v||x <6 ,forsome v e S}

and ~
Ss={ueX; |lu—v|| <4 ,forsome v e S},

for ¢, p,d € (0,4+00). Since the proofs of Lemma 4.18 and Corollary 4.19 can be done as [12,
Lemma 4.6], we omit it here.

Lemma 4.18. Let ¢, p > 0. Then, there exists 09 = d(c,p) > 0 such that, if § € (0,00), then
1T (w)||x/ (1 + ||ul|x) > 86, for all u € Sys with I(u) € [c — 26%, ¢ + 28]

Corollary 4.19. Let ¢, p > 0. Then, there exists 0 = do(c, p) > 0 such that, if § € (0, ), then
11" (u)||x/ (1 + ||ul|x) > 86, for all u € Sys with I(u) € [c — 2%, ¢ + 28%).

Lemma 4.20. Let ¢ > 0. Then, there exists p1 = p1(c) > 0 such that, for all p € (0, p1), we have
(i) AepyND=10.

(ii) There exists e = £(c, p) > 0 and a function ¢ : I°7°\ A, , — I°¢, continuous and odd, such
that D C I°7¢ and ¢|D =1id.

Proof. (i) Suppose that the statement is false. Then, for all n € N, there exists p,, € (O, %) and
Un € A¢p, N D. Note that p, — 0. Thus, by A, ,, definition, there exists v, € K. such that
[|tn, — vnl|| < pp, foralln € N.

As aconsequence, I'(v,) = 0and I(v,) = ¢, forall n € N. Hence, (v,,) is a Cerami sequence
for I in level ¢ > 0. Then, by Proposition 3.1, there exists (y,,) C Z satisfying &, = y,, * v, — v
in X, where v is a non-zero critical point of /. Therefore,

[|in = ol <||@n = || + |00 = ]| = [Jun = vnl] + (|50 — ]| = 0.
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Finally, as K. is closed, v € K. and, from the Z-invariance of I and A ,,, @y = yn * u, €
Ac,p, N D. So, since (4,) C D, I(@,) <0, for all n € N. Consequently, from Lemma 2.8-(iv),

c=1I(v) < ngll{gl(“") <0,
which is a contradiction.
(i) Let &y as given by Corollary 4.19 and ¢ € (0, &), such that 52 < 5. Take ¢ = §2. Then, from
[29, Deformation’s Lemma 2.6], there exists i : [0, 1] x X — X, continuous, satisfying
(@) n(t,u) =u,ift =00ru & I~ ([c —2e,c+ 2¢]) N Sas ;
() (1, I N (X \ Acp)) C 175
(c) t — I(n(t,u)) is non-increasing, for all u € X.

Moreover, since [ is even, it is possible to modify the proof of the refereed lemma, such as
in [34], to obtain as well
(d) n(t,—u) = —n(t,u), forallt € [0,1] and u € X.

Define ¢ : I\ A., — I°° by ¢(u) = n(1,u). Note that item (b) is equivalent to
n(l,1°t¢ N\ A.,,) C I° ¢, which guarantee that ¢ is well-defined. Also, as 7 is continuous, ¢ is
continuous as well, and from item (d), ¢ is odd.

Moreover, once e = 6% < 5,0 & [c—2¢,c+2¢]. Thus, DNI~"([c—2¢, ¢+ 2¢]) = 0. Hence,
from item (a), if u € D, ¢(u) = n(1,u) = u, which implies that ¢|D = id.

Finally, if u € D, I(u) <0 < c—e¢, thenu € =, O

Proposition 4.21. Let k € N. Then, cy, is a critical value of I.

Proof. Suppose, by contradiction, that for all u € X, with I'(u) = 0, I(u) # ¢y, for all k € N.
Let p > 0. From definition of K, , we have K., = ) and, consequently, A p= 0, for all p > 0.

From Lemma 4.20, there exists ¢ = £(cg, p) > 0and ¢ : [°+T¢ — [~ continuous and odd,
such that ¢| | = id. Then, from Lemma 4.8-(ii), yp (I *) < yp(I°~%).

On the other hand, as ¢, — ¢ < ¢, + &, D C I°*~¢ C I°*"¢ and then, by Lemma 4.8-(iii),
vp(I¢T€) > yp (I ~¢). Consequently, yp (1+7¢) = p (1°~¢), which is a contradiction, since
vp(IT€) > k and yp(I+~¢) < k.

Therefore, ¢y, is a critical value of 1. O

Proposition 4.22. We have ¢, — 400, as k — +oc.

Proof. Suppose that there exists M > 0, such that ¢, < M, for all & € N. From Remark 4.14,
cr, 1s monotonically nondecreasing. Then, there exists ¢ > 0 such that ¢, — c.

From Proposition 4.5, there exists pg > 0 such that v(A.,) < o0, for all p € (0, po).
Also, by Lemma 4.20-(i), there exists p; > 0 such that A, , " D = 0, for all p € (0, p;). Set
p2 = min{py, p1 } and let p € (0, p2).

From Lemma 4.20-(ii), there exists ¢ > 0 and ¢ : I\ A, , — I° ¢, continuous and odd,
such that qb] p = tdand D C I°7¢. Moreover, once ¢; — ¢ monotonically nondecreasing, there
exists ko € N, such that ¢;, > ¢ — e. Then, by Lemma 4.8-(ii),

oI\ Aep) < yp(I°7°) < ko < +o0.
Consequently, from Lemma 4.8-(iv),
7D(16+E) = 'VD((IC+€ \AC,p) U AC,p) < 'YD(ICJrs \ AC,p) + 'Y(Ac,p) < +o00.

Once more, as ¢, — ¢ monotonically nondecreasing, ¢ + ¢ > ¢ < ¢, for all £ € N. Also, by
definition of values cy, yp(I°t¢) > k, for all k € N, that is yp(I°t¢) — 400, as k — oo,
which leads to a contradiction.

Therefore, ¢, — +o0, as k — +oo. O

Proof of Theorem 1.2. From Proposition 4.22, we can extract a subsequence of (cx) such that
¢ — +oo0 monotonically increasing. Then, from Proposition 4.21, there exists u; € X satisfy-
ing I(uy) = ¢, and I'(uy) = 0, for all £ € N. Since (cj) is monotone, ¢; # ¢;, when ¢ # j, and
cp > ¢ > 0, for all £ > 2. Then, we conclude that the functions u;, are distinct and that u; # 0,
for all n € N. Also, as [ is even, the same holds for —uy, and I(4uy) — +oc. O
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5 Final Considerations

In this final section we call attention the reader that it is possible to adapt the results and tech-
niques derived in this work to solve versions of equation (1.1) considering a continuous potential
a : R — R satisfying the following conditions

(ao) a : R — R is continuous, Z-periodic , a € L*°(R) and inﬂfQ a(xz) = ap > 0.

Tre
One also could investigate the case where the potential a is not invariant under Z translations but
is an asymptotically Z-periodic function, that is, there exists a Z-periodic potential a,, : R — R
such that a, satisfies (ao),

(a1) 0< in&a(m) <a(z) <ay(r), Vo eRN
Te
and
(az) lim |a(z) — ap(z)] = 0.
|z| =400
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