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Abstract In this work, we introduce the concept of C*-algebra valued asymmetric metric
space, the concept of forward and the concept of backward C*-valued asymmetric contractions.
We discuss the existence and uniqueness of fixed points for a self-mapping defined on a C*-
algebra valued asymmetric metric space, and we give an application.

1 Introduction

The scientific starting point of the fixed point theory was set up in the 20th century. The fun-
damental outcome of this theory is the Picard-Banach-Caccioppoli contraction principle which
brought into crucial and relevant fields of research: the theory of functional equations, integral
equations, physic, economy, ...

Many researchers have dealt with the theory of fixed point in two ways: the first affirms the
conditions on the mapping whereas the second takes the set as a more general structure. Indeed
the fixed point theorem is established in several cases such as asymmetric metric spaces which
generalize metric spaces. These spaces are introduced by Wilson [1] and have been studied by
J. Collins and J. Zimmer . Other interesting results in asymmetric metric spaces have also been
demonstrated by Aminpour, Khorshidvandpour and Mousavi [10]. This research has contributed
to interesting applications, for example in rate-independent plasticity models [8], shape memory
alloys [9], material failure models [7]. In mathematics, we find other applications such as the
study of asymmetric metric spaces to prove the existence and uniqueness of Hamilton-Jacobi
equations [7].

Recently, in a more general context, Zhenhua Ma, Lining Jiang and Hongkai Sun introduced
the notion of C*-algebra valued metric spaces and analogous to the Banach contraction principle
and established a fixed point theorem for C'*-valued contractive mappings [3]. These results were
generalized by Samina Batul and Tayyab Kamran in [5] by introducing the concept of C*-valued
contractive type condition. M.Mlaiki et al. [4] define the C*-algebra valued partial b-metric
spaces. In [11], G. Kalpana and Z. S. Tasneem introduce the definition of a C*-algebra valued
rectangular b-metric spaces and interpret the notion of C*-algebra valued triple controlled metric
type spaces and derive certain fixed point theorems for Banach and Kannan type contraction
mappings of the underlying spaces [12].

In this paper, we first introduce the notion of C*-algebra valued asymmetric metric spaces
and we establish a fixed point theorem analogous to the results presented in [5]. Some examples
are provided to illustrate our results. Finally, existence and uniqueness results for a type of
operator equation is given.

2 Preliminaries

In this section, we give some basic definitions. A will denote a unitary C* -algebra with a unit
1. An involution on A is a conjugate linear map a — a* on A such that
a** = a and (ab)* = b*a* for all @ and b in A.

A Banach *-algebra is a algebra provided with a involution and a complete multiplicative
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norm such that ||a*|| = ||a|| for all a in A.

A C*-algebra is a Banach x-algebra such that ||a*al| = ||a|/>. A, will denote the set of all
self-adjoint elements a (i.e., satisfying a* = a ), and A" will be the set of positive elements of
A, i.e., the elements a € Ay, having the spectrum o(a) contained in [0, +0c). Note that A™ is a
(closed) cone in the normed space A [2], which infers a partial order < on A, by a < b if and
only if b —a € A*. When A is a unitary C*-algebra, then for any = € A, we have |z| = (x*x)%
We will use the following results.

Lemma 2.1. [2] Suppose that A is a unitary C*-algebra with a unit I,
(i) AT ={a*a:a € A};
(ii) ifa,b € Ay,a 2b,and c € A, then c*ac < c*be;
(iii) forall a,b € Ay, if Op = a <X b then |a| < ||b||;
(iv) 0=2a =<1y < |a] <1
Lemma 2.2. [2] Suppose that A is a unitary C*-algebra with a unit I .
(i) ifa € Ay with ||al| < 1, then I — a is invertible and ||a(Iy — a)~'|| < 1;
(ii) suppose that a,b € A with a,b > 05 and ab = ba, then ab = 04;

(iii) by A’ we denote the set {a € A : ab=ba,Vb € A}. Leta € A’ ifb,c € Awithb = ¢ = 0
and Iy — a € A/_ is a invertible operator, then (I, — a)~'b = (Iy —a)~'c.

3 Main results

To begin with, let us start from some basic definitions.

Definition 3.1. Let X be a nonempty set. Suppose the mapping d : X x X — A satisfies:
(i) 0y 2 d(z,y) forall z,y € X and d(z,y) =0y &z =y;
(i) d(z,y) 2 d(z,z) + d(z,y) forall z,y, z € X.

Then d is called a C*-algebra valued asymmetric metric on X and (X, A,d) is called a C*-
algebra valued asymmetric metric space.

It is obvious that C*-algebra-valued asymmetric metric spaces generalize the concept of C*-
algebra valued b-metric spaces [?].

Example 3.2. Let A = M;,»(R) and X =R . Define d: R x R — M.»(R) by

r=y 0 ifx >y
0 0
d(z,y) = )
00 ifx <y
0 y—=
- 4 %
with || o I = (Z xi2> where z; are real numbers. Then (X, A, d) is a C*-algebra
T3 T4 i=1

valued asymmetric metric space, where partial ordering on A is given as

3 x4 | | Y3 Y4

" ] z l - ] &>y >0fori=1,2,3,4.

It is clear that 0y < d(x,y) forall z,y € X and d(z,y) =0s & = = y.
We will verify triangular inequality. Let «, y and z in R then we have six cases:

(i) letx < ythend(z,y) = l 00 ]
0 y—=
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a fx<<y<z

(o0 | . [z-y 0] [z-y 0
d(z,z) +d(z,y) = 0 »—2z + 0 ol |o z—z ] = d(@,y).
b. Ifz<z<y - - - - -
0 0 00 0 0
c. fz<z<y : : :
z—z 0 00 r—z 0
.o x_y 0
(i1) Letx}ythend(xvy): 0 0
a lfe>2y>2 ) _ _ - -
z—z 0 00 r—z 0
bIfzr>z>y _ : : : _
xr—z 0 z — 0 Xr — 0
d(z,z) +d(z,y) = 0 0 + 0 ! ol |o ! O]td(%y).
cIfz>2x>y : : : _
0 0 z—y 0 2=y 0
] . _ _ = d(z, ).
(@, 2) +d(z,y) 0 »—uz T 0 0 0 z—x]_ (.v)

Note that d(1,2) # d(2,1).
Example 3.3. Let A = L°°(R) and X = R. Define d : X x X — L*°(R) by d(z,y) = fay
(x—y)t ifr>y

zu - R R, foq(t) = —
Jry — fay(t) {(yil?)TTt ifr <y

where T € R and f,y 1s a T-periodic function, we have:
(1) 0y X d(z,y) forallz,y € X and d(z,y) =0y & z =1y,
(ii) We will verify triangular inequality. Let z,y and z in R. For ¢ € [0, T we have six cases:

a lfz<y<z

A )(0) = fay(0) = (s — ) T

A, 2)(0) + () (1) = (2= 1) T+ (2= y) b (y =) ot = dy)0),
b. Ifz<z<2<y

(e, )(1) = (y — )

A, )(6) = (g~ 2)
e, 2)(0) + Az 5) (1) = (2= 2) T (g = 2) Tt = (g = a) T ) ().
d fy<z<z
A, )(1) = Fo (1) = (&~ )1t
{ (e, 2)(1) +d(z,9)(0) = ( — ) o (2 =)t (2 )t = dap)(0).
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d(z,y)(t) = (z —y)t
d(z,2)(t) +d(z,y)(t) = (z —2)t + (y — 2) 1: = (z—y)t=d(z,y)?).
f. fy<z<z
{ d(x,y)(t) = (¢ —y)t
d(z,2)(t) + d(z,y)(t) = (z = 2)t + (z —y)t = (x —y) t = d(2,y) ().
Note that d(%,o)(t) — gt and d(0, %)(t) — Tz_t forall ¢ € [0,

In what follows, we define in the same way the forward convergence and the backward conver-
gence in [1] but in a more general context.

Definition 3.4. Let (X, d, A) be a C*-algebra valued asymmetric metric space, x € X and {z,,}
a sequence in X.

(i) one say {x,} forward converges to x with respect to A and we write EN x, if and only if
for given € > 0y, there exists k € N such that for all n > k

d(z,z,) X e

(ii) one say {z,} backward converges to = with respect to A and we write z,, LA z, if and only
if for given € > 04, there exists k € N such that foralln > k

d(zn,T) <€

(iii) one say {x,} converges to x if {x,, } forward converges and backward converges to x.

Example 3.5. d : R x R — R defined by

d(z,y) = y—x ifyzz
U= 1 ify<z

t .
Let z € R* and let z,, = 2 (1 + 1). Then z, I 2 but x, - x. This example asserts that
the existence of a forward limit does not imply the existence of a backward limit.

Lemma 3.6. Ler (X, A, d) a C*-algebra valued asymmetric metric space. If {x,}, forward
converges to v € X and backward converges toy € X, then x = y.

. . . €
Proof. Fix ¢ = 0. By assumption, x,, A x so there exists N; € N such that d (z, z,) < 3 for

alln > N;. Also, z, b, y, so there exists N, € N such that d (z,,,y) =< % for all n > N,. Then
foralln > N := max{Ny, Nz} ,d(z,y) X d(z,2,) + d(xn,y) = . As € was arbitrary, we
deduce that d (z,y) = 0, which implies z = y O

Definition 3.7. Let (X, A, d) a C*-algebra valued asymmetric metric space and {z,}, a se-
quence in X.

(i) One say that {z,,} forward Cauchy sequence (with respect to A ), if for given € > 04, there
exists k belonging to N such that foralln >p > k

d(xp,z,) S €.

(i1) One say that {x,,} backward Cauchy sequence (with respect to A ), if for given € > 04, for
aln>p >k
d(xn,xp) S €.
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Definition 3.8. Let (X, d,A) a C*-algebra valued asymmetric metric space. X is said to be
forward (backward) complete if every forward (backward) Cauchy sequence {x,}, .y in X,
forward (backward) converges to z € X.

Definition 3.9. Let (X, d,A) a C*-algebra valued asymmetric metric space. X is said to be
complete if X is forward and backward complete.

Example 3.10. we take the example(3.2), (R, L>(R), d) is a complete C*-algebra valued asym-
metric metric space.

Indeed, it suffices to verify the completeness. Let {x,} in R be a Cauchy sequence with
respect to L°°(R). Then for a given £ > 0, there is a natural number N such that forall n,p > N

Hd(xnaxp)”oo = Hfzn,rp”oo <g,

since

T oo = (xn —ap) T ifa, >x,
Trop 100 (xp — xp) ifxp, >,

then {z,,} is a Cauchy sequence in the space R. Thus, there is x in R such that {z,,} converges
to x. For € > 0 there exists number k belonging to N such that |z, — z| < ¢ if n > k. It follows
that :

1 (2, 2n) [l V lId (20, 7)o <emaz{1,T},

therefore, the sequence {x,,} converges to = in R with respect to L>°(R), that is, (R, L= (R), d)
is complete with respect to L>(R).

Definition 3.11. Let (X, d, A) be C*-algebra valued asymmetric metric space. A mapping T :
X — X is said forward (respectively backward) C*-algebra valued contractive mapping on X,
if there exists a in A with ||a|| < 1 such that

d(Tz,Ty) 2 a*d(z,y)a,
(respectively d(Tz,Ty) < a*d(y,z)a)
for each z,y € X.

Example 3.12. Let A = M,»(R) and X = R. Define d: R x R — M;,»(R) by

z=y 0 ifx >y
0 0
dz,y) =49 _
0 0
1 if z <y,
0 Z(Z/—x)

then (X, A,d) is a C*-algebra valued asymmetric metric space, where the norm and the
partial ordering on AT are given as example 3.1.
Consider T : X — X by Tz = JT.’L'. Then,

1
Z(x—y) 0 ifx >y
11 _0 0
0 0
1 ifx <y
R

it follows that
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Indeed
M1 1+ 1
- 0 _ - 0
2 1 r=y 0 2 = a*d(z,y)a, ifz >y
o LY Offo 3
L 2 1- 2

d(Tx,Ty) =

(Lo ]To o0 L
2 1 0 1( ) 2 1 | fatd(zy)a ifz <y
I N 0 2

1
— 0
wherea:l(‘)/g ]

Next, we prove asymmetric version of C*-algebra valued contractive mapping [3].

Theorem 3.13. If (X, A, d) is a complete C*-algebra-valued asymmetric metric space and T is
a forward C*-algebra valued contractive mapping, then there exists a unique fixed point in X.

Proof. One suppose that A # 04. Choose = € X.
Notice that in a C*-algebra, if a,b € A, and a < b, then for any = € A both z*az and z*bx
are positive elements and x*ax < x*bx. Thus

d(T""z,T"z) = d (T(T"z), T(T" 'z))
< a*d (T"m7 T"_]ac) a

A

(a*)2 d(T" 'z, T" ?z) a?

A 1A

(a*)"d(Tx,z)a".
Taken+1>p
d (Tn+l$, Tpl‘) <d (Tn+1$, T"x) +d (T"x, Tn—lx) + .- 4+d (Tp+1x, Tpx)

n

(a*)*d (Tx,z)a"

PN
=
Il
=

(S

d(Tx,x))2a*

")

(a*)*d (Tx, z)

Il
bl
3 M 3
3
D=

=

(d (Tz,x) ak> " (d (Tz,x)

i
=

1

’d(Tx,a:)7 akr

I
NE

i
=

3

IA

2
’d(Tx,x)% ak‘ Iy

k=p

(S

IA

d(Tz,x)

2 n
> lal* I
k=p

2 lal*
1= [all?

= d(T$,£E)%

IA—>OA (p—>oo)

In the same way we prove

T
d(Tp.fC,Tn+1[L') j Hd(l‘,Tx)2 17||||2
— ||a

Iy =05 (p— o0).
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Therefore {x,, } is a forward and backward Cauchy sequence. By the completeness of (X, A, d),
there exists an zyp € X such that {77z} converges to z( with respect to A.
One has

0 < d(Txg, ) < d (T:U07T”+1x) +d (T”“x,xo)

< a*d(zo, T"z) a+d (T" 'z, 39) = 0a (n — 0).

Hence, Ty = x, therefore x is a fixed point of 7.
Now suppose that y( ) is another fixed point of 7', since

0p = d(mo,y) = d(Txo, Ty) X a*d(xg,y)a

we have
0 < [|d(zo, y)|| = l|d(Txo, Ty)]|
< lla*d(zo,y)al|
< lla™[| l|d(zo, y)|lllall
= [lal*ld(z0, )|
< [ld(zo, 91,

which is impossible. So d(zg,y) = 04 and zy = y, which implies that the fixed point is unique.
|

Definition 3.14. (Forward T'-orbitally lower semi-continuous) A function G : X — A is said to
be forward T-orbitally lower semi continuous at xy with respect to A if the sequence {z,} in

Or(z) is such that z,, Iy & with respect to A implies
G (20)]] < limint |G ()]
where Op(z) = {T™z | n € N}.
Definition 3.15. (Forward Contractive Type Mapping) Let (X, A, d) be a C*-algebra valued

asymmetric metric space. A mapping 7" : X — X is said to be a forward C*-valued contractive
type mapping if there exists an z € X and an a € A such that

d (Ty,T%y) % a*d(y, Ty)a
with ||a|| < 1 for every y € Or(z).

Theorem 3.16. Let (X, A, d) be a forward complete C*-algebra valued asymmetric metric space
andT : X — X be a forward C*-algebra valued contractive type mapping.
Then

(i) 3xo € X such that the sequence T"x in Op(z) forward converges to x,

(ii) =z is a fixed point of T if and only if the map G(x) = d(x, Tx) is forward T-orbitally lower
semi continuous at xy with respect to A.

Proof. We assume that A is a nontrivial C*-algebra.

(i) Since the above forward contractive condition holds for each element of Or(z) and ||a|| <
1, it follows that:

d(T"z, T"'z) < (a*)" d(z, Tz)a".
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Then for p < n, we have from the triangular inequality that

d(TPz, T"'z)) 2 d (TP2, T 'z) +d (T"'2, TP 22) + ....d (T2, T '2))

= Z (a*)* d(x, Tz)a*
k=p

2
a1

= Z Hd(a@Tm)%
k=p

2 n
> llal**.14
k=p

2 laf?
1 —a]?

= Hd(x,Tx)%

= Hd(ac,Tx)%

dp =04 (p— 00).
This shows that {T™z} is a forward Cauchy sequence in X with respect to A. By forward
completeness of (X, A, d), there exists some zy € X such that

T"z i> o

with respect to A.

(ii) one suppose that T'xg = xo and {T"z} is a sequence in Or(x) with T"z —f> xo with respect
to A, then
IG (o)l = [ld (2o, T'xo) ||

=0
<liminf |G (T"z)||.
Reciprocally, if G is forward T-orbitally lower semi continuous at z( then
IG (zo)[| = [|d (w0, Two) || < liminf|| G (T") |
= liminf ||d (T"z,T""'2) ||
< liminf ||a|/*"||d(z, Tx)]|
=0

as aresult d (zo, Txg) = 0a, proving 7" has a fixed point.

Example 3.17. d : R x R — R defined by

T — ifz >
d(m,y):{ y y

1 ifx <y
We consider T : R x R — R such as Tx = %
1
1z — P
d(Tx,Ty):{ ilr—y) >y
1 T <y

T is not a forward C*-valued contractive mapping.
If x <y, we know d(Tz,Ty) < a*d(z,y)a, then
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therefore contradiction.
We prove that T" is forward C*-valued contractive type mapping.

Let > 0. We have
(0. T) = (4.45) = 3
d(y, Ty) = ¥
then, there exists a in A such that d (T'y, T?y) = a*d(y, T'y)a for every y € Or(x)
1
with |ja]| = |—=]| < 1.
llall = | \/§|

Define G : X — A by
G(z) = d(z,Tx)
SO

liminf G(z) = G(0) = 0,

z—0

then G is forward T-orbitally lower semi continuous at zero and O is a fixed point of 7.

Example3.18.Deﬁned:RXR—>A—{[ z 0 ] x,yeR}by
Yy

0
v=y 0 ife >y
0 0
d(z,y) ={ )
0 0
ifz <
0 —x vy

with partial ordering and norm on A are given as example 3.1.
We consider 7" : R — R such that

| I
I

| —— |

oL

0 0
0 0 0
1 3 1
SR kS
0 7 0 0 0 7
=a*d(Ty,y)a,

where

Theorem 3.19. Let (X, A, d) be a forward complete C*-algebra valued asymmetric metric space
and T : X — X be a mapping which satisfies for all y € Or(z)

d (Ty7 T2y) <ad (y, sz)
with ||a|| < § and a € A, then
(i) Jxg € X such that the sequence T™x forward converges to xy,

(ii) xg is a fixed point of T if and only if G(z) = d(x, Tx) is forward T-orbitally lower semi
continuous at xy with respect to A.
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Proof. Assume that A # {04 }.
d(T"z,T"'z) = d (T(T" '2), T""'z)
< ad (T"_]:lc7 T"Hx)
Sald(T" e, T ) +d (T "z, T"'z)]
<ad(T" ', T"x) + ad (T"x, T""'z) .

Thus
d (T”ac, T"Hx) —ad (T”a:, T"Hm) < ad (T”_lx, T"x)

which implies that
(Ia —a)d (T"z, T""'2) < ad (T" 'z, T"x) .

Since a € A/, with [ja|| < 1, by Lemma(2.2) we have (15 — a)_l € A’ and also
a(ly —a)"' € A, with Ha(lA — a)le <L

Therefore
d(T"z, T"'z) <a(ly —a)” d(T" 'z, T"z).

Let’s consider b = a (1, — a)”' then
d (T”x,T"Haj) < hd (T"ilz,T”x) .

Let {T™z} be a sequence in Or(x). Then from the triangular inequality, for m < n we have

n 2 2
d(T"z, T"'z) < Z Hhk/zu d(x,Tx)l/zH 1a
k=m

o P G i

k=m
2 ||pfm
1 — Al

— 04 as M — 0.

1a

= Hd(l‘,TCE)I/z

This proves that {7z} is a forward Cauchy sequence in X with respect to A. Since (X, A, d) is
a forward complete C*-algebra valued asymmetric metric space, there exists o € X such that

Trx i> o.
If Tzg = zo and {z,,} is a sequence in Op(z) such that T"x i> xo with respect to A, then
G (zo) | = [|d (zo, T'zo)|
=0
< liminf||G (z,)] .
Conversely, if G is T-orbitally lower semi continuous at xy then
1G (z0)|| = l|d (z0, Tzo) || < liminf]| G (T"z) ||
= liminf||d (T"z,T""'z)||
< liminf||A]"|[d(z, Tx)|
=0

this implies that
d (.23(), Tx()) = OA

thus 7" has a fixed point. O
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4 Application

In this section, we will apply our theorem to prove the existence of solution of integral equation.
Let G be the multiplicative group ]0; 1] with its left invariant Haar measure p. Defined by:

H=I1*G) = {f :G—=R |/ |f ()2 dul(t) < oo} which’s an Hilbert space
G

X=L®G)={f:G—R | |[flleoc <oo} which’s a Banach algebra.

Let B(H) the set of all bounded linear operators on the Hilbert space H. Note that B(H) is a
unitary C*-algebra. We define an asymmetric metric as:

d: X xX — B(H)
(f.9) = d(f.9)

with
T -xirsar T T a=Hxioo1) i I#g
(f,g9) =
0 if f=y9
where ¢ is the multiplication operator given by :
T X - X
Y= fo
and
1 if reA
xa(t) =
0 if x € A°
It is knwon that ||7¢|| = || fco-

Here (X, B(H),d) is a complete C*-valued asymmetric metric space with respect to B(H).

Let
K: GxGxR—=R

(z,y,t) > ax (> 0,k >0).

_t
Y2+ k
Let

T: X - X

f=17Tf
Tﬂﬂ=iLK@wJ@D@@%w€G

Choose fy defined as follows:

f()iG—>R
r — X
then

z%w=LK@%mwww

1
y
d
/0 T 1(y)

1
y
: d
a w/o ik 1(y)

ax 1

> fole)  (VreX).
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In addition, using simple calculation, we find that
T fo(z) > T" fo(x) (Vze X, VneN).
If we take g = T fy, then
|d (T fo, T fo) || = 1d(T fo. T9)||

= Imrg-75

= Mshlp_l ((Tg —Tfo),v), foranyy € H

9(y) — fo(y) )
kuz 1/ / y +k = duy)(x) dp(x)
2 1
Sallg—folloolitllpl/Gw(a:) du(x)/cmdu(y)

1
arctan v

allg — fOHOCT

IN

(8%
< 2y = olloo-
(6%
For ¥ < 1, we must take

1 a
a< w——ae? —a—1<0
ez —1

which is possible because

Iim ae? —a—1=+400
T —+00

and @« — ae? — a — 1 is a continuous function, which take —1 at o = 0.
We will have

(T fo, T2 fo) || < Ald(fo, T fo)||

arctan

with A = and A < 1.

Therefore the condition of the Theorem 3.2 is verified which ensures the forward convergence
of T™ fy to f in X with respect A. It remains to verify that f is a fixed point. It will suffice to
verify that G is forward T-orbitally lower-semi-continuous at f.

|G ()= lld (. 77) < liminfl| G (T"fo) |
= liminf||d (T" fo, T fo) |

< 1iminf<cz“1n (; + 1>>n (gln (; + 1) - 1) (= +00).

Thus the integral equation f(x) = [, K (z,y, f(y)) du(y) admits a solution.
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