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Abstract. The aim of this paper is to introduce generalized o« — 7 extended Z-contractions
in the context of extended b-metric spaces and obtain fixed points for such contractions. Some
interesting examples are given to strengthen the proven theory. As an application, we establish
the existence and uniqueness for solutions of functional integral equations.

1 Introduction

The study of analysis of new spaces and their properties were introduce and discussed by many
authors in several ways, we refer[2,9, 15,16, 19, 20,21, 22, 23]. In the class of all, we mention
the concept of b-metric space[4].

Definition 1.1 [4]. Let A be a non-empty set and a mapping o, :AxA— R* is said to be
b-metric, if there exists B > 1, such that o satisfies the following for all v, x and p € A
(Dop(p,v) = 0 if and only if u = v,
(2)op(p,v) = ap(v, ),
(3) op(p1,v) < Bloy(p, 0) + op(0,v)]-
Then the pair (A, 0}) is said to a b-metric space shortly BMS.
For more literature on b- metric space we refer[1,3,4,10,11,13].
Recently, new type of generalized b- metric space namely extended b-metric space introduced
by Kamran et. al. [12].
Definition 1.2 [12]. Let A be a non-empty set and { :AxA— [1,00). A mapping o¢ : A x A —
R* is said to be an extended b-metric , if o¢ satisfies the following for all 4, and o € A
(Do¢(p,v) = 01if and only if p = v,
(2)U§(M> V) = 05(1/7 :u)’
() oc(pv) < &, v)loe(p, 0) + oe(o,v)]-
Then the pair (A, o¢) is said to be an extended b-metric space.
Definition 1.3[12]. Let (A, o¢) be an extended b-metric space with &.
(1) A sequence {p, } in (A, o¢) is called o, convergent to p* if
lim,,_, oo 0¢ (0, p*) = 0. In this case, lim,— o pn = P*.
(2) A sequence {g, } in (A, o¢) is called o¢ Cauchy if
limy,, »—s 400 T (Pn, Pm) = 0.
(3) An extended b-metric space (A, o¢) is said to be a complete if every Cauchy

sequence in A is convergent to some point in A.

Definition 1.4[20]. Let s > 1 be a real number. A function ¢ : [0,00) — [0,00) is called a
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(b)-comparison function if ¢ is increasing and there exist k, € N, a € [0,1) and a convergent
nonnegative series >, , vx, such that s*1¢* 1 () < as®¢*(t) + vy, for k > ko and any ¢ > 0.
Lemma 1.5[20]. Let ¢ : [0, 00) — [0, 00) be a (b)- comparison function. Then

(1) the series Y ;= s*¢"(t) converges for any ¢ € [0, 00);

(2) the function b; : [0,00) — [0, 00) defined as by = > "5 | s¥¢F(¢) is

increasing and is continuous at ¢ = 0.
Any (b)-comparison function ¢ satisfies ¢(¢) < ¢ and lim,,_, ¢"(¢) = 0 for each ¢ > 0.
The collection of all (b)- comparison functions denoted by .

Remark 1.6[3,8,10,11] We remark that, a b-metric is not a continuous functional in general and
thus so is an extended b-metric.

Here we give an example of discontinous extended b- metric space.

Example 1.7. Let X = {0,2}, Y = {1 /n € N} and A = X UY. We define
£:AxA—[0,00)by&(p,v) =p+v+landoe: Ax A— [0,00) by

0 if u=v

3 ifu#v{pricX

oe(p,v) 1 ifp#v{pviCY

v ifueX,veyYy

w ifueY, veX
Then (A, o¢) is complete extended b— metric space with respect to the functional . We observe
that lz’mn_ﬂx,% = 0, and limn_moag(%, %) =1 # 0¢(0, %) = %, which shows that o¢ is not
continuous.

Throughout this paper we assume that all extended b-metric spaces are continuous.
Lemma 1.8 [6]. Let (A, 0¢) be an extended BMS and 7" be a selfmap on A. If there exists a
sequence {p, }nen such that p,, > 1 such that

E(pn, n+1) < pp forall n € N and m > n. Furthermore,

0< Uf(@n, @n-‘rl) < ¢(05(pna pnfl)) (181)

for all n € N, ¢ € & then the sequence {p, } defined by p,, = Tp,_ for all n € N is a Cauchy
sequence in A.

Proof. Let {p,} be a sequence defined by p, = Tp,_i. By employing inequality (1.8.1)
recursively, we derive that

o, pnt1) < 0" (ae(p0, 01))-
In view of property ¢, we get
nlig)lo UE(pnv pn+1) =0.

In view of condition (3) of Definition 1.2, we have

G&(@na om) < &(pn, @m)[gi(@na On+1) + U&(pm—la ©m)]
< &(9n 9m)0e(Ons Pnt1) + E(On, Pm)E(@nt1s Om) [0 (@nt1s Pni2)
+U§(@n+27 @mﬂ
< E(@1, 9m)E(92, Pm)E(93, Pm) & (s m) 9™ (0 (90, 91))
+E(01, om)E(92, 9m)E(93, Om) o E(Prt1, m )" (¢ (90, 1))
T+ E(01, 0m)E (92, 9m)E(93, Om ) E(Pm—1, m ) 0™ (06 (90, 1))
Choose forall n € N, S, = Y7 ¢/ (0¢ (90, 91)) [Ty £(i 9m)-
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We deduce that &(py,, prm) < Sm—1 — Sp—1 forall m > n.

Consider the series >, ¢" (o (90, 1)) [Ti; £(9is om)-
Let p = max{pi, p2, ...pn }- We have

J
an = ¢"(0¢(00, 1)) [ [ €(0ir om) < 6™ (0(0, 01))p™
i=1
From Lemma 1.5, we have that the series Y | ¢™(o¢ (g0, 01))p’ converges.
Using comparison criteria for the convergence of series, we obtain

oot 8™ (0¢(00, 91)) TT11 (i, om) converges, and hence

lim aﬁ(@na pm) = 07

n,m— oo

thus {p, } is a Cauchy sequence.
The concepts of a orbital admissible maps and triangular «- orbital admissible maps are
defined as follows

Definition 1.9[18]. Consider A # ¢ and a: A x A — [0,00) . Then T : A — A is said to be a-
orbital admissible mapping if for all v € A, a(v, Tv) > 1 implies a(Tv, T?v) > 1.

Definition 1.10[18]. Let 7" be a self map of a nonempty set A and «: A x A — [0,00). Then T
is said to be triangular o- orbital admissible mapping if

(1) T is «- orbital admissible

(1) a(v,pu) > 1 and a(p, Tp) > 1 implies o(v, Tp) > 1 for all v, u € A.

Definition 1.11[6]. Let T : A — Aand a,n: A x A — [0,00), then T is said to be a-orbital
admissible mapping with respect to n if forallv € A

a(v, Tv) > n(v, Tv) implies a(Tv, T*v) > n(Tv, T*v)

Definition 1.12[6]. Let A be a nonempty set. Let 7T : A — Aand o, : A x A — [0,00). Now,
T is said to be triangular «-orbital admissible mapping with respect to n if

(1) T is a-orbital admissible mapping with respect to 7.
(i) a(v, p) = n(v, ) and op, Tp) = n(p, Tw) = ov, Tw) = n(v,Tp), forall v, u € A.

Lemma 1.13[6]. Let T be a triangular «-orbital admissible mapping with respect to 7. Assume
that there exists u; € A such that a(uy, Tu;) > n(uy, Tur). We define a sequence {u,} by
Unt1 = Tuy. Then a(um, un) > 7(tm, uy,) for all m,n € N with m < n.

Definition 1.14[6]. Let (A4,0¢) be a b-metric space and o, : A x A — [0.00). A mapping
T : A — Ais said to be a — 7 continuous if every sequence {u,} in A with a(u,,up1) >
(U, tunsy) foralln € N and u, — w as n — oo implies T'u,, — T as n — oo.

On the other side, Khojastech et. al.,[14] introduced a new class of mappings called simu-
lation functions and showed many results in the literature are simple consequences of the other
obtained results.

Definition 1.15[14]. A function ¢ : [0, 00) x [0,00) — (—o00, 00) is called a simulation function
if  satisfies the following conditions.

(1) €(0,0) =0
(1) C(t,s) < s —t,forall s,t > 0.
(442) if {¢,,} and {s, } are sequences in (0, co) such that
lim,, o t,, = lim,, o0 8, =1 € (0, 00) then limsup,, _, _ (¢, s,) <O.
The following are examples of simulation functions.
Example 1.16[7]. Let ¢ : [0,00) x [0,00) — R be defined by
(1) C(t,s) = As — t for all s,¢ € [0,00) where A € [0,1)
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(i) ¢(t,s) = s —tforall s,¢ € [0,00) where k € [0,1) and r € (1,00)
(113) C(t,8) = ¥(s) — ¢(t) for all s,t € [0, 00) where 1), ¢ : [0,00) — [0, 00)
such that ¢(r) = ¢(r) = 0 if and only if » = 0 and ¥(t) < t < H(t)

forallt > 0.
(iv) ¢(t,s) = 35 —tforall s,t € [0,00)

(v) C(t,s) = (s) — tforall s,t € [0,00) where ¥(t) < t.
For more examples on simulation function we refer[11,17,24].
Recently, Chifu and Karpinar[5] introduced admissible extended Z-contraction mappings in

extended b-metric spaces and obtained fixed points for such contractions.

Definition 1.17[5]. Let (A, 0¢) be an extended b-metric space with the function § : A x A —
[1,00). A mapping T : A — A is called an admissible extended Z contraction if there exists a
simulation function ¢ such that for all u,v € A

C(a(u, N)O—E(Tl/a TN)»¢(M§(V7 /1')) >0 (1'17'1)

where ¢ € ® and M (v, p) = max{oe(v, p), o¢(v, Tv), 0¢(p, T)}.

Theorem 1.18[5]. Let (A, 0¢) be an extended b-metric space with the function { : A x A —
[1,00). Suppose that there exists a sequence {¢y }nen such that £(pn, pm) < g, for all m > n.
Furthermore, if 7' : A — A is admissible extended Z- contraction satisfying:

() T is triangular a-orbital admissible mapping

(17) there exists po € A such that a(pg, Tpo) > 1

(#44) T is a continuous mapping;

or
(1) if {uy} is a sequence in A such that o (uy, up+1) > 1 forall nand u, — u € A
as n — oo, then there exists a subsequence {u,, )} of {u,} such that a(uy, ), u) > 1
for all k.

Then T has a fixed point p* € X and {T"pg} is converges to p*.

Motivated by the results of Chifu and Karpinar[5] and some other similar results, in this
paper, we introduce generalized o —n extended Z contraction involving rational expressions and
obtained fixed points for such contractions. We provide some interesting examples to strengthen

the proven theory . We also apply our results to examine the existence of functional integral
equations solutions.

2 Main Results

Definition 2.1. Let (A, o¢) be an extended b-metric space with the function { : A x A — [1, 00).
A mapping T' : A — A is called an generalized oo — 1 extended Z contraction if there exists a
simulation function ¢ such that o(v, 1) > n(v, u) implies

((oe(Tv, Ty), 6(Me (v, 1)) > 0 @.11)
where ¢ € ® and
oe (v, Tv) o (v, Tp)+oe(p, Tp)o? (u,Tv)
Me(v. p) = maw{oe(v. ), === m oy

0T T 030 el T oelo)y
oe(W,Tv)+oe(v,Tp)+oe(v,p)

for all v, u € A with Jg(u, Tu) + og(,u, Tv) > 0and o¢(v, Tv) 4+ o¢(v, T) + o (v, 1) > 0.

Theorem 2.2. Let (A, 0¢) be an extended b-metric space with the function { : A x A — [1, c0).
Suppose that there exists a sequence {q,} ; g, > 1 such that £(p,,, pm) < ¢, forall n € N and
m > n. Assume that T': A — A is a generalized o — 1 extended Z contraction satisfying:

() T is a triangular a-orbital admissible mapping with respect to n
(1%) there exists p; € A such that a(p1, Tp1) > n(p1, Tp1), and



852 M. V. R. Kameswari

(#i1) T is o — i continuous mapping.
Then T has a fixed point p* € X and {T"p, } is converges to p*.

Proof. Let p; € A as in (4i7) of our assumption, i.e., a(p1,Tp1) > n(p1, Tp1), we define a

sequence {, } in A by -

for all n € N. Suppose that p,,, = gn,+1 for some ny € N, then p,, = T'p,, which implies gy,
is a fixed point of 7" which completes the proof. Hence suppose that p,, # @, for all n € N.

On the account of Lemma 1.13, we have

(@m @n—}—l) (pm pn—}—l) (2.2.2)

foralln € N.
On using condition (2.1.1) with v = p,, and & = @,,_1, we have

C(Uﬁ(pn7pn+l)aMT(pnvpnfl)) > 07 (223)

where

Uf(pnaanrl)oé(p?upn) Uf(pn—l :Pn)o'§<pn71 7pn+]>
2

+
MT(@’IU pn_l) - max{o—§<pn, Pn—1 ), (@m@n)*‘%(@n—l;@nﬂ)

)

e (©n,0n11)0e (On,0n) T2 (Pn,9n— 1)+ag(pn,m+1)05<m,,m4)}
o (Pn,0nr1)+0¢ (0 0n)+0e(On.0n—1)

= max{a&(@m Pn— l) Ué(@m @n—l), U&(@m pn+1)} (2.2.4)
Suppose that o¢ (9, Pn—1) < 0¢(Pn, Pn+1), then from (2.2.3) and (2.2.4), it follows that

)
).

0 < ((o¢(9ns Pn+1), d(0e(9n, Prt1

< gb(af(pnv pn+l) - Ug(Pm On+1
Consequently,
Uﬁ(@’m anrl) < (ZS(UE(@nv @nﬂ))

< O-E(pna pn+1),
a contradiction. Therefore

)
)

Uﬁ(pnvpnfl) > Uf(pnapn-‘rl) (225)
Similarly, we can prove that
U&(pn—la @n—Q) > UE(@m pn—l)' (2.2.6)
Hence from (2.2.5) and (2.2.6), we conclude that

U&(@rm pn+l) > Uﬁ(pn+la @n+2)

forallm € N.
Thus from (2.1.1), we have,

0 < ¢(oe(@nt1, on)s 0(0e(9n, Prn—1))
< ¢(J£(@nv @nfl)) - U&(@m @nJrl)

which implies ¢ (0n1, 9n) < (¢ (0n, 9n-1)) < 6" (¢ (90, 1)). 2.2.7)
Taking limits as n — oo and using the property of ¢, we get

limn_mo()'g(pn, @n+l) =0. (2.2.8)

By Lemma 1.8 and condition (2.2.7), we have {,, } is a Cauchy sequence in A. Since (A, o¢) ia
complete extended b-metric space, there exists g € A such that

limp—000¢ (P, ) = 0. (2.2.9)

Since T is continuous, we derive that

Ly 000e(Tpn, Tp) = 0 (2.2.10)
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this implies p = T'p.
Hence the theorem.

Theorem 2.3. Let (A, o¢) be an extended b-metric space with the function £ : A x A — [1,00).
Suppose that there exists a sequence {p,} , p, > 1 for all n € N such that £(pn, pm) <
pn. Further, suppose that 7' : A — A is generalized o« — 1 extended Z contraction satisfying:
conditions (i), (ii) of Theorem 2.2 along with the following condition

(iii) if {p, } is a sequence in A such that «(pp, pri1) > 7(on, Pns1) foralln € Nand o, — ¢
as m — oo, then there exist a subsequence {p,,, } of {©,} such that a(p,, , ©*) > n(pn,, ©*)
forall k € N.

T has a fixed point p* € A and {T™p, } is converges to p* is a fixed point of 7.

Proof. By using the proof of Theorem 2.2, we obtain the sequence {gp,, } defined by p,,+1 = Tp,
converges to p* € A and a(pn, Pri1) = 7(on, Ens1) for all n € N. By our assumption (iii),
there exist a subsequence {(,, } of {p,} such that a(pn, , p*) > n(pn,, p*) forall k € N. Now
on using condition (2.1.1) with 4 = p* and v = g, , we have

0< C(Uﬁ(Tpnkan*)’ d)(Mf(pnka p*)))
< ¢(M§(pnk7 @*) — O¢ (Tpnk ) T@*)
which implies
0e(Ton,, Tp*) < d(Me(pn,, 9%)) (2.3.1)

0¢(@ny Tony )0t (o, T )toe (0", To") ot (9" Ton, )
oz (ony, Te*)+og(0* Ton,,)

M&(pnk’ @*) = max{g&(pnkv @*)7

aﬁ(Wnk T on )Uf(KJnk 7TKJ*)+U§(KJ71;€ 7@*)+‘7§ (@nk T, )‘76(Wnk ) }
Uﬁ(pnk7T§)nk)+J§(@nva@*>+U€<K‘)nk7@*) ’

Letting lim sup as & — oo, in the above inequality, using (2.2.8) and (2.2.9), we have

limsupg— oo Mg (pn,., %) = 0. (2.3.2)

Thus from (2.3.1) and (2.3.2), we get

limsupg—o00e(Ton,, To*) < limsupg—oo(Me(pn,, 9*)) = 0 which implies

oe(p*, Tp*) = 0. Hence Tp* = p*.

Theorem 2.4. In addition to the hypotheses of Theorem 2.3, assume the following:

(H) for all 4 # v € A, there exists € A such that a(u,x) > n(u, z), a(v,z) > n(v,z) and

a(x,Tx) > n(x, Tx), then T has a unique fixed point.

Proof. Suppose that v* , v* be two fixed points of T with u* # v*.

Then by our assumption, there exists € A such that a(u, z) > n(u, z), a(v,z) > n(v, )
and a(z,Tz) > n(x, Tx).

By applying Theorem 2.1, we deduce that {7"x} converges to a fixed point say z*.

Since T is triangular «-orbital admissible map with respect to 7, we have

a(xz, T"z) > n(x, T™z) and hence

alu", T"z) > n(v*, T"z) and a(v*, T"z) > n(v*,T"z) (2.4.1)

Now, o¢(u*, T"z) < M (o¢(u*, T"z))

og(u”,Tu")og (u” T M) voe (T, T x)ag (T"z, Tu™)
Ué (u*,T"“z)+a‘é (T7x, Tu*) )

< max{oe(u*, T"x),
oe(u*, Tu)oe(u* TN x)foe (u* Tu*)oe (u* ,T"m)+aé (u*, T™z) }
oe(u*, Tu*)+oe(u*, T z)+oe (u*,Trx)

ag(T”m,T”*lm)og(T"m,Tu*) aé(u*,T"z) }
oz (u* Tntlz)to (Tra, Tu*)’ og(u* T z)+oe (us, Trz)

= max{o¢(u*, T"x),
On taking limit supremum as n — oo, we have
oe(2",u") < limsupp oo M (o¢(u*, T"2)) < 0¢(2*,u")

Therefore
limsupp oo M (0¢(u*, T"x)) = o¢(u*, 2%). (2.4.2)
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We now show that v* = z*.
Now from (2.1.1), (2.4.1) and (2.4.2), we have

0 < &(og(Tu", T 7)), o(M (0¢ (u*, T")))
which implies
o¢(u, T x) < ¢(M(o¢(u*, T x))).
Taking limsup as n — oo, in the above inequality, we have
oe(u*, z*) <limsupy—oo0e(M(og(u*, T"x)))
< ¢(og(u”, 2"))
< og(u*, z*),
a contradiction. Therefore u* = z*.

Similarly, we can prove that v* = z*. Thus, it follows that u* = v*.
Hence T has a unique fixed point.

3 Corollaries and Examples

Corollary 3.1. Let (A4, o¢) be an extended b-metric space with the function { : A x A — [1,00)
and suppose that there exists a sequence {q, } ; ¢, > 1, such that £(p,,, pm) < g, foralln € N
and m > n. Assume that 7' : A — A is a generalized « extended Z contraction i. e., a(u,v) > 1
implies

((oe(Tv, Th), p(Me (v, 1)) 2 0 (3.1.1)
where ¢ € ® and

_ g¢ (VvTV)GZ (VfT/J')+O-£ (/"”T;U')O'Q (,LL,TV) 3 (Vle’)Jf (V7TIL)+O-2 (V,/,L)+G'5 (V,TV)O’& (V»y')
ME(V7 :u“) - maI{O’g(V, 'U’)’ : (U,T/_L>+Ué (1, Tv) : ) 0'5(V,TV)+JEiV,Tu)+05(u,M) }

0.2
for all v, u € A with og(v, Tp) + ag(g,u, Tv) > 0and o¢(v, Tv) 4+ o¢(v, Tp) + o¢(v, 1) > 0.
Furthermore, suppose that
() T is a triangular a-orbital admissible mapping.
(41) there exists p; € A such that o(p;, Tp1) > 1, and
(#4i) T is continuous
or

(iv) if {pn } is a sequence in A such that a(py,, pp+1) > 1 foralln € N and p,, — @ as
n — 0o, then there exist a subsequence {@,, } of {p,} such that a(p,, , p*) > 1.
Then T has a fixed point p* € A and {T™p,} is converges to p*.
Moreover, for all p, v € Fiz(T), we have a(u,v) > 1, where Fiz(T') denotes the set of fixed
points of 7', then T" has a unique fixed point.

Proof. Proof follows by choosing n(x, ) = 1 in Theorem 2.2, Theorem 2.3 and Theorem 2.4
respectively.

Corollary 3.2. Let (A4, o¢) be an extended b-metric space with the function § : A x A — [1,00)
and a,n: Ax A — [0, 00) be two mappings. Further, suppose that there exists a sequence {gy } ;
qn > 1, for all n € N such that £(p,,, pm) < qn, for all m > n. Consider, T : A — A and ¢ € O
such that a(p, v) > n(u, v) implies

U&(Tyv T:u) < ¢(M§(V’ 1“’)) (321)

where

o¢(v, Tv)o,
Me(v, 1) = maa{oe (v, ), 2T

for all v, € A with o (v, Tp) + oF

o

(v,Tp)+oe (H,Tu)aé (1, Tv) oe(v,Tv)oe (V,Tu)+a§ (vyp)+oe (v, Tv)oe (v,p) }
(v, Tu)+oz (1, Tv) ’ oc(v,Tv)+oe (v, Tu)+oe(v,u)

w,Tv) > 0and o¢(v, Tv) + o¢(v, Tp) + o (v, 1) > 0.

T~ mu

Further, suppose that
(z) T is a triangular a-orbital admissible mapping with respect to 7.
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(1%) there exists p; € A such that a(p1,Tp1) > 1, and
(#44) T is o — m continuous mapping,
or

(iv) if {pn } is a sequence in A such that a(py,, pn+1) > 1 foralln € N and p,, — @ as
n — oo, then there exists a subsequence {@,, } of {p,} such that a(p,,,p*) > 1.

Then T has a fixed point p* € A and {T™p,} is converges to p*.

Proof. Proof follows by choosing ((¢,s) = s — ¢ in Theorem 2.2. Theorem 2.3 and Theorem
2.4.

Example 3.3 Let A = [0, 1], we define by £ : A x A — [0,00) by
1 if p=mn
§(p,m) =
24 (p—n)* ifu#n,
and o¢ : A x A — [0, 00) by
0 if u=n
oe(p,m) =
(n=n)* ifu+#n.
Clearly, o¢ (1, ) forms an extended B-metric space with respect to &.
We define a (b)-comparison ¢ : [0,00) — [0, 00) by ¢(t) = £.

It is easy to see that ¢ is decreasing and

. 1 3
" (IL_ (s, om) = t(z)n3n = t(z)n < 0.

Hence ¢ is an extended comparison function.

We now define T': A — A by

B if ne (0]
T =
_%'Lf:ue(%vl]
Further, suppose that a, 7 : A x A — [0, 00) by
S5+e if pvel0,;] 2+ if pvel0,;]
a(u’ y) = and n(ﬂ, V) =
0 otherwise, 3 otherwise.

When p, v € [0, 1], we have a(Tp, TTp) > n(Tp, TTh).
Hence T'- is a-orbital admissible with respect to 7.

Suppose that a(p,v) > n(p,v) and a(v,Tv) > n(u, Tp), then p,v € [0, 1] which implies
that a(p, Tv) > n(u, Tv). Hence T is triangular a- orbital admissible with respect to 7.

Consider a sequence p,, € N such that p,, — p* asn — oo and a(pn, Pnt1) > 7(En, Pnt1)

forall n € N, then {p,, } C [0, 5] forall n € N.
Then lim,, o0 Ton = limyo0 €25 = limy, 0o 22 + 1 = Kj: + 4 =Tp, hence Tis o — 1
continuous .

We now verify the inequality (2.1.1) with simulation function
¢ :[0,00) x [0,00) = (—00,00) by ((t,5) = 5 — 1

C(Oﬁ(TMa TV)7 ¢(ME(U€(M7 V)))) = C(Oﬁ(#TH’ VTH)’ %MS(UE(/% V)))

= %MJE(/JWV) - %JE(:UWV)

> 2ler) Lo (p,v)

_U<’U)
=2 >0.
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Hence T satisfies all the postulates of Theorem 2.3. We note that % and % are two fixed points
of T.

Here we observe that condition (H) fails to hold, for let ;1 = % and v = 1, thentherenox € A
such that a(3,z) > n(3,2), a(1,z) > n(1,z) and a(z, Tx) > n(z, Tx).
Example 3.4 Let A = [0, 8], we define by £ : A x A — [0, 00) by

1 if p=m
6(:“7 7’) =
2+ (p—n)* ifp#n,
and o¢ : A x A — [0,00) by
0 if u=mn
oe(p,m) =
(n+n) ifu#n.
Clearly, o¢ (1, ) forms an extended B-metric space with respect to &.
We define a (b)-comparison ¢ : [0, 00) — [0, 00) by ¢(t) = 2¢.

It is easy to see that ¢ is decreasing and

SO &1 om) = 153" (33)" =H(3)" < oo,

Hence ¢ is an extended comparison function.
We now define that 7' : A — A by
Gifpelo]
Tp =
p—gifpe (9.
Further, suppose that a, 77 : A x A — [0, 00) by

ptr

ettt if pyv e [0,1] ez ifpvel0l]
a(p,v) = and n(u,v) =
0 otherwise, 3 otherwise.

When p, v € [0,1], we have a(T'p, TTu) > n(Tu, TTw).
Hence T'- is «-orbital admissible with respect to .

Suppose that a(p,v) > n(p,v) and (v, Tv) > n(u, Tr), then p, v € [0, 1] which implies
that ao(p, Tv) > n(p, Tv). Hence T is triangular a- orbital admissible with respect to 7. Also, T
is o — 1) continuous .

We now verify the inequality (2.1.1) with a simulation function ¢ : [0,00) x [0,00) —
(—00,00) by ((t,5) = 5 —
C(oe(Tp, Tv), p(Me(o¢(p,v)))) = ((oe(§. §), 35 Me(ov (. v)))

= 1 Moe(p,v) — gow(p,v)

100¢ (p,v) 1
2 fzg - @UE(N, v)
_ Stoe(uw)
= g5 =0

Hence T satisfies the inequality (2.1.1). Also, since for any p # v € A, we have a(u,0) >
n(u,0), a(v,0) > n(v,0) and (0, 70) > n(0,T0), T satisfies condition (H). Hence T satisfies
all the hypotheses of Theorem 2.3 and p = 0 is the unique fixed point of T'.

4 Applications

We now give existence theorem for the following functional integral equations.
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ult) = g(t, (1) /f (4.1.1)

where g : [0,1] x R — Rand f :[0,1] x [0,1] x R — R are continuous functions.
Let A = C([0,1]) of real functions on [0,1] and £ : A x A — [l,00) be defined by
§(p®),v(1)) =1+ u(t) +v(t).
We define a mapping o¢ : A x A — [0, 00) by
0 if u(t) =v(t)
oe(u(t),v(t)) =
(1) + (w(1)>if u(t) # v(t).
It is easy to see that (A, o¢) is a complete extended b-metric space with the function .

Theorem 4.1 Consider the the integral equation (4.1.1) such that : for all u(¢),v(¢t) € R and
0<t,s<l,

(i) lg(t, pu(t)) + gt v(0))] < /5 Me(p(t), v(t))

(id) [ £(t, 5, (1) + F(t,5,0(1))] < /g7 Me(n(t), v(1)),
where M (u(t),v(t))

e (v(t),Tw(t)og (v (1), Tp(t) +oe (u(t), Tu(t))og (u(t), Tv(t))
= maz{o¢(v(t), u(t)), = aé(u(t) M(t))wz #( ) lej -

(

o (V(8), T () oe (v(), Ta(t))+ 02 (v (8),(8)+ o (¢

oe(v(t), Tv(t)+oe (v (1), Tu(t))+oe (v(t

(441) there exists g1 € A such that a(p1, Tp1) > n(e1, Te1)

(iv) T is a a — i continuous mapping.
Then the integral equation defined by (4.1.1) has a solution.
Proof. We define 7 : A — A by

T(u(t)) = g(t. u(t) /ftsu (42.1)

where g : [0,1] x R — Rand f : [0,1] x [0,1] x R — R are continuous functions. It is clear
that, finding solution of integral equation is to investigate fixed point in A.

We now define v : Ax A — [0,00)andn: Ax A — [0,00) by a(pu(t), v(t)) = n((u(t),v(t)) =
1. Therefore T is triangular « - orbital admissible map with respect to 1.
Consider

oe(Tu(t), Tv(t)) = |Tu(t) + Tu(t)P

< (lgt, p(t)) + f, £ HNUMHwQVf+ﬁ (t,5,0(s))ds|)?
(lg(t, (1)) + g(t, (D) + | fo F(t,5,u(s))ds + [y F(t,5,v(5))ds|)?
(M@Mm+mw'\ﬂkvt u(s)) + £(t,5,v(s))ds])?
[¢Amu )\ Me (1), v(0))P

Me(p (t)ﬂw( )))*%cb(Mg( () v(t)));

IN

which implies
3P (Me(u(t), v(1)) — oe(Tu(?), Tv(?)))
< Coe(Tp(t), T (t)), o(Me(p(t), v(1)))-

This proves that generalized oo — 1 extended Z -contraction. Thus all the conditions of Theorem
2 4 are verified, with a simulation function (¢, s) = 2 — ¢ and (b)- comparison function ¢(¢) =

81 , hence T has unique fixed point, which is a solut10n of integral equation (4.1.1).
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